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PREFACE 


Tue present book is an extended exposition of a course of lectures in quantum 
mechanics given by the author over several years to students of the Physics Depart- 
ment of Moscow University. This course is given after the sections on atomic and 
nuclear physics of the general course in physics. In those sections of the course a 
historical outline of the development of contemporary ideas about the structure of 
atoms and of atomic nuclei is given, as well as the experimental data on which quan- 
tum mechanics is based. The present book therefore does not touch at all upon 
the historical development of quantum theory. 

The main emphasis in the present book is upon the physical ideas and the mathe- 
matical formalism of the quantum theory of the non-relativistic and quasi-relativistic 
(up to terms of order v?/c?) motion of a single particle in an external field. In parti- 
cular, we show the inapplicability of the concept of an essentially relativistic motion 
of a single particle. We put great emphasis upon representation theory, the theory 
of canonical transformations, scattering theory, and quantum transitions. A relatively 
detailed exposition is given of the theory of systems consisting of identical bosons 
or fermions. We also devote several sections to the theory of molecules, the theory 
of chemical binding, and solid state theory. 

An important role is played in this book by the theory of second quantisation as a 
method to study systems consisting of a large number of identical particles. In parti- 
cular, we give the basic ideas of the theories of superconductivity and of superfluidity. 
The basic ideas are given of the methods for quantising the meson field, the electro- 
magnetic field (without charges) and the electron-positron field, neglecting diver- 
gencies and renormalisation, as these topics are dealt with in special books which 
are studied after quantum mechanics. 

The present book can be used as an introduction to a study of quantum elctro- 
dynamics, nuclear theory, or solid state theory. To read it, it is necessary to be fami- 
liar with the usual contents of university courses in mathematics, classical mechanics, 
and electrodynamics. For reference purposes we give at the end of the book some 
mathematical appendices about special functions, matrices, and group theory. 

In this book we mainly refer to review or original papers when we want to indicate 
where the reader can study a more detailed discussion of a topic. These references 
do not pretend to be complete. 

Although we do not consider in this book special methodological problems, the 
exposition is based upon dialectic materialism, that is, we start from the idea that 
the regularities of atomic and nuclear physics which are studied in quantum mechanics 
are objective regularities of nature. 


la* xi 


xii Preface 


The notation is explained in the book. In a book of this size, it is, of course, im- 
possible to reserve one symbol for each quantity. Vectors are indicated by bold face 
italics. 

The book is intended for students of physics, studying quantum mechanics. It can 
also be used as a reference book for teachers and other scientists. 

The sections indicated by asterisks refer to problems which are not usually included 
in quantum mechanics courses. However, these sections will be very useful for any- 
body who wishes to apply quantum mechanics in physics or chemistry. 

The author expresses his gratitude to this friends and colleagues Yu. M. Shirokov, 
V.N. Orlin, V. I. Grigor’ev, V.D. Krivchenkov, and N. N. Kolesnikov who read 
the book in manuscript and made a number of useful comments, and to the editor 
I. G. Virko for his editing. The author will be grateful to any reader for drawing his 
attention to errors in the book. 


PREFACE TO THE ENGLISH EDITION 


T AM very pleased that my book is translated into English and will become available 
to the large number of English-speaking readers. 

The translator, Dr. D. ter Haar, has added a number of problems which in my 
opinion will be very useful for a good understanding of quantum mechanics. 

T am also very grateful to Dr. ter Haar for removing a number of misprints which 
occurred in the Russian edition. 


Moscow, 1964 A. S. DavyDov 


CHAPTER I 


THE BASIC CONCEPTS 
OF QUANTUM MECHANICS 


1. INTRODUCTION 


So-called ‘“‘classical mechanics” consists of Newtonian mechanics, the theory of 
elasticity, aerodynamics, thermodynamics, and electrodynamics. It studies pheno- 
mena in which the bodies taking part contain huge numbers of atoms and thus have 
macroscopic dimensions. The above-mentioned branches of theoretical physics were 
constructed by generalising experimental data referring to a study of the properties 
of macroscopic bodies, their interactions and movements. The construction of these 
branches of theoretical physics was essentially completed by the beginning of the 
twentieth century. 

The appearance of vacuum apparatus, the development of radio techniques, and 
the improvement of other technical aids to study physical phenomena led at the end 
of the nineteenth century to the discovery of electrons, X-rays, and radioactivity. 
The possibility arose of studying separate atoms and molecules. It then turned out that 
classical physics was not able to explain the properties of atoms and molecules and 
their interactions with electromagnetic radiation. A study of the conditions of equili- 
brium between matter and electromagnetic radiation by Planck in 1900 and of photo- 
electric phenomena by Einstein in 1905 led to the conclusion that electromagnetic 
radiation posessed both a wave character and a corpuscular character. It was estab- 
lished that electromagnetic radiation is absorbed and emitted in separate portions— 
quanta which we nowadays call photons. 

If we denote the number of electromagnetic waves in 27 seconds by w (angular 
frequency) the photon energy is determined by the equation: 


E = ho, (1.1) 
where A (= 1-054 x 10-27 erg sec) is a constant of dimensions energy x time. It is 


sometimes called Dirac’s constant, while h = 2h is called Planck’s constant. In vacuo 
all photons move with the velocity of light c and their momentum is determined by 


the vector p=hk, |p| = Elec, (1.2) 


where |k| = w/c = 2z/A = 1/4 with A the wave length of the radiation. 

On the other hand, interference and diffraction phenomena, widely used in a num- 
ber of optical apparatuses, show indubitably the wave character of electromagnetic 
radiation. It turned out to be impossible to consider the wave properties of radiation 
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as a manifestation of the collective motions of a large number of photons, in the same 
way as sound waves correspond to the motion of a large number of molecules of the 
air, of a liquid, or of a solid. 

The photo effect and the Compton scattering of photons by electrons showed that 
the corpuscular properties of a photon are characterised by the quantities w and k 
which determine periodic processes. 

Attempts to apply classical electrodynamics and mechanics to explain the properties 
of atoms and molecules also led to results in direct contradiction to experiments. 
Classical physics cannot explain the stability of atoms, the fact that elementary par- 
ticles of one kind are identical, and a host of other phenomena in atomic physics. 
For instance, it turned out that the internal states of complex particles (atoms, mole- 
cules, atomic nuclei) change discontinuously. A succession of well defined discrete 
states corresponds to each complex system. The fact that the changes of the states 
of atomic systems are discontinuous has as a consequence that these systems can be 
considered to be unchanging bodies as long as the external influences are small. 

Franck and Hertz showed in 1914 the discrete character of the atomic energy states 
in their experiments on the ionisation potentials of gases. The discrete character of 
atomic levels became also apparent from the study of the optical spectra of atoms. 
Stern and Gerlach showed in 1922 in their experiments on the deviation of a beam 
of atoms in an inhomogeneous magnetic field that the component of the angular 
momentum along the direction of a magnetic field takes on discrete values. 

The year 1913 saw the first successful attempt to explain the properties of the 
hydrogen atom by Niels Bohr, who introduced some special postulates. These postu- 
lates were in essential contradiction to the established rules of classical physics. 

The experiments of Davisson and Germer in 1927 and of Thomson and of Tarta- 
kovskii in 1928, in which diffraction of electrons on reflexion by or passage through 
crystals and thin metallic foils was observed, were very important for an explanation 
of the properties of electrons. These experiments confirmed de Broglie’s hypothesis 
of 1924 about the wave properties of all particles of small mass. 

When studying the diffraction pattern formed by electrons, neutrons, atoms and 
molecules after they have passed through an ordered structure (foils, crystals, and 
so on) it turned out that one could assign to a free particle a wave length A or a wave 
vector k, uniquely determined by the momentum p of the particle as follows 


P 27 
k a |k] 7: (1.3) 
One sees immediately that these relations are the same as those for a photon (1.2). 
The wave length A is called the de Broglie wave length. 

The theory explaining the basic properties of atomic and nuclear phenomena is 
quantum mechanics which was founded by the work of Bohr, Schrédinger, Heisen- 
berg, Dirac, Fock, and Pauli. Quantum mechanics is the theory which is the basis 
of the explanation of the properties of atoms, molecules, and atomic nuclei, that is, 
phenomena occurring in volume elements of linear dimensions of the order of 


(I, 1] Introduction 3 


10-®-10-13 cm. Systems of such dimensions (we shall in the following simply call 
them microworld systems) cannot directly be perceived with our sense organs. We 
can only investigate them by using “apparatus”, that is, by using macroscopic 
systems which translate the action of micro-objects into a macroscopic language. 

Among such apparatus we have: photographic plates which register more or less 
accurately the blackening (after development) of those spots on which photons, 
electrons, protons, or other charged particles impinged; Geiger counters or other 
counters registering the impinging of charged particles upon some region of space; 
Wilson chambers, diffusion and bubble chambers which make it possible up to a 
point to follow the trajectories of charged particles. 

The necessity to introduce an intermediary—the “apparatus’”—to study micro- 
world phenomena is a very characteristic feature when obtaining the objective rules 
for microworld phenomena. One may say that an apparatus is a means of studying 
the objective laws of atomic and nuclear objects. 

When constructing quantum mechanics one needs to renounce a number of obvious 
and familiar concepts which are widely used in classical physics. It turned out, for 
instance, that the classical concept of the motion of a body along a trajectory such 
that at each point the particle possesses well-defined values of its coordinate and its 
momentum (or velocity) cannot be applied to atomic objects. Even in classical physics 
we meet with a number of concepts which have only a limited domain of applicability. 
The concept of temperature, for instance, is applicable only to systems containing 
a large number of particles. It is impossible to speak of the period or the frequency 
of an oscillatory process at a definite moment, since it is necessary in order to verify 
that a periodic process is occurring to follow it over a period of time which is appre- 
ciably longer than the period of the oscillations. Quantum mechanics shows that 
many other concepts of classical physics also have a limited domain of applicability. 
For instance, it turned out that it is impossible to define the velocity of a particle as 
the derivative dr/dt. 

The necessity to renounce some convenient and familiar concepts of classical 
physics when studying atomic properties is one of the pieces of evidence that the 
microworld phenomena are objective. The new physical concepts of quantum me- 
chanics are not visualisable, that is, they cannot be demonstrated by means which 
are familiar to us. This complicates to some extent the understanding of quantum 
mechanics. The new physical concepts introduced in quantum mechanics can only 
become familiar to us by employing them continuously. To explain the properties of 
microworld objects one must also use a new mathematical formalism in the theory 
and we shall meet this formalism in the present book. 

The laws of atomic and nuclear physics studied in quantum mechanics are objective 
laws of nature. The validity of the explanation of such laws is confirmed by the 
possibility of using microworld phenomena in technical applications. The wide-spread 
use of spectroscopy, the electron microscope, semi-conductor devices, atomic energy, 
tracer atoms, and so on, in scientific investigations and technical applications became 
possible only after the creation of quantum mechanics. 
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One must, however, note that the laws observed in micro-physics differ in a number 
of cases appreciably from the laws of classical physics. Quantum mechanics often 
merely gives probability statements. It enables us to evaluate the probability of the 
influence of atomic objects under well-defined macroscopic conditions upon macro- 
scopic apparatus. 

Quantum mechanics is a new vigorously developed branch of theoretical physics. 
A study of quantum mechanics is necessary for the understanding and use of the 
properties of atomic nuclei, atoms, and molecules, for an understanding of the 
chemical properties of atoms, and molecules and of chemical reactions, for an under- 
standing of phenomena occurring in biology, astrophysics, and so on. Quantum 
mechanics is the basis of new branches of modern theoretical physics: quantum 
electrodynamics, quantum mesodynamics, and the general theory of quantum fields— 
which all study the properties of elementary particles and the possibilities of their 
transformations. 

In the present book we give the basic ideas of quantum mechanics which are 
necessary to explain the properties of atoms, molecules, atomic nuclei and solids. 


2. THE WAVE FUNCTION OF A FREE PARTICLE 


The properties of atomic objects are in quantum mechanics described by means 
of an auxiliary quantity—the wave function or state vector}. The wave function de- 
scribing the state of one particle is, in general, a complex, single-valued, continuous 
function of the radius vector r and the time ¢. The wave function ;(r, f) satisfies a 
differential equation which determines the character of the motion of the particle. 
This equation is called the Schrédinger equation. It plays the same role in quantum 
mechanics as Newton’s equations in classical mechanics. 

We shall come across the Schrédinger equation in the next chapter, but now we 
shall consider the wave function of a freely moving, non-relativistic particle of mass y, 
momentum p, and energy E = p?/2u. The concept of the free motion of a particle is, 
of course, an idealisation since in actual fact it is completely impossible to exclude 
the influence of all other objects (gravitational and other fields) upon the given particle. 
Such an idealisation is, however, necessary to simplify the theoretical description. 

The momentum p of the particle is determined by the direction of the motion of 
the particle and its kinetic energy. In an electron tube, for instance, the electron will 
acquire when passing through a potential difference V a momentum 





p= J 2ueV, 
where e is the electronic charge. 


We have mentioned already in the preceding section that experiments such as those 
of Davisson and Germer showed that when a beam of electrons (of arbitrarily low 


+ States which cannot be described by wave functions are, however, also possible. This case is 
considered in Section 14, and the state can then be described by a density matrix. 
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intensity) interacts with a periodic structure (crystals, foils), the device registering 
the spatial distribution of the electrons (photographic plate, counter, and so on) will 
observe a spatial distribution corresponding to a diffraction pattern of a wave process 
with a well defined value of the wave length, 


qa 2 Dah (2.1) 
kK Pp 

Using this experimental fact and assuming that the relation (1.1) between energy and 
frequency for photons is also applicable to other particles, one can postulate that the 
free motion of an electron with a well-defined momentum p will be described by a 
wave function corresponding to a plane de Broglie wave: 


w(r, t) = Aelten = of] (2.2) 
where 
2 
woaH uP, 4H? (2.3) 
ho 2ph h 


Using (2.3) we find that vp, = p/2m, that is, the phase velocity of the plane wave (2.2) is not the same 
as the particle velocity v = p/u. One must note that the frequency , and thus the phase velocity vp, 
are not completely well-defined quantities, but depend on the choice of the connexion between 
energy and momentum. In the general case, this connexion is of the form 


E= cx/p? + pe. 


Tn the non-relativistic approximation we have thus 


E=p2+24 neey 
2 
whence 
c> p 
Vpn = + >e 
2p 


When studying motion with relativistic velocities it is convenient to write the relation between 
energy and momentum in the form E = c?p/v. In that case we find for the phase velocity of the 
plane waves vp, = E/p = c?/v. 

We shall check later on that the fact that w in (2.2) is not completely determined does not influence 
the results of the theory. 


We shall thus postulate that the free motion of a particle of well-defined energy 
and momentum is described by the wave function (2.2). We shall later on discuss the 
form of wave functions for other states of motion. 
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3. THE PRINCIPLE OF SUPERPOSITION OF STATES. WAVE PACKETS 


One of the basic assumptions of quantum mechanics is the principle of superposition 
of states, In its simplest form this principle reduces to two statements: 

(i) If a system can be in the states described by the wave functions y, and y., it 
can also be in all states described by the wave functions constructed from y, and p, 
by the linear transformation 

yp = ay1 + apr, (3.1) 


where a, and a, are arbitrary complex numbers. 
(ii) If one multiplies a wave function by an arbitrary non-vanishing complex 
number, the new wave function will correspond to the same state of the system. 


It follows from the superposition principle that the wave functions describing the states of a 
quantum system are ‘“‘vectors” in an abstract space of an infinite number of dimensions which in 
mathematics is usually called a Hilbert space (see Mathematical Appendix B). If the state vector yp is 
defined as a function of the coordinate of the particle, this way to portray the states is called the 
coordinate representation. Later on, in Chapter IV, we shall encounter other possible representations 
of the states of quantum systems. 

According to (ii) the state of a system is determined by the direction of the state vector in Hilbert 
space only, and not by the length of the vector. 


The superposition of states in quantum theory differs essentially from the super- 
position of vibrations in classical physics where the superposition of a vibration onto 
itself leads to a new vibration with a larger or a smaller amplitude. Moreover, in the 
classical theory of vibrations there is a rest state for which the vibrational amplitude 
vanishes everywhere. However, if the wave function in quantum theory vanishes 
everywhere in space, there is no state present. 

To satisfy the superposition principle it is necessary that the equation satisfied by 
the wave functions be linear. It is possible that the superposition principle is violated 
for phenomena occurring in spatial regions with linear dimensions less than 10-14 cm 
where non-linear effects may play a role. We shall only consider in this book states 
satisfying the superposition principle. 

The superposition principle reflects a very important property of quantum systems 
which has no counterpart in classical physics. To illustrate this property we consider 
a state described by the wave function (3.1) with 


ULCk sr) —@3t] ilCka-r) — wat] 
> . 


Wire Yo=e 


In the states py, and wp, the particle moves with well-defined values of its momentum 
Pi = hk, and p, = hk, respectively. However, in the state (3.1) the motion of the 
particle is not characterised by a well-defined value of its momentum, since one 
cannot describe this state by a plane wave with one value of the wave vector. The new 
state (3.1) is in a sense intermediate between the initial states y, and p.. This state 
approximates the more the properties of one of the initial states, the larger is the 
relative “weight” of the latter; we shall see later that this weight is proportional to 
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the ratio of the absolute squares of the corresponding coefficients in the linear super- 
position. Quantum mechanics thus admits states where some physical quantities do 
not have a well-defined value. 

Let us now consider a state of free motion which is characterised by a wave function 
which represents a “wave packet’ 


ko + Ak 
v(z, t) = | A(kje*~® dk, (3.2) 
ko— dk 


that is, a collection of plane waves with wave vectors along the z-axis with values 
lying within the interval 
ko -AkK Sk Sky + Ak. 


We introduce a new variable & = k — ko; expanding w(x) in a power series in & and 
restricting ourselves to the first two terms in the expansion, 


dw 
k = ~~ ’ 
wo) ao + (Z) § 


wecan transform (3.2) as follows 


sin {| - (2) ( ax} 
Nak Jo ND gtctoe- aot), (3.3) 


The factor in front of the fast-oscillating function e’“°?-°™ may be called the ampli- 
tude function. The form of this amplitude at t = 0 is schematically depicted in Fig. 1. 
The maximum value of the amplitude, which is 2A(kg) Ak,corresponds to the value z=0. 


yz, t= 2A(Ko) 


Amplitude 





Fic. 1. The dependence of the amplitude of a wave packet on the distance from its 
centre, at t= 0. 
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The amplitude vanishes for z = z, = na/Ak (n = +1, +2, ---). The value Az = 22z, 
= 2n/Ak can be considered to be the spatial extension of the wave packet. The smaller 
Ak (the spread in the momentum), the larger the spatial extension of the packet. 
Using the fact that Ak = Ap/h, we can transform the equation dz - Ak = 2x as follows 


Az: Ap = 2h. (3.4) 


The average position of the wave packet, corresponding to the maximum of the 
amplitude, moves in space with a velocity 


= dw 
*  \dk]o 
which is called the group velocity. Using (2.3) we find that 


v, = —, where py = hky. 
B 


4. STATISTICAL INTERPRETATION OF THE WAVE FUNCTION 


We must postulate for an explanation of the wave properties of electrons, observed 
in the Davisson and Germer and similar experiments, that after passing through a 
periodic structure the spatial distribution of the electrons—registered by a photo- 
graphic plate, a counter, or so on—is proportional to the relative intensity of the wave 
at that spot. It is impossible to assume that the particles themselves are structures 
consisting of waves. When the incident wave is diffracted, it is decomposed by the 
system into diffracted waves; the electron, however, behaves as one particle. It is 
also impossible to assume that the wave properties of a particle are caused during 
its passage through the diffracting system by the collective behaviour of the system 
of interacting particles (such as is, for instance, the case for sound waves). The diffrac- 
tion pattern recorded by the photographic plate is independent of the intensity in the 
particle beam. One can also observe it when the beam intensity is very small+. One 
must also note that the wave properties are also displayed when the system contains 
only one electron, for instance, in a hydrogen atom. 

Each electron passing through the periodic structure and impinging upon the photo- 
graphic plate causes—after development—the blackening of a small part of it. If a 
large number of electrons falls upon the photographic plate (irrespective of whether 
they move together or one by one over a long time interval), the distribution of the 
blackening of the photographic plate will correspond to the diffraction pattern. Born 
took this in 1926 into account to give a statistical interpretation of the wave function 
which was verified by all further developments of quantum mechanics. The intensity 
of the de Broglie waves is, according to this interpretation, in every point in space 
at a given time proportional to the probability of observing a particle at that point 


+ G. A. BIERMAN, N. SusHKIN, and V. FABRIKANT, Doklady Akad. Nauk USSR 26, 185 (1949). 
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in space. This interpretation is retained also for wave functions describing states of 
systems of particles. 

The wave function of a system of particles depends on the time and on the coordi- 
nates, the number of which is equal to the number of degrees of freedom of the system 
(see Section 12). We shall simply denote the totality of the values of all independent, 
coordinates at a given time by one symbol, £. The values of & determine a point in 
an abstract space which is called configuration space. We shall denote a volume ele-. 
ment in configuration space by dé. 

For # system of one particle, configuration space is the same as the ordinary 
three-dimensional space. In that case € = (x,y,z) and d& = dx dy dz. However, 
already for systems of two particles configuration space has six degrees of freedom, 
that is, 

E = (%1. V1. 215 X25 V2, Z2), dE = dx, dy, dz, dxz dy2 dzy. 


In the present chapter, we shall consider the values of wave functions at a given 
time, so that we shall not mention the time explicitly. 

The wave function is thus an auxiliary concept used in quantum mechanics to 
evaluate the values of physical quantities in the state determined by this function. In 
particular, one assumes in quantum mechanics that the wave function gives informa- 
tion about the propability that on measuring the positions of particles in the system 
we find them at a particular point in space. In fact, we assume that the quantity 


Iw(E)|? a& = p*(E) y(E) dé 


is proportional to the probability that we find as the result of our measurement that 
the values of the coordinates of the particles lie within the interval &, & + dé. 
If the result of integrating |y|? over all possible values of the coordinates converges, 


that is, if Slyl? dé = N, 


we can use the statement in Section 3 that a function differing by an arbitrary non- 
vanishing complex factor corresponds to the same state to choose a new wave func- 


tio 
10n y! _ N72, 
in such a way that it satisfies the equation 


Slvr a = 1. (4.1) 


Equation (4.1) is called the normalisation condition and wave functions satisfying 
this condition are called normalised functions. If y is a normalised function, the quan- 
tity |y|? d& determines the probability dW(é) that the values of the coordinates of 
the system lie in the interval &, £ + dé. In that case we call the quantity 


dwé) 2 
€ c-l 0h é 
e(€) aE Ip(é)| 


the probability density. 
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It follows from the normalisation condition (4.1) that a normalised function is 
defined apart from a factor of modulus unity, that is, apart from a factor e’”, where « 
is an arbitrary real number. This ambiguity does not influence any of the physical 
results, since we shall see later on that all physical quantities are determined by 
expressions containing the product of y and the complex conjugate function »*. 

In some cases j \p|? d& = co; itis then impossible to normalise, using the condition 
(4.1), and g = |y(é)|? will not be the probability density. However, the relative values 
of |p(6|? for different determine even in those cases the relative probabilities for 
the corresponding values of the coordinates. We shall consider the problem of means 
of normalising such functions in the next section for a particular case and in Section 10 
for the general case. 


5. FREE PARTICLE IN A BOUNDED VOLUME IN SPACE 


An example of a wave function which can not be normalised by condition (4.1) is 


the wave function 
y(r, t) = deter, (5.1) 


corresponding to the state of free motion of a particle with a well-defined momentum 
p = hk. One can, however, ensure the normalisability of the function (5.1) by defining 
all functions inside a very large volume in the shape of a cube of edge-length L. The 
wave functions must satisfy some boundary conditions on the surface of this volume. 
If L be sufficiently large (L> 10—® cm) the influence of the boundary conditions on 
the character of the motion of the particle in the volume 2 = L will be very small. 
We can thus choose the boundary conditions in an arbitrary, sufficiently simple form. 
One takes usually periodic boundary conditions with period L, and requires that the 
wave function satisfy the conditions 


y(x, yz) = po t+ Ly, z) = yo, y + Lz) = ye, yz +L). (5.2) 


We shall study the state at time t = 0; we can then verify by substituting (5.1) into 
(5.2) that the periodicity conditions are satisfied, if the function (5.1), normalised in 
the volume Q, is of the form 


pir) = Q-*? bP, (5.3) 
where ye 
27 2n 27 
k, =—n,, kj =—n, k, = —nh, 5.4 
L ann an L (4) 


while n,, n, and n, are positive or negative integers. 

The boundary conditions (5.2) reduce thus to the requirement that the vector k 
run through a discrete set of values, determined by conditions (5.4). When passing 
to the limit L — oo the distance between two neighbouring values of & tends to zero 
and we return to the free motion of a particle in unbounded space. 
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The totality of functions (5.3) corresponding to all possible values of k satisfying 
(5.4) form a set of functions satisfying the condition 


[80 Oar = bee (5.5) 
2 


where 
On ke = Okt ey Ok’ be, Oh! kee» 


and the symbol 6,., = 0, if n' +n, and 6,., = 1, ifn’ = n; d°r = dx dy dz. 

The functions (5.3) form a complete set of functions, that is, any wave function y 
describing an arbitrary state of motion of a particle in the volume 2 can be written 
as a linear combination of the functions (5.3), that is, 


yr) = » ayyyl(r). (5.6) 


The coefficients a, of the expansion of the function y in terms of states with a well- 
defined momentum can easily be evaluated from (5.6) by multiplying both sides of 
that equation by yf(r) and integrating over all values of the coordinates in the 
volume £2. We can then use (5.5) to find 


a= | ve wt ar (5.1) 
RQ 


If the functions y(r) are normalised in the volume 22 we find by substituting (5.6) 
into the normalisation conditions and using (5.5) 


1 = J p*(r) yr) d*r = » |a,|”. (5.8) 


It follows from (5.6) that the coefficients a, determine in how far the state with well- 
defined momentum p = Hk takes part in the general state y(r); the absolute square 
of a, determines the probability of observing the value of the momentum p = hk for 
a system which is in the state y. Equation (5.8) can then be considered to express the 
fact that the sum of the probabilities for all possible values of the momentum must 
equal unity. 


6. CALCULATION OF THE AVERAGE VALUES OF THE COORDINATE 
AND THE MOMENTUM 


We shall show that once we know the normalised wave function y we can evaluate 
the average values of the coordinate, the momentum, or any other physical quantity 
in that state. If we bear in mind that the density of the probability for well-defined 
values of the radius vector can be expressed in terms of the state function p: 


e= vr) vr), 
the average value <r) of the radius vector in this state will then, according to the 
theorem about mathematical expectation values, be determined by the integral 


<ry = J v*@) ry) dr. (6.1) 
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In the same way, we can also evaluate the average of any function of the radius 


vector: fi) = Sv*OSO yO) ar. 


To determine the average of the momentum p in the given state y we introduce 
the artificial boundary conditions considered in Section 5. We have shown in Section 5 
that the probability for a momentum value p = hk is then determined by the quantity 
|a,|?, where 


a = | vl) vile) ar. (6.2) 


Knowing the probability for a given value of the momentum, we find the average 
value of the momentum by the general rule 


Cp =h 2 ajka,,. (6.3) 
Substituting into this expression the value of a, from (6.2) and using the relation 
ky,(r) = —iVy,{r), 


which follows immediately from the definition of the functions (5.3), we can trans- 
form (6.3) as follows 


<P) = ih) Sv’) ve’) dr’ J yp) Vor) a’r. (6.4) 


Because of the periodic boundary conditions (5.2) the values of the functions py and »p, 
on opposite faces of the cube L? are equal and we get thus, by integrating by parts, 


J pVyt d°r = — J yiVy d*r. 
Using this result, we can transform (6.4) as follows 


<p> = ~ih J VY vale’) vEO}S Vole) ar de". 


The sum within braces in the integrand is equal tof 


»» vile’) pi) = Or’ — Fr), (6.5) 
where d(r’ — r) is a singular function which vanishes for all points r’ + r and satisfies 
the condition Z 

fF”) 6! — r) dr = Fr’). (6.6) 


Details of the singular function d(r’ — r)—the so-called Dirac 6-function—are given 
in the Mathematical Appendix A. 


} The proof of (6.5) is easily obtained by expanding d(r’ — r) in terms of the complete set of 
functions (5.3) ar! —n= Dae’) vr) 
k 


and using (5.5) and the condition (6.6) to evaluate the expansion coefficients b,(r’). 
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Using (6.5) and (6.6) we find finally the following formula to determine the average 
value of the momentum, 


<p> = J o*() (—iAV) vr) a? (6.7) 


directly from the values of the wave function corresponding to the state under con- 
sideration. Equation (6.7) retains its form also in the limit as L — oo. Therefore, the 
rule (6.7) to evaluate the average value of the momentum is valid in the general case 
of an unbounded volume. 

One can show in the same way that the average value of any power of the momen- 
tum can be evaluated, using the rule 


<P") = J *() (-iAVY WY) ar. 


This result can also easily be generalised to the case of any entire rational function F(p) 
of the momentum 


<F(p)> = J p*(r) F(—ihV) y(r) dr. 


For instance, the average value of the kinetic energy of a particle in the state y will 
be determined by the expression 


2 202 
? = [v(- ) var. 
Qu 2u 


7, OPERATORS CORRESPONDING TO PHYSICAL QUANTITIES 


In the preceding section we derived a rule which enabled us to evaluate for arbitrary 
states (described by normalised functions p) the averages of functions either depending 
on the coordinates or being entire, rational functions of the momenta. If the function F 
is a sum of the functions F,(r) and F,(p), also in this case the calculation of the 
average of F in the state y can be reduced to an evaluation of the integral 


{F> = J p*Fy dr, (7.1) 
where the quantity 
F = F,(r) + F,(—ifV) (7.2) 


is, in general, a differential operator. We shall call F the operator corresponding to 
the physical quantity F. 


An operator is defined on a certain set of functions, if a law is given by means of which each 
function from the set is associated with another function from the same set of functions. Operators 
defined upon different sets of Functions must be considered to be different operators. The Laplace 
operator a2 a2 az 

2 
Vv ax? rye +57? 


for instance, can be defined on the set of all twice differentiable functions given in infinite space, 
or on the set of all twice differentiable Functions which are non-vanishing inside a certain region 
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and satisfy some boundary condition, on the boundaries of this region. In particular, one can require 
that on those boundaries all functions vanish. 

Operators involving the action of differentiation are called differential operators. If an operator 
involves the action of integration it is called an integral operator. We may also encounter integro- 
differential operators. A particular form of integral operators are functionals. A functional is an 
operator which acting upon any function of a set of functions on which it is defined leads to a con- 


stant. The scalar product <y|p> = fw g(£) dé is an example of a functional. If the function 
is fixed <yle> is a linear functional of the functions y. 

In quantum mechanics we consider differential (and their reciprocal: integral) operators, defined 
on a set of functions which are continuous and differentiable in the whole of a region 2 (Q may also be 
infinite) and which satisfy uniform boundary conditions on the boundaries of that region. Boundary 
conditions are called uniform if any function identically vanishing both everywhere inside the region 2 
and on the boundaries of that region satisfies them. 


The rule (7.1) to firtd the average of F in the state y can be generalised to the case 
of arbitrary physical quantities F, if we find a method of constructing the appropriate 
operators F. 

Before proceeding to the rules to construct the operators corresponding to physical 
quantities, we define the general rules which such operators must satisfy. 

The action of an operator upon a function yw standing to the right of it in the inte- 
gral (7.1) amounts to transforming this function to a new function 


y= Fy. 


In order that such a transformation does not violate the superposition principle, the 
following condition must be satisfied 


F(ay) = ak y, Fy, + 2) = Fy, + Fy. (7.3) 


Operators satisfying the conditions (7.3) for any function y are called linear operators. 
If the function F describes a physical quantity, its average is necessarily real. The 
condition that the average (F be real is 


(F> = (F>*, 
and it follows from (7.1) that it reduces to an integral equation for the operators F: 
J yt Fy ar =f pF*y* d°r. (7.4) 


Equation (7.4) is a particular case of a more general equation 
J ptFo d°r = | pF*y* d’r, A7.5) 


which is satisfied by a self-adjoint or Hermitean operator. The functions p* and in 
equation (7.5) are arbitrary functions depending on the variables upon which the 
operator F acts and for which the integrals (7.5) taken over all possible values of the 
variables have a finite value. Since equation (7.4) is a particular case of equation (7.5) 
we can say that the condition that the averages of physical quantities in arbitrary 
states be real reduces to the requirement that the operators corresponding to them are 
self-adjoint. 
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We can write the functional equation (7.5) defining the condition that the operator F 
be self-adjoint in a short-hand operator form 


F = Ft, (7.6) 


The symbol ¢ denotes taking the Hermitean conjugate; this must be understood in 
the sense that we change from the integral on the left-hand side in equation (7.5) to 
the integral on the right-hand side of the equation. 

We use thus in quantum mechanics only operators which are linear (to satisfy 
the superposition principle) and self-adjoint (in order that averages be real). 

The operator of the coordinate is the same as the coordinate r = r, and the momen- 
tum operator is p= — ihV. Both these operators are linear and self-adjoint. If the 
function Fis the sum of an arbitrary function of the coordinates and an entire, rational 
function of the momenta, the operator corresponding to it is obtained by replacing 
in that function the momentum by the appropriate operator: 


F(r, p) > F = F(r, —ifV). (7.7) 


If the function F is a function containing products of coordinates and momenta, 
in general, not all operators F obtained from F by using the rule (7.7) will be self- 
adjoint since not all products of self-adjoint operators will be self-adjoint. 

The operator product FK is defined as the operator which when acting upon a 
function consists of the consecutive application, first of the operator K and then of F. 
In general, an operator product depends on the order of the factors and in general 


FRy + KFy. 
If there are two operators, for which the product is independent of the order of the 
factors, we say they commute with one another. 


Let us investigate the condition under which the product of self-adjoint (Hermitean) 
operators is self-adjoint. In the general case, if F = Ft and K = Kt, then 
f pt EK d°r = J pK*F*y* d’r, (7.8) 
or in operator notation 


(FK)' = KtFt = KP, (7.84) 


that is, the Hermitean conjugate operator is equal to the product of the Hermitean 
conjugate operators, taken in the reverse order. 


Indeed, using the fact that the operator Fis self-adjoint, wecan write fuse (Ke) dr = j (Ke) F ytd yr. 
Taking then into account that the operator XK is self-adjoint, wefind i} (Ro) F+y* d3r = i} pK*F*y* dr, 
which proves equation (7.8). 


If self-adjoint operators commute, their product is self-adjoint; this follows 


directly from (7.8a): . a 
(FK)' = KF = FK, 
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or, in detail 
J ptFKo d*r = | pF *K*y* d’r. 


Using this result we can check that we can use the rule (7.7) to obtain self-adjoint 
operators only when the entire rational function F does not contain products of 
coordinate and momentum operators, or contains products the factors of which com- 
mute, such as xp,. 

In general, if K and F are linear, Hermitean operators, the same will be true of the 
operators 

S=4(KRF + FR), G = i(KF — FR). (7.9) 


If the operators commute, 
G=0, S=KF = FK. 


In quantum mechanics we need to consider physical quantities which do not have a 
classical analogue—such as the spin of a particle— and which cannot be expressed in 
terms of functions of the coordinates and the momenta. We shall see later on how 
we can define the operators corresponding to such quantities. 

In Table 1, we give the explicit form of some of the simplest linear self-adjoint 
operators, used in quantum mechanics. 


TABLE 1. THE SIMPLEST OPERATORS IN QUANTUM MECHANICS 


Physical quantity Operator 


Coordinate | r r 
X,Y, Zz X,Y, Zz 
—ihV 
P 
Momentum 9 9 29 
Px, Py, Pz he mare he 
L=(rAp) LE = -itfr AV) 
> _f{ a a 
L,{=L1) = yPz — 2Py L, = —ih| y—~—z— 

oz oy 
Angular momentum or 3 a 
moment of momentum L,(= Lz) = zPy — xz L, = -ih{ z—-x— 

Ox 0z 

a 
2 _{ @ a 
L,(= L3) = xpy — yPx L,= —ih| x——-y— 
oy Ox 
: oe ge 2 hz 

Energy in the nonrelativistic Eat 4 U(r) fr-- yiuw 
approximation 2, 2u 





Since the commutation relations for operators play an important role in quantum 
mechanics, we study these relations for the operators from Table 1. 
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We introduce the notation 
[4, B]_ = AB — BA, 
which we shall use in the following. For commuting operators the relation 
[A, B]_ py = 0 (7.10) 


must be satisfied for an arbitrary function y. 
If self-adjoint operators do not commute, the equation 


a [A, B]_ y = iCy (7.11) 


is satisfied; because of (7.9) the operator C is also self-adjoint. In a particular case C 
may be a number. To simplify the notation one often writes (7.10) and (7.11) in 
operator form 

[4, 8]. =0, [4, B]_ = iC. 


The three coordinate operators x, y, z, which we shall simply denote by the symbol 
r,; G = 1, 2, 3), of course commute with one another, that is, 
[ionJ-=0, ik =1,2,3. 
The operators of the components of the momentum: 


a a 
= —ih— 
Pi ar, 


also commute with one another, that is, 


[D:, Pul- =0 


since when we evaluate partial derivatives such as 07/dr;@r, it is immaterial in which 
order the differentiations are performed. 

An example of non-commuting operators are x and p,. To study their commutation 
relation we evaluate the action of the product of these operators upon an arbitrary 
function of x: 


$B. fle) = —itx ZL, 
ox 
on the other hand, 


Boxe) = — ix F — anges. 
Ox 


We thus have 
[x, Pxl-f(*) = ihf(x), or, [x, Pzl- = th. 


Repeating these considerations, we can show that the following commutation rela- 
tions hold: 
Ir: Prd = Aix, i, k= 1, 2, 3. (7.12) 
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Using the explicit form of the operators corresponding to the components, L,, of the 
angular momentum we find that they must satisfy the commutation relations 


[L,, LJ_ = ily, (7.13) 
where we have either i= 1,k = 2,/=3,0ori=2,k =3,l=1, ori=3,k =1, 
1 = 2. The three commutation relations (7.13) can be written formally in vector form 


as follows [E  £] = iad. (7.13a) 
We can also prove that 
[Z?,£,). =0, i=1,2,3. (7.14) 


Using the commutation relations (7.12) and the definition of the angular momentum 


operator L we can easily verify that the following commutation relations hold 
[E,7J-=0, Al = itt, (Ly, i. = — ihr; 
- - rrr a (7.15) 
IZ:,PiJ- =9, [Li,p,)- = ip,, (Ly, pil = —ihp,, 


where eitheri=1,k = 2,/=3,ori=2,k =3,/= 1, ori=3,k =1,/=2. 
In short-hand, vector notation, we can write the commutation relations (7.15) as 
follows 
[LA Ff] + [FA £] = ihr, [LZ A pl] + [p a L] = 2ihp. (7.15a) 
Using the identity 
[A, B’]_ = [A, B]_ B+ BLA, B]_, 
we can prove the following commutation relations 


[p, £7]. = iA{(L a p])—- [pa Lh}, 07) = iA a rl— [Fa L}} (7.16) 


8. EIGENFUNCTIONS AND EIGENVALUES OF OPERATORS 


In the previous section we found the rule (7.1) to evaluate the average of any 
physical quantity F in a state described by the function y, if we know the operator F 


corresponding to that physical quantity.: 
Using the rule (7.1) we can evaluate not only the average, but also the mean square 


deviation from the average in a given state y. Indeed, writing 
AF = F — <F) 
and introducing the corresponding Hermitean operator 
(AF) = F — <F), (8.1) 


we find . . 
(AF)? = | y*(4F) (AF) p dé. (8.2) 
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Using the fact that the operator (AF) is self-adjoint, we can rewrite (8.2) as follows: 


(AF) = § (AF) yl? dé. (8.3) 


Equation (8.3) enables us to evaluate the mean square deviation from the average of 
any physical quantity in an arbitrary state described by the function y. 

Using (8.3) we can also determine the unknown states for which the mean square 
deviation vanishes, that is, those states for which the quantity F has a well-defined 
value. For such states y equation (8.3) reduces to 


0 = fi(4F) yl? a. 


Since the integrand is positive definite, the integral can vanish only provided the 
condition A 
(AF) py =0 (8.4) 
is satisfied. 
Taking into account that in the state p satisfying equation (8.4) the quantity F 
has a well-defined value, that is, F = <F>, we can use (8.1) to rewrite (8.4) as follows 


(F — F)y=0. (8.5) 


Equation (8.5) is a homogeneous, linear equation for the unknown function y. 
Since the wave function must describe a real state of a physical system, we shall be 
interested in solutions of this equation which correspond to non-vanishing, conti- 
nuous, single-valued functions y satisfying uniform boundary conditions—that is, 
conditions also satisfied when y = 0. An additional condition, connected with the 
possibility to normalise the function yp will be discussed later on. Usually, it involves 
the requirement that the integral | |y|? d& taken over a finite region of space be finite. 

In general, equation (8.5) allows only for certain well-defined values of the physical 
quantity F—which is a parameter of equation (8.5}—solutions satisfying the above- 
mentioned conditions. These values can run either through a discrete set of values 
F,, F, --- or through a continuous set of values in some range. 

We call these particular values of the parameter F the eigenvalues of the operator F 
and the corresponding solutions of equation (8.5) the eigenfunctions of the operator. 
We call the totality of the eigenvalues of an operator its spectrum. If the operator 
has discrete eigenvalues, we say that it has a discrete spectrum. If, on the other hand, 
it has eigenvalues running through a continuous range of values, we say that it has 
a continuous spectrum. There are also possible operators which have a spectrum con- 
sisting of both discrete values and values varying continuously over some range. 

We shall write the eigenvalue of the operator F as an index of the function —p,;— 
to distinguish its eigenfunctions corresponding to different eigenvalues. If the eigen- 
value spectrum is discrete, we can enumerate the eigenvalues: F,, F., ---, F,, --- In 
that case we can often use as the index for the eigenfunction not the eigenvalue, but 
its number, that is, pp, = y,. We call the integers n defining the eigenvalues and 
eigenfunctions quantum numbers. 

Qu 2 
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It follows from the above that in a state described by an eigenfunction yp, of the 
operator F the corresponding physical quantity has a well-defined value which is 
equal to the eigenvalue of the operator. This conclusion is very important for the 
interpretation of the physical consequences of quantum mechanics. The result of 
measuring the physical quantity F in the state y,. will with absulute certainty be F’. 
If a state of the system is described by a wave function y which is not one of the eigen- 
functions of the operator F, we shall when measuring the quantity F in that state 
obtain different values, each of which is an eigenvalue of the operator F. The set of 
eigenvalues of the operator F gives thus the possible results of the measurement of 
the quantity F in arbitrary states. These statements give us the physical meaning of 
the eigenvalues of the operators of quantum mechanics. 

Sometimes several linearly independent eigenfunctions will correspond to one 
eigenvalue of the operator; the corresponding physical quantity will then have 
the same well-defined value in each of the states described by these wave functions. 
The number of eigenfunctions corresponding to a given eigenvalue is called the degree 
of degeneracy of the eigenvalue. 

When there is degeneracy, we must give the eigenfunctions corresponding to one 
eigenvalue a second index running through the values 1, 2,---, g (g = degree of 
degeneracy). For instance, if we have a threefold degeneracy there are three functions 
Yr,> Pr,, and pr, corresponding to the one eigenvalue F. We shall see in the following 
that sometimes wave functions of degenerate states have an even larger number of 
indices. 

A very important property of the eigenvalues of self-adjoint operators is that 
they are always real. The eigenvalues are the same as the average values of the 
appropriate physical quantities in the states described by the eigenfunctions of these 
operators. Since the averages are real, the eigenvalues are also real. One can also use 
equation (8.5) to prove directly that the eigenvalues of self-adjoint operators are real. 
To see this we multiply equation (8.5) by p*t—the complex conjugate of y—and 
subtract from it its complex conjugate. Integrating the expression obtained in this 
way over all independent variables, we find 


(F — F*)§ p*p dé = J p*Fy dk — J pF*yp* dé. 


Using the condition that F be self-adjoint (compare equation (7.4)) we find F = F*— 
which proves that F is real. & 


To illustrate the above we evaluate the eigenvalues and eigenfunctions of three very simple 
operators. 


(a) Eigenfunctions and Eigenvalues of the Linear Momentum Operator p,. This problem 
reduces to solving the equation 
dy(x) 


—ih —— = p,y(x). 
ia-s Pxpx) 
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One can find continuous, single-valued and bounded solutions of this equation for all real values 
of p, in the interval — 0 <p, < + oo. The operator p, has thus a continuous range of eigenvalues. 
There is one eigenfunction (no degeneracy) for each eigenvalue p, = p: 


ipx 
pp(x) = A exp (*). (8.6) 


This function describes the motion of a particle along the x-axis with a well-defined momentum p. 
One cannot normalise the wave functions (8.6) in the usual manner—as is also true of other cigen- 
functions of operators with a continuous spectrum—since j lwp(x)|? dx = 00. The wave functions (8.6) 
are a particular case of the wave functions of the free motion of particles with a well-defined momen- 
tum which were considered in Section 5 where we showed one way to normalise such functions. 


(b) Eigenvalues and Eigenfunctions of the z-component of the Angular Momentum £,. From 
Table 1 in Section 7 we have 


If we change to spherical polars (see Mathematical Appendix B) we get £.= —ihd/d~. The problem 
reduces thus to solving the equation 


0 
‘4 


where the variable ¢ lies within the interval 0 S y < 27. The solutions of (8.7) are 


iL, 
vy) = Aexp (' i) 


In order that the function p be single-valued, it is necessary that 


vy) = vp + 27). 


This condition is satisfied, if L,/A = m, where m = 0, 1, +2, ... The eigenvalue spectrum of the 
operator £, is thus discrete: 





L,=mh, m=0, £1, £2, «. (8.8) 


The eigenfunctions y,(y) corresponding to the eigenvalues (8.8) and which are normalised by the 
condition fo" yn dp = 1 are of the form 





1 
YalP) = Tax ein? , 
In 


(c) Eigenvalues and Eigenfunctions of the Square of the Angular Momentum. If we want to 
evaluate the eigenvalues and the eigenfunctions of the square of the angular momentum, we must 
solve the differential equation 

Ly = Ly, (8.9) 
where we use Table 1 to define the operator of the square of the angular momentum by the expression 
3 
i? = > 22. 
tel 
It is, however, more convenient to use the operator of the square of the angular momentum ex- 
pressed in terms of spherical polars. In that case, we have (sce Mathematical Appendix B) 


> 1 a a\ 1. @ 
p= 02 J "(sing 2 aan © 8.10 
ia 30 (x 05) + Sin? 6 aah 8.10) 
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and equation (8.9) reduces to the equation 


1 @ a 1 @ 7 
— “(sings 5 yo, 9) =0. 8.11 
\aaa (x00 5) + 5 ards ”) (1) 


Let us compare the equation obtained in this way with the equation for the spherical harmonics Yj: 


1 of, 62 I or e+) Yin(9, ) = 0 
sin 6 0\ >" ” a0) * sin? 6 dg? ime pe” 


where / = 0, 1, 2, ... These equations are the same, if 
1? =10 + 1) h?. (8.12) 


We are thus led to the conclusion that the eigenvalues of the operator of the square of the angular 
momentum are determined by the quantum numbers / = 0, 1, 2, ... through equation (8.12), and the 
eigenfunctions of this operator are the same as the spherical harmonics Y,,,(0, ») of order /. To each 
eigenvalue 7, that is, to each value of the quantum number / which usually is called the orbital 
quantum number, there correspond 2/+ 1 spherical harmonics Yjm_. These functions differ in the 
value of the second quantum number m, the so-called magnetic quantum number. This quantum 
number takes on for a given / the following values 


m=0,+1, +2, .., 4/7. 











The explicit dependence of the spherical harmonics on the angles 6 and » for positive values of m 
is determined by the expression 








etne 
Yin(4, ) =6 m(O) ’ 8.13 
i ?. t J 2m ( ) 
where 
_ Ce" (Q14+1)d-—m!_. m d'*™(sin @)?! 
rm) = in | 20+ mi OO asain (8.14) 


The real functions © can be expressed in terms of the derivatives of the Legendre polynomials 


t 
£ {@? — 1)']. 


1 
Pi) = Tot Gal 


In fact, when m = 0, we have 


2 
Qi+1)(-—m)! a™ 
©,,(6) = (— 1)" | —————_ in™ 0 ———— P, é). 8.1 
im(8) = (—1) | 2+ m! sin (@cos6y" i(cos @) (8.14a) 
The spherical harmonics for negative values of m= —1, —2, .... —/ are determined from the con- 
dition Y,, -m(6, 9) = (-1)"Y 4,06, 9). (8.15) 


The spherical harmonics—and also the eigenfunctions of other operators—are determined up to-an 
arbitrary phase factor of modulus 1. For instance, instead of the functions (8.13) one sometimes 
uses the functions 
Yin(8, ¥) = i! Yin, g) . 
In that case, equation (8.15) is replaced by 
¥,, m= (-)""¥7_,- (8.15 a) 
The spherical harmonics are normalised. Harmonics referring to different quantum numbers / and m 


are orthogonal to one another. The condition for normalisation and orthogonality—the ortho- 
normalisation condition—can be written as follows 


i) YX, 9) Yiem(6, p) dQ = Oy'Smm’, d2 = sin 6 dé dp. (8.16) 
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For m= 0, the spherical harmonics reduce to the Legendre polynomials P,(cos 6) through the 


relation 
2i+1 
Yio@, p) = ri P,(cos 9). 








4 


One can use (8.13) to verify easily that the spherical harmonics are at the same time eigenfunctions 
of the operator £,=-ih 0/dp- the z-component of the angular momentum. This follows since they 
satisfy the equation 


(] 
—ih 5 Yim, 9) = mhYin(®, 9). (8.17) 


The spherical harmonic Y;,(g, ¢) is thus an eigenfunction of the operator of the square of the angular 
momentum corresponding to the eigenvalue 

i? = K+ 1) h?. 
At the same time it is the eigenfunction of the operator of the z-component of the angular momentum 


with the eigenvalue 
L,= mh. 


The second index of the wave function Y;,, enables us thus to distinguish states differing in the values 
of the z-component of the angular momentum. 


9. PROPERTIES OF THE EIGENFUNCTIONS OF OPERATORS WITH A 
DISCRETE SPECTRUM 


Let the operator F have a non-degenerate discrete eigenvalue spectrum F,. The 
eigenfunctions of this operator will then satisfy the equation 


Foy = Frn- (9.1) 


Let us also write down the conjugate complex of equation (9.1) referring to the quan- 


tum number m: 
Fyn, = nm > (9.2) 


Let us now multiply equations (9.1) and (9.2) from the left by y* and y,, respectively. 
We integrate both sides of the new equations over the whole domain of variation 
of the variables and subtract one from the other. If we use the condition (7.5) that F 
is self-adjoint, we find 


(Ff, _ Fx) | p&p, dé = 0. 


If m + n, this equation leads to the conclusion that eigenfunctions referring to diffe- 
rent eigenvalues are orthogonal to one another, that is, 


J pty, d—é=0. (9.3) 


The physical meaning of the fact that the eigenfunctions yp, and y,, of the operator F 
are orthogonal lies in the fact that when we measure the physical quantity F in these 
states we shall definitely obtain different values: F, in the state y, and F,, in the state y,,. 

We have thus proved that eigenfunctions referring to different eigenvalues of a 
self-adjoint operator are orthogonal to one another. 
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For all actually occurring systems—that is, systems with finite-range forces—a par- 
ticle must in all states corresponding to the discrete energy spectrum necessarily 
find itself in a bounded region of space, that is, the wave functions of such states 
must decrease sufficiently fast to zero outside that region. If this condition were not 
satisfied, the particle could proceed to the far-away regions of space where there are 
no forces. However, free-particle motion is possible with any energy (it is not quan- 
tised). The integral 

§ wal? dé (9.4) 


extended over the whole domain of variation of all arguments of y, will thus always 
be finite for eigenfunctions corresponding to a discrete spectrum. The eigenfunctions 
of operators with a discrete spectrum can thus always be normalised. We shall assume 
that the wave functions have been normalised. We can these use (9.3) to state that 
the set of eigenfunctions of operators with a discrete spectrum form a set of ortho- 
normal functions, that is, they satisfy the equation 


J viten dE = Onn: (9.5) 


A second notable property of the eigenfunctions of operators with a discrete 
spectrum is that the totality of all eigenfunctions forms a complete set of functions, 
that is, any other function y depending on the same variables and satisfying the same 
boundary conditions and for which the integral J |p|? dé exists can be written in the 
form 


p(6) = ¥) anpalé), (9.6) 


where the summation is over all values of the quantum number x. Using (9.5) we 
easily find that the expansion coefficients in (9.6) are determined from 


a, = J p(E) pa(6) dé. (9.7) 


The third property of the eigenfunctions of operators with a discrete spectrum is 
expressed by the equation 


> vi’) va) = 6’ — 4), (9.8) 


where & stands for all arguments of the function yp, and 6(&’ — &) is a Dirac delta- 
function whose properties are defined in the Mathematical Appendix A. 
We can prove (9.8) by expanding 6(é’ — £) in terms of the orthonormal set of func- * 


tions »,(6): 
6(é’ — &) = Ya, (E’) (6). (9.9) 


This expansion is a particular case of (9.6) and the expansion coefficients are thus 
determined by (9.7). Hence 

a,(&") = J dE’ — &) pr) dé = yr), 
which proves (9.8). 
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When degeneracy occurs the eigenfunctions y,, of the operator F satisfy the equation 
Fg = Fypnt- (9.10) 


Repeating the calculations performed on equation (9.1) for (9.10) we can show that 
functions referring to different eigenvalues will be mutually orthogonal, that is, 


Svt© yu dé =0, if m+n. 


The functions ,1, Pn2, °**> Pag Corresponding to one eigenvalue F, will, in general, 
not be mutually orthogonal. However, we can always replace the g independent 
functions y,; by another set of g independent functions which are also eigenfunctions 
of the operator F and which at the same time will be mutually orthogonal. We prove 
this for a two-fold degeneracy. Let y,, and y,2 be two normalised eigenfunctions of 
the operator F corresponding to the eigenvalue F,. We define two other functions 


1 = Yu, G25 ant + AWnr)s 


where A and a are complex numbers. Because Fis a linear operator, the function y, 
will also be an eigenfunction belonging to the same eigenvalue. We now choose the 
number / in such a way that the orthogonality condition | ptp, dé = 0 is fulfilled. 
From this condition we find 


At= S vine dé. 


The constant a follows from the normalisation condition. We thus obtain normalised 
and mutually orthogonal eigenfunctions y, and gy, corresponding to the eigen- 
value F,. 

We can orthogonalise in the same way the eigenfunctions for any degree of degene- 
racy (compare problem 1.4). We shall assume that such an orthogonalisation has 
been carried out; the eigenfunctions will then also for the case of degeneracy satisfy 
the condition 

) pin) Palé) dE = Snind ix - (9.11) 


The two other properties of eigenfunctions of operators with a discrete spectrum 
can be written as follows 


y(é) = » nial) » (9.12) 


where 


ant = Jv pt(é) dé, 


and 


» vale’) yu) = 6(€' — €). (9.13) 


The exceptional importance of the eigenvalues of the linear, self-adjoint operators 
used in quantum mechanics lies in the fact that they determine the possible values of 
the corresponding quantities when they are measured. If the state of a system is 
described by a wave function which is the same as one of the eigenfunctions y, of 
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the operator F, the physical quantity F has in that state a well-determined value. If 
we measure it in that state, we must thus with absolute certainty obtain the value F,. 
If, however, the wave function y is not one of the eigenfunctions of the operator F, 
the physical quantity F does not have a well-determined value. When we repeatedly 
measure the physical quantity F in the same state y we shall obtain different values F,. 
Repeating these measurements many times we can determine the average value <F) 
of this quantity in this state. This average must be the same as the value obtained 
from the equation 

<F> = | p* Fy dé. (9.14) 


Using the fact that the eigenfunctions of the operator F form a complete set, we can 
write p in the form of the following linear combination 


y = Van. (9.15) 
Substituting (9.15) into (9.14) and using the equation 

Fy, = £iPn> 
and the condition for the orthonormality of the set of functions y,, we find 


{F> = ¥ Fyla,l’. (9.16) 


Similarly we find from the normalisation condition 


1 = J pty dé = > |a,|’. (9.17) 


Equation (9.17) is called the completeness condition of the set of eigenfunctions y, 
since it serves as a criterion for the requirement that this set of eigenfunctions is 
sufficient to expand any other function by means of (9.15) without having to add to 
the set another linearly independent function which is not an eigenfunction of the 
operator F. 

Equations (9.16) and (9,17) enable us to state that the absolute square of the 
coefficients a, in (9.15) determines the probability that when measuring the physical 
quantity F in the state y we shall get the value F,. 


10. PROPERTIES OF THE EIGENFUNCTIONS OF OPERATORS WITH A \ 
CONTINUOUS SPECTRUM 


Let us study the properties of the eigenfunctions y, of operators with a continuous 
eigenvalue spectrum. The eigenfunctions satisfy in that case the equation 


Fy, = Fyr. (10.1) 


One cannot enumerate the eigenfunctions of a continuous spectrum. They are charac- 
terised by the actual value of the physical quantity F in the corresponding state. We 
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can, therefore, say that the eigenfunctions depend on F as a parameter: 
pr(E) = y(F; ¢). 


One cannot normalise y, in the usual way, as the integral { |y,|? d& diverges. The 
divergence of this integral is connected with the fact that |y,(6)|? does not quickly 
tend to zero at infinity. The probability for finding the particle in any finite volume 
of space is in that case infinitesimally small compared to the probability of finding 
it in the remaining, infinitely large part of space. Therefore, if the particle is in the 
state pr, it performs an unbounded (infinite) motion in the whole of space and this 
motion is characterised by a well-determined value of the physical quantity F. An 
example of such a state is the state of free motion of a particle with a well-defined 
momentum; this state is described by a plane wave 


p(r) = Ae’? of he 
The eigenfunctions y, together form a complete set of functions; any normalised 
function yp depending on the same variables can thus be written as a linear combination 


of states for which the physical quantity F has a well-defined value. As the eigenvalue 
spectrum is continuous, such a linear combination will be in the form of an integral 


y6) = J appr(é) dF. (10.2) 


One can choose the eigenfunctions y, of the operators with a continuous spectrum 


in such a way that lag|? dF 


can be defined as the probability that in the state y the physical quantity F has a 
value lying in the interval F, F + dF. The completeness condition of the eigenfunc- 
tions y, then leads to the equation 


S v*® v© dé = J ata, dF = 1, (10.3) 


which is the counterpart of equation (9.17) for functions of a discrete spectrum. 
Substituting into the first integral the value of y*(£) from (10.2) and changing the 
order of integration we get the equation 


§ af {J v@) vi dé — ag} dF = 0, 
which is only satisfied provided 
ar = | y(€) vp?) dé. (10.4) 


The rule for evaluating the coefficients a, is thus the same as the rule to find the 
coefficients a, for the case of a discrete spectrum. 
If we substitute into (10.4) the value of p(£) from (10.2) we get the equation 


ar = | aprpp(E) p#(é) dé dF’. 
This equation is only satisfied for any arbitrary values of the coefficients a, if 


J ve) pRO dé = OF’ ~ F). (10.5) 
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Equation (10.5) is the normalisation condition for the eigenfunctions of the continuous 
spectrum which allow us to interpret |a|? dF as the probabilty for finding the value 
of the physical quantity F in the interval F, F + dF. It follows from (10.5) that when 
F + F' the eigenfunctions of operators with a continuous spectrum are orthogonal 
to one another, while the integral (10.5) diverges for F = F’. 

The normalisation rule (10.5) for the eigenfunctions of operators with a continuous 
spectrum is called delta-function normalisation. Equation (10.5) replaces in this case 
the orthonormalisation rule (9.5) for the eigenfunctions of a discrete spectrum. 


We give as an example the delta-function normalisation of the eigenfunctions of the momentum 
operator 


elte-nin, 





(r) = 
ye Onis 


Using the formula rs e!** dx = 225(k) (see Mathematical Appendix A) we can easily verify that 
these functions satisfy the normalisation condition 
§ v0) vp(r) d?r = dp — p’). 
The coordinate operator F = r also has a continuous spectrum. We can see this when we remember 
that the action of the coordinate operator upon a function reduces simply to multiplying the function 


by r. The eigenvalues and eigenfunctions of the coordinate operator are thus according to the general 
tule (8.5) determined from the equation 


Py) = r'y,y(r). 


This equation has solutions for all values of r’, and the solution which satisfies the delta-function 
normalisation is itself a delta-function, that is, 


Ver(r) = Or — r’). 


The coefficients a, of the expansion of an arbitrary normalised function y in terms of the eigen- 
functions of the coordinate operator, 


vO) = J apvr(r) dr’, 
are determined from the general rule (10.4): 
a, = J yr) 6 — r') dr = yr’). 
The probability of finding the particle in the volume dr is thus equal to 
la,|? d*r = |y(r)|? dr, 


as was noted already in Section 4. 


Apart from equation (10.5) the eigenfunctions of the continuous spectrum satisfy 
yet another relation which is analogous to relation (9.8) for the functions of the 
discrete spectrum. To derive this relation, we substitute (10.4) into (10.2) which leads 
to the equation 


p(E) = J vp) pEE) ve(E) a6 dF. 


If this equation is to be satisfied for any function (6), it is necessary that 


J vEE) pr dF = 6 — 4. (10.6) 
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Although the eigenfunctions y; of the operators with a continuous spectrum cannot be normalised 
in the usual manner as is done for the functions of a discrete spectrum, one can construct with the 
Yr Dew quantities—the “eigendifferentials’’ (wave packets)—which possess the properties of the 
eigenfunctions of a discrete spectrum. The eigendifferentials are defined by the equation 


Fit AF pp 
Ayy) = | yrl€) dF, (10.7) 


Fy 


where AF, is a finite, but sufficiently small interval between two values F, and F,,, of the physical 
quantity F. One can show that the eigendifferentials referring to different intervals are mutually 
orthogonal, that is, 


J (4~®)* (4y©) d= 0, if 1#k. (10.8) 


Moreover, we can normalise the eigendifferentials in such a way that 


a, | ror ds = 1, 


ae AF, 


The introduction of the eigendifferentials, however, greatly complicates the practical use of the 


theory and one, therefore, usually employs the delta-function normalisation for the eigenfunctions 
of the continuous spectrum. 


A third method, finally, to use the eigenfunctions of a continuous spectrum in 
calculations, consists in an artificial transformation of the continuous spectrum into 
a discrete one by defining these functions in an arbitrarily large, but finite cube of 
volume L’ and requiring that they satisfy the periodic boundary conditions (5.2) with 
period L. When we ultimately take the limit L — 00 we get the same results as those 
obtained by other normalisations. 

There exist operators which have both a discrete and a continuous spectrum. In 
that case, the eigenfunctions of the continuous spectrum are orthogonal to the 
eigenfunctions of the discrete spectrum. The properties of the functions of each of 
the two spectra are the same as those mentioned in the foregoing, except that now 
the complete set of functions consists of the eigenfunctions of both the spectra. The 
expansion of an arbitrary wave function in terms of the eigenfunction of such an 
operator is given by 


y) = Yanplé) + J arpr(€) dF, 


where the summation is over the whole of the discrete spectrum and the integral 
over the whole of the continuous spectrum. If the function :(&) is normalised to unity 
the completeness condition for the eigenfunction 


Y lanl’ + f lar? dF = 1 


is satisfied. Equations (9.8) and (10.5) are in this case replaced by the equation 


yvn (E') pl€) + J vEE’) pr) dF = 6’ — 6). 


2a* 


30 The Basic Concepts of Quantum Mechanics [I, 11] 


11. THE CONDITIONS UNDER WHICH SEVERAL PHYSICAL QUANTITIES 
CAN HAVE WELL-DEFINED VALUES IN THE SAME STATE 


We showed in the preceding sections that if the wave function of a state of a system 
coincides with an eigenfunction of the operator F, the physical quantity F has a well- 
defined value in that state. It is clear that if the wave function of a state is simul- 
taneously an eigenfunction of several operators, all physical quantities corresponding 
to these operators will have well-defined values. 

For instance, in the free motion state described by the wave function 


p(r) = (2sch)~*/2 elena 


both the momentum p and the kinetic energy p?/24 have a well-defined value since 
this function is simultaneously an eigenfunction of the momentum operator p and 
the kinetic energy operator—(f?/2u) V?. However, the angular momentum and its 
components do not have well-defined values since the function »,(r) is not an eigen- 
function of the corresponding operators. We show in Chapter VI that there are free 
motion states which have simultaneously well-defined values of the kinetic energy, 
the square of the angular momentum, and one of its components. However, the mo- 
mentum of the particle does not in that case have a well-defined value. 

Depending on the state of the system one set of physical quantities or another can 
thus have well-defined values. Experimentally one finds, however, that there are also 
sets of physical quantities which have never simultaneously well-defined values. This 
peculiar feature of some physical quantities which reflects the objective laws of atomic 
phenomena—that is, the properties of micro-objects, their mutual interactions, and 
their interactions with surrounding bodies—must be reflected in the properties of the 
operators of quantum mechanics. We shall now study these properties. 

We shall show that if two physical quantities F and M can at the same time have 
well-defined values, the corresponding operators must commute. It follows from 
what we have said before that the statement that the physical quantities F and M 
have well-defined values F,, and M, in the same state y, is equivalent to the statement 
that the function y, is an eigenfunction of both operators F and M. Mathematically 
this is expressed by the equations 


Fy, = LnPn> My, = Min. 


Let us multiply the first equation from the left by the operator M, the second from 
the left by F, and substract the two resulting equations one from the other. Bearing 
in mind that F, and M, are numbers which can be commuted we find 


(ME — FM), = (MF, — FrM,) Yn = 0. (11.1) 


Since we can write any arbitrary function as a linear combination of the eigenfunc- 
tions y,, we have from (11.1) 


(MF — FM) y = Y.4,(MF — FM) y, = 0. (11.2) 
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Equation (11.2) expresses the fact that the operators Fand M commute, or, in operator 


form 
MF — FM = 0. (11.3) 


The operator equation (11.3) means that the action of the operator FM on an arbi- 
trary function y is the same as that of the operator MF. 

We have thus shown that it is necessary that the operators corresponding to physi- 
cal quantities commute if these quantities are to have simultaneously well-defined 


values in the same state. 


We must, however, note that in particular states some physical quantities may simultaneously 
have some selected values, even when their operators do not commute. For instance, in states where 
the angular momentum is equal to zero, its three components are also zero although the operators 
of the different components of the angular momentum do not commute with one another (see (7.13)). 
In the general case, however, when the angular momentum is not equal to zero, its three components 
do not simultaneously have well-defined values. It is in this connexion never possible to speak about 
a well-defined direction in space of the angular momentum. The square of the angular momentum 
(that is, the length of the vector Z) and one of its components (for instance, L,) can have well-defined 
values at the same time, since their operators commute: [£?, £1 = 0. For a “visualisable” presen- 
tation of the properties of the angular momentum one can say that the angular momentum vector 
with an absolute magnitude |Z| = h J {i + 1) always precesses around some direction—for instance, 
around the z-axis—in such a way that its component along that direction is equal to mh with 
m= 0, -+1,.., +/ while the average values of the two other components vanish: <Z,> = <Ly> = 0. 
One must here bear in mind that this “visualisable” picture is merely an illustration and does not 
Teflect all the properties of the angular momentum. 





One can also prove the inverse theorem: if two operators F and M commute, 
they have a common set of eigenfunctions. The proof of this theorem is particularly 
simple if both operators have a set of non-degenerate eigenvalues. Let equation (11.3) 
be valid and let y, be the complete set of eigenfunctions of the operator M, that is 


My, = MiYn- 


If we now act upon this equation from the left with the operator F and use (11.3) we 


find _ 7 
M(Fy,) = M,(Fy,)- 


From this equation it follows that Fy, is an eigenfunction of the operator M corre- 
sponding to the eigenvalue M,. Since by assumption the eigenvalues of the operator M 
are non-degenerate, the function Fy, can differ from the eigenfunction y, of this 
operator only by a numerical factor. If we denote this factor by F,, we find 


Fy, = LaPa> 


which shows that the functions y, are eigenfunctions of the operator F. 

If the operators have degenerate eigenvalues, the eigenfunctions y,, of the opera- 
tor M will, in general, not be eigenfunctions of the operator F commuting with M. 
One can, however, show that also in that case one can always construct from the 
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functions »,, such linear combinations 
®,; = » QkPnk> (1 1.4) 


that they are eigenfunctions of the operator F. 

If in the state y several physical quantities have well-defined values, one can 
measure simultaneously all these quantities. In other words, the simultaneous mea- 
surement of physical quantities corresponding to commuting operators does not lead 
to mutual interference. 


12. METHODS TO DETERMINE THE STATES OF QUANTUM SYSTEMS 


In the preceding sections we noted that the state of a quantum system is determined 
by an auxiliary quantity: the wave function—or state vector—y. The basic postulate 
of quantum mechanics is the statement that by giving the wave function we have 
completely determined all properties of the systems in the given state. 

Let us now study the problem of how we can determine the wave function corre- 
sponding to a given state. In classical physics the state of a system is completely 
defined once we have given the values of all independent physical quantities—the 
number of which is equal to twice the number of degrees of freedom of the system. 
The state of motion of a single particle is, for instance, at any time determined by 
giving six quantities: the three coordinates of the radius vector and the three momen- 
tum components. The state of a system of N particles is determined by giving 6N 
quantities. 

We saw in the preceding section that in quantum systems not all physical quantities 
can simultaneously have a well-defined value. For instance, x and p, cannot simul- 
taneously have well-defined values in any state, since the operators of these quantities 
do not commute with one another. The state of a system in well-defined external 
conditions depending on macroscopic parameters, such as external fields, are thus 
in quantum mechanics characterised by the values of the independent physical 
quantities which can simultaneously have well-defined values. In other words, the 
state of a system is in quantum mechanics determined by the values of the independent 
physical quantities, the operators of which commute with one another. 

The state of free motion can thus be determined in several ways. The simplest 
of these are the following ones: 


(a) by giving the three momentum components p,, p,, and p,; in that state the 
energy of the system will also have a well-defined value, but it depends on the mo- 
mentum, since E = p?/2u; or 

(b) by giving the particle energy, the square of the angular momentum, and the 
angular momentum component along some direction (see Section 35). 


The number of independent physical quantities determining the state of the system 
in quantum mechanics is called the number of degrees of freedom of the system. In 
general, the number of degrees of freedom of quantum objects is determined experi- 
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mentally. In some quantum systems the number of degrees of freedom is the same 
as the number of degrees of freedom of the corresponding classical system. 

If we know the values of all independent physical quantities which have well-defined 
values in a given state, the wave function of that state must be an eigenfunction of all 
operators corresponding to these physical quantities. If we impart, for instance, 
through an accelerator a momentum p to a particle, the free motion state of the 
particle will be described by the plane wave 

volt) = (Orth) 91? efor”, 


since the function y,(r) is the eigenfunction of the momentum operator corresponding 
to the eigenvalue p. If we establish that in a state of motion of a particle its angular 





momentum is equal to L=fA / i7 + 1) and the z-component of the angular 
momentum is equal to L, = mh, the dependence of the wave function on the angles 0 
and ¢ will be expressed by the spherical harmonic Y,,,(0, y), while the r-dependence 
is determined by the value of the energy in the given state. We shall investigate in 
Chapter VI actual examples of determining such wave functions. 

We must note that the states y, which correspond to a well-defined value F’ of 
the physical quantity F corresponding to an operator with a continuous spectrum 
cannot be realised exactly. In practice one can only achieve that the system is in a 
state for which the value of F lies arbitrarily close to F’. This is the way to realise 
mathematically states referring to an exactly given eigenvalue in the continuous 
spectrum. This idealisation is very useful since it appreciably simplifies the calcula- 
tions; however, in some cases—for instance, in an exact scattering theory—one must 
renounce such an idealisation or resort to an additional hypothesis, such as the 
adiabatic switching on and off of the interaction in scattering theory. 

It is possible that the fact that the eigenfunctions of operators with a continuous 
spectrum cannot be normalised—f |y,(&)|? d& = oo—is connected with the fact that 
such states do not exist. In reality only such states can exist for which the value of F 
lies within some interval F, F + AF. Such states are described by the wave packets 
(10.7) which can be normalised. 

The choice of the independent physical quantities used to determine the state of 
a quantum system depends on the properties of the given system and its state. Each 
set of independent quantities—used to determine the state—will have its own set of 
wave functions depending on the appropriate variables. As the independent variables 
of the wave functions we can choose either the coordinates x, y, and z, or the momenta 
Px» Py, and p,, or another set of physical quantities. We shall study in Chapter IV 
the possibility of describing states with different forms of wave function. We shall 
at the moment use for a description of the state of a quantum system only functions 
depending on the coordinate (coordinate representation). 

In a number of cases the state of a quantum system may be such that all or several 
of the independent physical quantities necessary to determine the state will not have 
a well-defined value. This is, for instance, the case for the state of free particle motion 
described by a wave function in the form of a wave packet (3.2). In that case, 
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Px = Py = 0, but p, does not have a well-defined value. In the general case, the wave 
functions of such states can be written as a superposition of the eigenfunctions of 
several operators: 


y = Yi any, + | appr GF. (12.1) 


If the state of the system is determined by only three degrees of freedom, the wave 
function will depend only on the radius vector r. The wave function can then be 
determined, apart from a phase factor with modulus unity, by measuring the prob- 
ability density in.every point of space. 

Indeed, since 

o(r) = lv), 
we have 
v(r) = e* /o(r), 


where «(r) is an arbitrary real function of r. A state of a quantum system described 
by a wave function is called a pure state. They correspond to the maximum total 
information on the quantum system. 

Finally, in quantum mechanics we can also have states such that we cannot assign 
any wave function to them. An example of such a state may be states given by a set 
of numbers |a,|? and |a,|?, that is, by the probabilities for states with well-defined 
values of the corresponding physical quantities F. One can, in that case, not construct 
a wave function y in the form (12.1) since a knowledge of the absolute squares of the 
coefficients a, and a, does not provide us with the phase relations between the diffe- 
rent eigenfunctions y, which are important in determining the function (12.1). States 
to which we cannot assign a wave function are called mixtures or mixed states. We 
shall consider in Section 14 ways and means to study mixtures; these will be based 
upon the introduction of the density matrix which enables us to evaluate averages and 
probabilities for different values of the physical quantities characterising the system. 
In the present book we shall study mainly pure states, that is, states which are de- 
scribed by wave functions and we shall therefore simply call them states of the system. 

The states of quantum systems are thus fixed by well-defined external conditions 
depending on macroscopic parameters (external fields). The state of the free motion 
of an electron with a well-defined value of the momentum is, for instance, realised 
in a vacuum tube through accelerating it beforehand by an electrical field. We can 
associate with each state of the system a wave function. The form of the wave function 
depends on the quantities having a well-defined value in the given state. The wave 
function depends on the possible results of different interactions of the system in such 
a given state with other bodies. The measurement of a physical quantity in the system 
is one of such interactions. 

If we measure the quantity F repeatedly in a system which before each new measure- 
ment is put back into the original state, and we get one value, we say that the given 
physical quantity has a well-defined value in the state preceding the measurement. If, 
however, the result of repeated measurements performed under identical conditions 
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on the identical initial state is that we obtain a set of different values for one physical 
quantity, this indicates that in such a state this physical quantity does not have a 
well-defined value. The wave function of such a state enables us to evaluate the 
possibilities of measurements. 

One can thus verify the predictions of quantum mechanics by repeated measure- 
ments under identical conditions. Quantum mechanics reflects thus the objective 
laws of an isolated system under well-defined macroscopic conditions by leading to 
conclusions which can be verified by repeating a large number of identical experi- 
ments, or by performing one experiment with a large number of identical, non-inter- 
acting systems. 


13. THe HEISENBERG RELATIONS FOR PHYSICAL QUANTITIES 


We noted in Section 11 that two physical quantities cannot simultaneously have 
well-defined values in the same state if their operators are non-commuting. We shall 
now show that a knowledge of the commutation relations between two non-commut- 
ing operators makes it possible to determine the inequality which the mean square 
deviations of these quantities from their average values must satisfy. 

Let K and F be two self-adjoint operators satisfying the commutation relation 


[K, F]_ = iM, (13.1) 


where M is also a self-adjoint operator. In the particular case when K = x and 
F = p, the operator M is equal to the constant f# (Section 7). 

The physical quantities corresponding to these operators have in an arbitrary 
state y average values determined by the integrals 


{K> = Jyp*Kyd’r, <F> = J p*Fpd’r. 
We now introduce the operators 
AK=K—{K), AF=F-<F). (13.2) 


Substituting these expressions into (13.1) we can verify that the new operators (13.2) 
satisfy the same commutation relation, that is 


[4K, AF]_ = iM. (13.3) 


We consider, furthermore, an auxiliary integral depending on an arbitrary real 


parameter « A ~ 
I(x) = J \(#4K — iAF) y|? d*r = 0. (13.4) 


Using the fact that the operators 1K and AF are self-adjoint we can transform this 
integral as follows 


Ka) = f y*(aAK + iF) («AK — iF) y a°r > 0. 
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Evaluating the product of the two expressions within brackets in the integrand and 
using the commutation relation (13.3) we find 
n “A “A “A “A ~ “~ 
(«AK + iAF) («AK — iAF) = «7(AK)? + oM + (AF). 
We now use the definition of averages to transform the integral as follows 


2 | <M)» ! 2 <M >» 
Ia) = (AK a + ——+— |1+ (AF — ———— 20. 


If the inequality (13.5) is to be satisfied for all values of the parameter « it is necessary 
that the inequality 


(13.5) 


<((4F)’> (4K)?> 2 4 <M)? (13.6) 


which is called the Heisenberg relation (or uncertainty relation) for the physical quan- 
tities F and K, is satisfied. 
In particular, when K = x and F = p,, we get the well-known Heisenberg relations 
(1927) 
<(Apx)?> ((Ax)?> 2 £h’. (13.7) 


It follows from (13.7) that if in a state the momentum is well-defined—<(Ap,)*> = 0—, 
the coordinate x will in that case be completely undetermined: <(4x)?> = 00; on the 
other hand, if the coordinate is exactly defined, the momentum is completely undeter- 
mined. States may occur where neither of these two quantities are well-determined 
(wave packet) and in that case the indeterminacy in the values of these quantities 
will be connected through the inequality (13.7) (see, for instance, (3.4)). 

The Heisenberg relation (13.7) is often used to estimate the average value of the 
kinetic energy of a particle moving in a bounded volume of space. In that case, we 
can put <x> = <p> = 0; therefore, ((Ax)?> = <x”), <((Ap)*> = <p>. If a@ is the 
linear dimension of the volume, we have 


(Eqn) = P22 w FE. (13.8) 








If K = pand F = L, = —ihd/aq, we have [p, L,]_ = ih and the inequality (13.6) 
becomes 
((Ag)?> (AL,)?> 2 th’, s 


that is, the indeterminacy in the angular position of a particle is connected with the 
indeterminacy of the component of the angular momentum along the direction per- 
pendicular to the plane in which the angle » is measured. 

If we know the commutation relations of the operators of any two physical quanti- 
ties, we can use (13.6) to evaluate the corresponding Heisenberg relation for these 
quantities. 

The inequality (13.6) must be satisfied in any state by two quantities whose opera- 
tors do not commute. We now determine those states for which the inequality be- 
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comes an equation. Putting in (13.4) 


- __ 
2<(4K)’)’ 
and using (13.5) we have 
~ A 2 2 
(eas + iar) 7 d*°r= (AF) — My = 0. (13.9) 
2¢(4k)"> 4<(4K)"> 
It follows from (13.9) that the equality sign in (13.6) will occur in those states y which 
satisfy the equation A 
(os + iar) y =0. (13.10) 
2¢(4k)"> 


We shall consider the explicit form of this equation for the case of the coordinate x 
and the momentum component p,. Shifting the origin of the coordinate and momenta 
so that <x> = <p,> = 0, we find 


equation (13.10) thus changes to the differential equation 


x rane 0 
Es oly 


This equation has the simple solution 


x? 
p(x) = A exp (- as): (13.11) 


For the state described by the function (13.11) the inequality (13.7) changes thus to 
the equation 
i (x?) Cp) = 4 i. 


One assumes in classical physics that in any state at any time the particle has well- 
defined values of the coordinate x and the momentum p,. We see that in quantum 
mechanics such a statement cannot be correct. The classical concepts of coordinate 
and momentum have a limited applicability to micro-world objects. The Heisenberg 
relation (13.7) states the limits of applicability of these concepts. It turns out that the 
definition of the momentum as the quantity 





which is used in classical physics, cannot be applied to atomic and nuclear objects. 
The concept of momentum refers in quantum mechanics on the whole to the total state 
of motion of the particle. The momentum of a particle is thus not a function of the 
coordinates. We can use quantum mechanics to evaluate the average value of the 
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momentum in any state of motion or the probability for a value of the momentum 
in a given state of motion. The momentum in a given state is in quantum mechanics 
measured by measuring the kinetic energy of a particle or by studying the diffraction 
pattern formed when a beam of particles passes through a periodic structure. 

From the point of view of quantum mechanics the concept—used in classical 
physics—of the momentum of a particle at a well-defined point in space is thus 
limited just as is the concept of the frequency of a periodic process at a given time. 

Since the constant / is so small, the Heisenberg relations (13.7) are important only 
for micro-systems. We shall see in Chapter III that under certain conditions— the 
quasi-classical approximation—the quantum mechanical description differs relatively 
little from the classical one and that one can approximately speak of the momentum 
as a function of the coordinates. 

In classical physics x and p, are called canonically conjugate quantities. The opera- 
tors of quantum mechanics corresponding to canonically conjugate quantities of 
classical mechanics do not commute. According to Bohr each physical quantity 
forms together with its canonically conjugate a pair of complementary quantities 
(for instance, x and p,, y and L,, or £ and ft). Since the two physical quantities 
forming such a pair cannot both have a well-defined value at the same time, at most 
one of them will have a well-defined value in any state of a quantum system. In this 
connexion it is stated that the description of a state in quantum mechanics splits 
into two mutually exclusive classes which are complementary to one another in the 
sense that together they would be given in the classical concept of a complete de- 
scription of a state of the system (Bohr’s complementarity principle, 1928). 

Some physicists identify the complementarity principle with idealistic interpretations 
of quantum mechanics. According to idealistic concepts the complementarity prin- 
ciple does not reflect the objective properties of micro-systems, but is determined by 
the conditions of measurement. The role of the measuring apparatus is here exagge- 
rated and some people go as far as the statement that there is no object if there is no 
apparatus. Of course, the measurement of physical quantities in a well-defined state 
violates this state. All phenomena in nature are interconnected. The result of a mea- 
surement depends both on the properties of the measuring apparatus and on the 
properties of the object being subjected to a measurement. However, if we study a 
quantum system (object) with various apparatuses, we have the possibility to investigate 
the properties of that object very completely and to use these properties for practical 
applications. The mathematical apparatus of quantum mechanics reflects real pro- 
perties of micro-objects which are manifested in their interactions with macroscopic 
systems. 


14*. DESCRIPTION OF STATES BY MEANS OF THE DENSITY MATRIX 


If a system is in a mixed state, that is, in a state to which we cannot assign a wave 
function, this means that we “prepare” a state without determining the maximum 
possible number of independent physical quantities the knowledge of which is neces- 
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sary for a complete description through a wave function. The state of an unpolarised 
beam of photons refers, for instance, to a mixed state and we cannot assign a wave 
function to it. 

We can consider a mixed state as an incoherent mixture of pure states p™ with a 
statistical weight W(i). The W(i) are here real, positive numbers satisfying the rela- 
tion )’ W(i) = 1. We express by the words “incoherent mixture” the fact that when 
we evaluate the average value (L> of some physical quantity L in a mixed state we 
must determine the probability for the values of the quantity in the pure states yp, 
that is, we must evaluate 


{Ly = J pO*Ly®a*s, (14.1) 
and average the result using the statistical weights W(i); we thus have 


<L> = WH KL. (14.2) 


Let us now consider pure states which are determined by a finite number of eigen- 
functions of some operator. The polarisation of light is, for instance, determined by 
two polarisation states y, and y2, corresponding to two mutually perpendicular 
linear polarisations or to left-hand and right-hand circular polarisations. States with 
well-defined z-components of the angular momentum LE are determined by 2/ + 1 
different functions y,, corresponding to different values of L, = mh. 

An arbitrary pure state py“ is in such cases described by a linear superposition 


yp? =v alPy,. . (14.3) 
Substituting (14.3) into (14.1) we can check that the average value of the quantity L 

corresponding to the operator L in such a state is obtained by the rule 
KL) = ¥ LyyaPta®, (14.4) 

nn’ 
where (see Section 28 and Mathematical Appendix C) 

Lyn = J ptlipy dr (14.5) 
are matrix elements determined by the eigenfunction y, and the operator L but 


independent of the states p“. Using (14.2) we now find 


KL) = ¥ WAY Landy *ay?. (14.6) 
t n,n’ 
We now introduce the matrix with matrix elements 
Cnn = Y, Wi) a *a,?. (14.7) 
t 


Using the rules for matrix multiplication we can write equation (14.6) as follows 


(L) = Di Lnn Onn = » (Le)nn> 
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or simply 
<L> = Tr (L6é) = Tr (6L), (14.8) 


where “Tr” (trace) indicates the sum of the diagonal elements of the matrix obtained 
by multiplying the matrix ZL with matrix elements (14.5) with the matrix @ with matrix 
elements (14.7). The matrix @ is a square matrix and is usually called the density 
matrix determining the given mixed state. It was introduced independently by Landau 
and von Neumann §. 

We are thus led to the conclusion that once we know the density matrix 6 we can 
evaluate the average value of any physical quantity characterising the system—for 
instance, the polarisation. A mixed state of a system can thus be described by a 
density matrix 0. 

We can consider equation (14.8) to define the density matrix. It enables us to use 
a measurement of the average values of several quantities in a mixed state to find the 
density matrix of a given state, that is, to determine all elements of this matrix—which 
in general, are complex. The number of rows and columns of the density matrix 
corresponds to the number of independent states used in (14.3) to characterise a 
pure state. This number may also be infinite in some cases (see below). The state of 
polarisation of photons, protons, or neutrons is characterised by two functions, so 
that in this case N = 2. 

A complex square matrix with N rows has N? complex elements. However, not all 
these elements are independent. Since the averages (14.8) are real, the density matrix 
is Hermitean, that is, 

On'n = Orn’ - (14.9) 


Moreover, since the unit operator must have an average value equal to unity, we 
find the following normalisation condition for the density matrix: 


Tré=1, (14.10) 


which we obtain from (14.8) by taking into account that if L = 1, we have L,,,, = 6,,-. 
The physical meaning of the normalisation condition of the density matrix can be 
elucidated as follows. The diagonal element of the density matrix, 


Om = >, WO Ia??? = 0, 
t 


determines the probability of observing the system in a state described by the fune- 
tion y,. Therefore, Tré = DY On, = 1 is the total probability of finding the system 
in any of the states »,. . 

The condition (14.9) reduces the N? elements to N? independent real parameters. 
Condition (14.10) reduces the number of independent real parameters to N? — 1. 

If there are thus for a system N possible independent pure states, the determination 
of an arbitrary mixed state of this system reduces to measuring N* — 1 independent 


§ L.D. Lanpau, Zs. Phys. 45, 430 (1937); Collected Papers, Pergamon Press, 1965, No. 2; 
J. VON NEUMANN, G6ttinger Nachr. 246 (1927). 
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quantities which completely determine the density matrix of this state. The state of 
polarisation of neutrons (N = 2) is, for instance, completely determined by the polari- 
sation vector P (three independent parameters; see Section 110). 

In the foregoing we considered the density matrix for polarisation states or for 
other states defined by a finite number of eigenfunctions of some operator. In a more 
general case the density matrix characterises an arbitrary state of any system which 
is part of larger a system. 

We said earlier that as all physical phenomena are interconnected, the concept of 
an isolated system is an idealisation. All real systems are part of larger systems and 
their states are described by a density matrix. We shall show this using as an 
example a very simple case: an isolated system consisting of two subsystems x and &. 
The complete system is isolated and its state is described by a wave function yé(é, x). 
If the subsystems interact with one another, we cannot write this function as a pro- 
duct of two functions, one of which depends only on x and the other only on &. If, 
for instance, the functions (x) form a complete orthonormal set of eigenfunctions 
of some operator S,, acting upon the coordinates of the subsystem x, we have 


yé, x) = XP.) p(X). (14.11) 


In the general case, this sum contains more than one term and the state of the sub- 
system can thus not be described by a wave function depending solely on the coordi- 
nates of the subsystem. 

If L is a physical quantity referring to the subsystem x, the operator L,, correspond- 
ing to L acts only upon the variables x. The average value of the quantity L in the 
state (14.11) is, according to the general rule (7.1), determined by the integral 


XL) = J v(x) Liy(E, x) de dé. (14.12) 
If we substitute (14.11) into (14.12) we can write 
LY = Yi Oss<s'IL| >, (14.13) 


where 
<s'IL| s> = | B(x) Leg,(x) dx 


are the matrix elements of the operator L,, that is, the s-representation of the opera- 
tor L, (see Section 28), while 


are the matrix elements of the density matrix in the s-representation. 

Equation (14.13) is the same as equation (14.8). From the definition (14.14) it 
follows immediately that the density matrix is Hermitean, 0,,. = o%,. If the eigenvalue 
spectrum of the operator S, is continuous, we must replace the sums in (14.1 1) and 
(14.13) by integrals. In that case, the density matrix (14.14) will be a continuous func- 
tion of s and 5’, that is, 0... = o(s, s’). 
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To obtain the density matrix as a function of the coordinates of the subsystems x 
(coordinate representation; see Section 28), we rewrite (14.12) as follows 


KL) = J 0(%, x’) Cx'|L,l => dx dx’, 
where 
o(x, x’) = J p*(x’, 5) w(x, £) dé (14.15) 


are the matrix elements of the density matrix in the coordinate representation while 
<x'|Lx| x> = £,6(x" — x) 


are the matrix elements of the operator L, in the coordinate representation (see 
Section 28). 

Substituting (14.11) into (14.15) and using (14.14) we get the following expression 
for the density matrix characterising the state of a part of a larger system: 


O(%, x!) = D1 Ose PPX’) pal). (14.16) 


A very important application of the density matrix is the one to a small part of a 
system which is in thermodynamic equilibrium with the surrounding medium (the 
larger system) at a temperature © (in energy units). In that case, the density matrix 
or statistical operator enables us to evaluate averages of any physical quantity over a 
(Gibbs) ensemble. 

An ensemble is a collection of a large number of identical systems which do not 
interact with one another and which can be in different quantum states ¢y,. Statistical 
mechanics tell us that if the y, are the eigenfunctions of the Hamiltonian operator 
of the subsystem, that is, if [H(x) — £,] g(x) = 0, the state of the subsystem is 
described by a non-coherent superposition of states corresponding to energies E, 
with a weight proportional to the Boltzmann factor 


Z (pe *™*, B= 1/0. 


Under conditions of statistical equilibrium the operator @,,. is thus determined through 
Gibbs’ canonical distribution 


Oss = Ss5-Z (8) e F**, (14.17) 

Using (14.17) and (14.16) we see thus that the density matrix for an ensemble is 
determined by the equation & 
o(x, x’) = Z-"(B) Ye g(x’) oC), (14.18) 


or, in operator form 
6 = 271) eM, (14.19) 


where the quantity 


A 


Z(B) = Ye = Tre (14.20) 
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the so-called state sum or partition function, enters to guarantee that the normalisation 
condition for the density matrix (14.10) is satisfied. If we introduce the quantity 
F = —f-' In Z(), we can write (14.19) in the form 


6 = fr, (14.21) 


The density matrix (14.19) plays the same role as the distribution function in classical 
statistical physics. 

If the state of the system is characterised not only by the total energy but also by 
other integrals of motion, such as angular momentum, linear momentum, or number 
of particles, corresponding to operators /,, we must replace (14.21) by the expression 

0 = eftO- H+ Z,cnFi) ; (14.22) 
where 2 is a quantity determined from the normalisation condition (14.10) of the 
density matrix, that is, 


Q = —B in {Tr Plea 

and the «, are constants determined from the conditions 

<i> = Tr (eh). (14.23) 
If, for instance, the average number of particles is conserved, we have 

é= ef o- B+ uf) 
where W is the particle number operator for the system (see Chapters XIV and XV). 
In that case the quantity 

Q = —B' InTr fe PF 


is the thermodynamic potential of the system in the variables 6 and u, where yu is the 
chemical potential per particle determined from the condition 


N=Tr(@N). (14.24) 


The advantage in writing the average values of the operators J, and N in states 
described by the density matrix ¢ in the form (14.23) and (14.24) lies in the fact that 
it enables us to perform calculations using any complete set of orthonormal wave 
furictions, since the sum of the diagonal matrix elements is independent of the choice 
of the set of functions in terms of which the matrix elements are defined. 

Blokhintsev and Terletskii § have studied the connexion between the density matrix 
and the classical distribution function in phase space. 


§ D. N. BLoxumntsev, J. Phys. USSR 2, 71 (1940). YA. P. Terterskn, J. Exptl. Theoret. Phys. 
(USSR) 7, 1290 (1937). 
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PROBLEMS 
1. Evaluate the de Broglie wave length for an electron accelerated through a potential difference 
of 100 V. 


2. What is the de Broglie wave length of a proton accelerated through a potential difference of 
10000 V. 


3. What is the de Broglie wave length of a neutron with a velocity equal to the most probable ve- 
locity of a Maxwell distribution corresponding to an absolute temperature of 300°K. 


4. If yi, yo, v3, and y,4 are four linearly-independent eigenfunctions corresponding to a four-fold 
degenerate eigenvalue, find a set of four orthonormalised eigenfunctions corresponding to this 
eigenvalue. 


5. Prove that 


Pa ff oa aoa loa ca a lin ca ca A 
elae* = a+ [L,a]_.+ rT [£, IZ, @]_J- + 3 [£, [£, WL, @]_]_]-+ = 


6. Show that if F and X are Hermitean and § and G given by equation (7.9), we have 
<B> (K2> = 4. <4) + (8. 
7. Prove equation (10.8). 


8. Prove that the delta-function normalisation of the momentum operator eigenvalues is equivalent 
to the normalisation of Section 5 in the limit as L > oo, 


9. Prove that in the case where two commuting operators have degenerate eigenvalues one can, 
indeed, find such linear combinations (11.4) that they are eigenfunctions of both operators. 


CHAPTER II 


CHANGE OF QUANTUM STATES IN TIME 


N 15. THE SCHRODINGER WAVE EQUATON 


The Schrédinger equation is one of the basic equations of quantum mechanics. 
This equation determined the change in time of the states of quantum systems. It 
can be written in the form 


ino” — Ay, (15.1) 
at 


where Hi is the Hamilton operator or Hamiltonian of the system which is the same as 
the energy operator, if it is independent of the time. The form of the operator H is 
determined by the properties of the system. For the non-relativistic case of the motion 
of a particle of mass y in a potential field U(r) the operator H is real and is the sum 
of the operators of the kinetic and the potential energy of the particle, 


2 
as —-Hv+ Bw. (15.2) 
Qu 


If the particle moves in an electromagnetic field, the Hamiltonian will be complex 
(see Chapter VIII). 

Although equation (15.1) is an equation of first order in the time, it has also 
periodic solutions thanks to the presence of the imaginary unit. The Schrédinger 
equation (15.1) is, therefore, often called the Schrédinger wave equation, and its 
solution is called the time-dependent wave function. Once the form of the operator H 
is known, equation (15.1) enables us to determine the value of the wave function p(t) 
at any later time if that wave function is known initially, at ¢ = 0. The Schrédinger 
wave equation thus expresses the causality principle in quantum mechanics. 

We can obtain the Schrédinger wave equation on the basis of the following formal 
considerations. It is known in classical mechanics that if the energy is given as a 
function of the coordinates and the momenta 


E= H(Di, 9); (15.3) 


one can formally change to the classical Hamilton-Jacobi equation for the action 


function 
os os 
7-7 SES H ar) qi 


45 
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from (15.3) by the formal transformation 


os os 
- > 


E> -—, pio. 
or 04g: 


Similarly, equation (15.1) can be obtained from (15.3) when we change from (15.3) 
to an operator equation through the formal transformation 


E- ih a Pi > — ih o (15.4) 
ot 0q; 


if (15.3) does not contain products of coordinates and momenta or contains such 
products which after the change to operators (15.4) contain only commuting operators 
(see Section 7). If we now after this transformation put the result of the action upon 
the function yp of the left-hand side of the operator equation obtained in this way 
equal to the result of the action upon y of the right-hand side of that equation, we 
are led to the wave equation (15.1). We should not, however, consider this formal 
transformation as a derivation of the Schrédinger equation. The Schrédinger equa- 
tion is a generalisation of experimental data. It is not derived in quantum mechanics, 
just as the Maxwell equations in electrodynamics or the principle of least action—or 
the Newtonian equations—in classical mechanics are not derived. 

One verifies easily that if H = —(h?/2u) V? the wave equation (15.1) is satisfied 


by the wave function 
; (por) Et 
r,t) = A exp <i] —— -—- — ]}, 
vr, t) pti: A i 


which describes the free motion of a particle with a well-defined value of the momen- 
tum. The correctness of equation (15.1) is in the general case shown by the agreement 
with experiment of all conclusions following from this equation. 

We shall see that equation (15.1) leads to the important equation 


fete dr = 0, (15.5) 


which shows that the wave function remains normalised, if it is normalised once. We 
multiply equation (15.1) from the left by y* and the conjugate complex of (15.1) by wy 
and subtract the two resultant equations; we then get 


ih (yy) = p*Hy — pH*y*. (15.6) 


Integrating this relation over all values of the variables and using the fact that the 
operator H is self-adjoint, we get (15.5). 

If we substitute into (15.6) the explicit expression (15.2) for the Hamiltonian for 
the motion of a particle in a potential field, we are led to the following differential 


~ 
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equation—the equation of continuity— 
oe + divyj =0, (15.7) 
ot 
where 9 = p*yp is the probability density while the vector 
. 4 
J = (y*Vv — yVy*) (15.8) 
Qui 


may be called the probability current density vector. 
‘We can always write the complex wave function yp in the form 
v(r, t) = R¢r, te, 


where R(r, ¢) and @(r, t) are real functions of the time and the coordinates. We then 
get for the probability density 


o= Rr, 0), 
and for the probability current density 
j= A R’(r, t) grad ® = 0 grad (=). (15.9) 
Bb BL 


It follows from (15.9) that j = 0 for all functions y for which the function @ is inde- 
pendent of the coordinates. In particular, j = 0 when y is real. 

Apart from the change in time of the wave function py which is caused by the 
change in state under the influence of forces acting on the system and which is deter- 
mined uniquely by the Schrédinger equation (15.1), one also considers in quantum 
mechanics the “change” in the wave function caused by the measuring process. 
Strictly speaking, in this case we are not dealing with a change of the wave function 
but with the replacement of one wave function by another wave function in connexion 
with the change in the statement of the problem: the initial conditions are changed. 
Let us elucidate this by an example. Let us assume that the state of the system is 
described by the function y, and that in this state the physical quantity F has a well- 
defined value. If we measure the physical quantity F we shall, with absolute certainty, 
get the value F. However, after the measurement, the system changes to a new state p 
which is different from the original one and in which the quantity F does not have 
a well-defined value. We can, for instance, measure the momentum of an electron by 
a diffraction experiment. In such a measurement the electron impinging upon the 
photographic plate causes the blackening of a small part of it (after development). 
The measurement changes thus the state of the electron from one of free motion with 
a well-defined value of the momentum to one with a well-defined value of the co- 
ordinate. 

The transition from the state y to the state py’ through the measuring process is 
called the “reduction of the wave packet’. After a measurement, we get a new state 
corresponding to a new function. 
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16. STATIONARY STATES 


Let us now consider a system with a Hamiltonian which does not depend explicitly 
on the time, that is, 


a=0. (16.1) 


We can then obtain a solution of the Schrédinger equation (15.1) by separating the 
variables 


v, t) = y() A(t). (16.2) 
Substituting (16.2) into (15.1) we find 
ih OA _ HYG) _ py (16.3) 
A at y) 
where E is a constant. From (16.3) we obtain two equations 
Hyr(€) = Evx(6), (16.4) 
ih GAC) = FA(t). (16.5) 


Equation (16.4) is the equation determining the eigenvalues of the Hamilton operator 
which is the energy operator, if (16.1) is satisfied. The wave functions y,(¢) correspond 
to states of the system with a well-defined energy value. The solution of equation (16.5) 
can be written explicitly 

A(t) = @7 Pt? (16.6) 


States with a well-defined energy are called stationary states in quantum mechanics. 
From (16.2), (16.4), and (16.6) we get for the wave function of a stationary state 


y(é, t) = ps6) eo ", (16.7) 


As the Schrédinger equation (15.1) is a linear one, its general solution for an opera- 
tor H with a discrete spectrum can be written as 


vE, 2) = ¥ enp,(6) et? 


If the eigenvalue spectrum of the operator H is continuous, we have 
yé, 1) = J cep e "dE. 


The stationary states in quantum mechanics have a number of special properties: 

(a) The time-dependence of the wave functions (16.7) of stationary states of a 
system is uniquely determined by the value of the energy in these states. 

(b) The probability density and the probability current density are independent of 
the time in stationary states. 
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(c) The average value of any physical quantity, the operator of which does not 
contain the time explicitly, will be a constant in a stationary state: 


<F)> = J p*(E, 2) Fp, 0) dé = constant. 


These physical quantities themselves may have a well-defined value in a stationary 
state provided their operators commute with H. 

(d) The probability for observing a well-defined value of a physical quantity in 
a stationary state is independent of the time. Indeed, the probability for observing 
the value F, of the physical quantity F in the state p(é, t) is determined by the absolute 
square of the coefficient in the expansion of p in terms of the eigenfunctions y,. 
Hence, we have 


W(F,) = lax|? = |) v2) yt) 4é|? = constant. 


17. CHANGE IN TIME OF AVERAGE VALUES OF PHYSICAL QUANTITIES 


In the preceding section we showed that the average values of physical quantities 
are independent of the time in stationary states. We shall now determine how such 
average values change in arbitrary states. 


By definition 
(F) = J pt hy a. 
Hence 
a) _ [Sy Fy 4 YU" hy 4 vi dé. (17.1) 
dt ot ot 


Using the Schrédinger equation (15.1) to find the values of the derivatives, 
~ * _ 
oy ila = 


and bearing in mind that A is Hermitean, we can transform (17.1) as follows: 


aF) _ OF 
< [v {et Liem. \ vat. (17.2) 


If we introduce the operator dF/dt by the relation 
dF) = |v" <p ae, (17.3) 
we get, using (17.2) the operator equation 


qF OF 
F, A]. 17.4 
dt ot ar 5! I. ( ) 


It follows from (17.4) that if the operator F does not explicitly depend on the time and 
commutes with the Hamilton operator, the average value of the physical quantity F 
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does not change in time for any state. Such a quantity is called a quantum mechanical 
integral of motion. 

Let us apply all this to the coordinate and the momentum. For the sake of simp- 
licity we shall consider a one-dimensional motion along the x-axis. The momentum 
Px, = p and the coordinate x do not depend explicitly on the time and from (17.4) 
we get thus for the derivatives of the operators corresponding to them the equations 


dp dx li .a- 
—=- -» —=-—[x, H]-_. 17.5 
dt yea dt in i (17-5) 
Let us assume that the state of the system is determined by the Hamiltonian 
“ h? @? 
H=-——+ UG 
Qu ax? ©) 


We then get from (17.4) the operator equations 
00 dit_ i 


, . 17.6 
dt ox dt up (17-8) 


Taking the time-derivative of the second of these equations and combining this with 
the first equation, we find 


vi _ _ ob 
dt? Ox 
From this operator equation we get the following equation for the average values: 
? U 
a& ptxy dx = — pr ey ae. (17.7) 
dt ox 


If the wave function »(x) is different from zero only in a small region of space around 
x = <x>, we can simplify the equations. Introducing a new variable by the equation 
x = x + & we can expand the derivative 0U/éx as follows 


aU _ dU(x) + o°U) py 10 U(%) po 





2 heey 17.8 
Ox ax ax? 2 ax* (17.8) 
where we have written 
U(x) _[OUe+s)] \ 
ax GE eco 
Substituting (17.8) into (17.7) we get 
ax dU(x) "1 BUG) 
—-— A soe 17.9) 
dt? Ox 2 6x? (4) ( 
If the condition 
oUG)| 1a 2) (a)") (17.10) 
Ox 2 
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is satisfied, (17.8) reduces to the classical Newtonian equation for the motion of the 
centre of the wave packet, if we assume that the whole mass of the particle is concen- 
trated there. Inequality (17.10) is satisfied the better, the more smoothly the potential 
changes with x and the smaller the spatial extension of the wave packet. However, 
it follows from the Heisenberg relations that small values of <(4x)?> lead to a large 
indeterminacy in the value of the momentum, that is, to an appreciable violation of 
the classical concepts of momentum and of kinetic energy of a particle. In order that 
one may approximately apply classical ideas about the motion of a particle, it is 
necessary that besides inequality (17.10) also the equation 
\ 


- 4 <4)? <p>? 





17.11 
E 2b 2u ( ) 
is satisfied. To satisfy (17.11), it is necessary that the inequality 
2 A 2 h? 
<P>”, (Ap) > _ : (17.12) 
2p 2u Bu<(Ax)"> 


holds. The simultaneous realisation of inequalities (17.10) and (17.12) is possible for 
the motion of a particle with a large momentum in a smoothly varying external field. 

Equation (17.4) enables us to find a very general connexion between the average 
values of the kinetic and the potential energy of a particle moving in a bounded 
region of space. Indeed, for a motion restricted to some region of space, the time- 
derivative of the average of the scalar product (r : p) must vanish if the system is in a 
stationary state, that is, 


d 
—<(r-p)> = 0. (17.13) 
dt 
Let H = (p?/2u) + U(r). We then have from (17.4) the operator equation 
di... To. a 2 = 
—(r:p)=—[(r-p), H]- = 27 —- (r- VU), 
dat th 


where 7’ = p?/2u is the kinetic energy operator. This operator equation corresponds 
according to (17.3) to the following equation for the averages 


“<¢ -p)) = KT) — ((r VU)». 


Using (17.13) we have finally 
2T> = (r- VU). (17.14) 


If the potential energy is proportional to r”, we have <(r - V) U) = n¢{U) and (17.14) 
reduces simply to 
2T> = nUd. (17.15) 


Equations (17.14) and (17.15) may be called the guantum virial theorem as they 


formally are the same as the virial theorem of classical mechanics which determines 
qu 3 
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a relation between the time averages of the kinetic and the potential energy of a 
system. Equation (17.15) was derived under the assumption that the system was in a 
stationary state. This equation is also valid if the average is understood to imply 
both an average over the state of the system—which is bounded in space—and over 
the time (see Problem IT.3). 


18. THE HEISENBERG EQUATIONS OF MOTION; POISSON BRACKETS 


The operator equation (17.4) characterising the law according to which the average 
values of physical quantities change with time are called the Heisenberg equations of 
motion. It is useful to compare it with the equation of motion of classical mechanics: 

dF OF 
—=— 45h # a, 18.1 
aot Jer (18.1) 


where . 
OF 0X? = GH OF 
{F, 3a = £(F — - — =) (18.2) 
t \0q; Op: Gq, Op; 
is the so-called Poisson bracket for the quantity F and the classical Hamiltonian #7 
which depends on the coordinates g,; and the momenta p, of the system. We can by 
analogy with equation (18.1) introduce the concept of quantum Poisson brackets for 
the operators F and H in quantum mechanics, by defining it as the commutator of 
the operators F and H, divided by ih 


{B Hea = 2B Al. (18.3) 
1 


We can thus obtain the Heisenberg equations of motion by replacing in the classical 
equations of motion the classical Poisson brackets by the quantum Poisson brackets. 

Both the classical, and the quantum Poisson brackets can be defined for any two 
quantities which are functions of the canonical coordinates g, and momenta p,. The 
simplest Poisson brackets are those involving the canonical coordinates and momenta 
themselves. It follows from the definition (18.2) that the classical Poisson brackets 
for these quantities are 


{qr Ashe = {Prs Pshet = 0, {45 Pster = Drs (18.4) 


Replacing the classical Poisson brackets (18.4) by the corresponding quantum 
brackets means changing to the operator equations 


{Ges stqu = {Pr, Pstqu = 0, {4 Pshqu = Ors. (18.5) 


Bearing in mind (18.3) we verify that replacing the classical Poisson brackets by 
the quantum brackets means changing from the canonical coordinates and momenta 
to the corresponding operators which satisfy the commutation relations considered 
in Section 7. 
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The replacing of the classical Poisson brackets by the quantum ones enables us 
to change to a quantum mechanical description of any system which has a classical 
counterpart, that is, a system described in classical mechanics by a Hamiltonian 
expressed in terms of the canonical variables g,; and p;. Such a transition is called a 
quantisation rule for a classical system. According to (18.5) the quantisation rule 
reduces to establishing the commutation rules for the canonically conjugate variables. 

There may, however, occur in quantum mechanics quantities which have no classi- 
cal counterparts, that is, there may be systems for which some or all degrees of free- 
dom’ cannot be described by canonical coordinates and momenta. The spins of 
particles are, for instance, such quantities. Although there are in such a case no 
canonical coordinates and momenta, the quantum Poisson brackets for the operators 
of the corresponding quantities do have a meaning. The value of the Poisson brackets 
for these quantities can in each particular case be established in accordance with the 
properties of these quantities which are displayed in physical phenomena. 


19*, INTEGRALS OF MOTION AND SYMMETRY CONDITIONS 


We showed in Section 16 that any physical quantity the operator of which does 
not depend explicitly on time and commutes with the Hamiltonian of the system is 
an integral of motion, that is, its average value does not change in time. We remind 
ourselves that an integrals of motion in classical mechanics is any function of the 
coordinates and momenta which remains constant whatever the initial conditions. 
Once we know the integrals of motion we can formulate the corresponding conser- 
vation laws which are very important for an understanding of the physical properties 
of the phenomena we study. 

We shall show that the presence of integrals of motion and the corresponding 
conservation laws is closely connected with the symmetry properties of quantum 
mechanical systems, that is, with the invariance of the Hamiltonian operator under 
certain coordinate transformations. 

Before considering different concrete examples we investigate how the wave func- 
tions of quantum mechanics transform under a coordinate transformation. A co- 
ordinate transformation may be one of two kinds: (a) a transformation of the co- 
ordinates which determine the positions of the points of the system; in this case, the 
basis vectors which determine the coordinate axes remain fixed; (b) a transformation 
of the coordinates of the basis vectors which determine the coordinate axes. In the 
present section we consider coordinate transformations of the first kind. 

Let S be an operation through which the coordinates of the vector r determining 
the position of a point are transformed, that is, 


ror’ = Sr. (19.1) 
The inverse transformation of (19.1) is 


r= S~!p’, (19.1a) 
3* 
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Let us consider how the wave function transforms under the coordinate trans- 
formation (19.1). The result of the coordinate transformation is that we find at the 
point r’ the value of the function we found earlier at r, that is, 


yr’) = pr). (19.2) 


On the other hand, by definition the action of an operator upon the function y(r’) 
must give us a new function of the same argument 


yr’) = Rsylr’). (19.3) 


Comparing (19.2) and (19.3) we find the rule defining the action of the operator Rs 
upon a function: Rw’) = »(r). Substituting (19.1a) into the right-hand side of 
this equation we have 

Repl’) = y(S-*r'), 


or, dropping the primes, we find finally the very important equation 
Rsp(r) = y(S-'r), (19.4) 


which determines the rule for transforming wave functions when the coordinates 
are transformed according to (19.1). 

Let us now study the integrals of motion connected with the properties of space 
and time. Experimentally one establishes that time is a uniform quantity and that 
free space is uniform and isotropic. Which integrals of motion and conservation 
laws are connected with these properties of space and time? 


(a) Uniformity of time. As the time is a uniform quantity the Hamiltonian of any 
closed system, that is, a system which is not subjected to the action of an external 
agent, or of a system that is acted upon by constant external forces, will not depend 
explicitly on the time. If the Hamiltonian does not depend explicitly on the time 
(@H/dt = 0) we have from (17.4) 


Hence, we find from (17.3) that d(E>/dt = 0. If the energy initially had a well-defined 
value, this value is retained at a later time. The uniformity of the time leads thus in 
quantum mechanics to the energy conservation law. \ 

Let us introduce an operator 7, which shifts the time by an amount t. By defini- 
tion 7.f = ¢ + t, and we have from (19.4) 


Ty(t) = p(t — 1). 


The quantity 7 is a parameter of the operator 7,.The fact that the time is uniform 
for the systems considered by us can mathematically be expressed by the commutation 


relation . 
[7,, H]_ = 0. (19.4a) 
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Instead of the time-shift operator it is convenient to use a generating function for the 

transformation or the infinitesimal time-shift operator I(t) which is defined as the limit 

as + — 0 of the derivative of the time-shift operator with respect to the parameter tT. 
We have thus 


=0 


= é = 
it) =—T, 
©) ot | 
We can easily find the explicit form of the operator /(t), if we bear in mind that 


\ 


7) 
= — yp. 


é 
=—ypi -—T 
ar 1 ot 


I(t) = 2 Teylt) 








r= 0 
We have thus 
s a 
io=-—. 
(t) a 


The energy conservation law is connected with the fact that the operator H com- 
mutes with the infinitesimal operator /(t). The operator 


—ihi(t) = ih é 
at 


which has the dimensions of an energy is in this connexion sometimes called the 
energy operator. One should, however, bear in mind the conditions under which one 
can use this terminology. The energy of a quantum mechanical system in a stationary 
ttate is determined by the eigenvalues of the Hamilton operator. The Hamiltonian, 
shat is, a function of the operators of the coordinates and the momenta, is thus the 
operator of the energy of the system. In contrast to the spatial coordinates, the time 
coordinate is not an operator. 


(b) Uniformity of space. The uniformity of space means that the properties of a 
closed system do not change under any parallel displacement of the system as a 
whole. As in quantum mechanics the properties of a system are determined by its 
Hamiltonian, uniformity of space must imply that the Hamiltonian is unchanged 
(invariant) when the system suffers a parallel displacement over any distance. Any 
finite displacement can be constructed out of infinitesimal displacements; it is thus 
sufficient to consider the invariance of the Hamiltonian under an infinitesimal dis- 
placement da. . 

If the wave function depends only on the coordinate of a single particle, the func- 
tion »(r) will according to (19.4) change to the function 


y(r — da) = y(r) — (a: V) fr) = [1 — 6a- V)] yr) (19.5) 


under the infinitesimal displacement r’ = r + da. It follows from (19.5) that the 
factor 
Tsq-= [1 — (6a- V)] (19.5a) 
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can be called the infinitesimal displacement operator as its action upon a function 
is equivalent to a displacement of the radius vector r over a distance 6a. 

The fact that the operator H is invariant under a transformation determined by 
the operator F means that the action of the operator F upon the function Hy is 
equivalent to the action of H upon the function Fy, that is, 


FAy = AF». 
In other words, the invariance of H with respect to the transformation generated by 
the operator F reduces to the condition that the operator F commutes with the 
Hamiltonian: FA = AP, 
or the fact that the quantum Poisson brackets vanish: j 
{F, H}qu = 0. 


If we now use (19.5a) we can say that the condition that the operator H be invariant 
under an infinitesimally small displacement reduces to the equation 


VH = AV, 
since both the unit vector and the constant vector da commute with any operator. 
As the operator p differs from V only by a constant factor —ih, this last equation 
can be written in the form 

pH = Hp. (19.6) 
Equation (19.6) which by (17.4) reduces to the statement that the momentum of a 
free particle is an integral of motion is thus a consequence of the uniformity of space. 


Expressing V in terms of the momentum operator we can rewrite the infinitesimal 
displacement operator as follows 


Tre =1- “(p - 6a). (19.7) 


The operator for a displacement over a finite distance a can be obtained by successive 
applications of (19.7); we find thus 


T, = exp |- = . | (19.8) 


The three components a, of the displacement vector a are parameters of the displace- 
ment operator (19.8). We call the derivative of the displacement operator (19.8) 
with respect to the parameter a, in the limit as all a, > 0 is called the generatirlg 
operator for the transformation of a spatial displacement, or the infinitesimal spatial 
displacement operator I(x,). The operator of an infinitesimal displacement along the 
X-axis, . 
Ton) = — be 


a 


is thus directly connected with the corresponding momentum component operator. 
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If the function » refers to a system of particles, the operator of an infinitesimal 
displacement of the system as a whole can also be expressed by equation (19.7) if we 
understand by the momentum operator p the sum-operator of the momenta of all 
particles of the system, that is, if 

P = LP 


In that case, the invariance with respect to spatial displacements reduces to the law 
of éonservation of the total momentum of the system. 


(c) Isotropy of space. The isotropy of space—the equivalence of all directions— 
consists in the invariance of the properties of closed systems under arbitrary rotations. 
Such an invariance also occurs for systems in centrally symmetrical fields if the rota- 
tion takes place with respect to the centre of the field. 

We shall determine the operator of an infinitesimal rotation. We shall consider 
an infinitesimal rotation; it is characterised by a vector dg, the length of which is 
equal to the angle dy over which we rotate, and the direction of which is along the 
axis of rotation. Under such a rotation the change in the radius vector r is determined 
by the expression ror+ [op A rl. 
Let us evaluate the corresponding change in the wave function retaining only the 
first order terms: 


yr — [6 a r]) = {1 — Ge: [ra VD} vO). (19.9) 
It follows from (19.9) that . 
Reg = 1 — (Og: [r A V)) 


is the operator of an infinitesimal rotation over an angle dg. We saw in Section 7 
that the vector product [r A V] can be expressed in terms of the angular momentum: 
—ih[r A V) = L. 


The operator of an infinitesimal rotation over an angle dg can thus be expressed in 
terms of the angular momentum operator: 


~ i - 
Reg = [ - 5 OF i). 
That the Hamiltonian operator is invariant under arbitrary infinitesimal rotations 


is expressed by the fact that the Hamiltonian commutes with the Rs gp operator or 
with the component along any rotational axis of the angular momentum operator: 


(n- L) H = H(n- Lb), (19.10) 


where # is the unit vector in the direction of the rotational axis. It follows from 
(19.10) that in free space or in an arbitrary centrally symmetrical field the component 
of the angular momentum along an arbitrary direction will be an integral of motion. 
If the external field is axially symmetric, the Hamiltonian is invariant only under a 
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rotation around the axis of axial symmetry and only the angular momentum com- 
ponent along that direction is conserved. 

We can construct from the operators of an infinitesimal rotation around an axis, 
defined by the unit vector n, the operator of the rotation around the same axis over 
a finite angle «: 


Rr = ebm, (19.11) 


It follows from (19.11) that the generator of the transformation of a rotation or 
the operator of an infinitesimal rotation around an axis # is determined by the angular 
momentum component along that axis: 


im) = - AU -n). (19.12) 


The connexion between the angular momentum component operator and the infinitesimal rotation 
operator can be used to determine the operators of the angular momentum components and the 
commutation relations for them. Let « be the angle of rotation around the axis 1; in a Cartesian 
system of coordinates the operator of rotation over an angle « can then be written in the form of a 
matrix 

1 0 0 
Rx =|[0 cose —sine« 
0 sin« cosa 


Hence, the operator of the infinitesimal rotation around the axis 1 can be expressed by the matrix 


0 0 O 


«<0 \O 1 O 
In the same way, we find for rotations around the two other axes 
0 01 0 -1 0 
L = 0 0 0 . L, = 1 0 0}. 
—-1:0 0 0 0 0 


Using the expressions obtained here and the rules for matrix multiplication we can evaluate the 
commutation relations for the operators of infinitesimal rotations 


LL _- Li, = fh. 


We obtain two other relations from this one by a cyclic commutation of the indices. Since f, = iE, |h 
we get from these commutation relations for the /, the commutation relations for the angular 
momentum components: 

£,2, —£,2, = hd. 


We can also use the relation (19.12) to define the operator for the intrinsic angular 
momentum—the spin operator—although this operator does not have a classical 
counterpart, that is, it cannot be reduced to a function of the coordinates and 
momenta (see Section 64). 

The above consideration of translations and rotations refers to a class of conti- 
nuous transformations since we can realise them through multiple consecutive appli- 
cations of infinitesimal transformations. The invariance of the Hamiltonian under 


[II, 19*] Integrals of Motion and Symmetry Conditions 59 


these transformations leads to the conservation laws for linear and angular momen- 
tum which correspond to the conservation laws of classical mechanics. Symmetry 
conditions may lead not only to continuous transformations, but also to discrete 
transformations which cannot be reduced to infinitesimal transformations. Invariance 
under such transformations does not lead to a conservation law in classical mechanics. 
In quantum mechanics, however, there is no essential difference between continuous 
and discrete transformations. Therefore, discrete transformations will in quantum 
mechanics also lead to conservation laws. 

Let us consider one such discrete transformation under which the Hamiltonian 
remains invariant: the so-called inversion. Inversion, or to be precise, spatial inver- 
sion—or spatial reflexion—consists in the simultaneous change in sign of all three 
spatial coordinates x>-x, pouy, z>~—z. (19.13) 
Under an inversion a right-handed system of coordinates goes over into a left-handed 
system. 

The Hamiltonian of a closed system in which nuclear and electromagnetic forces 
operate is invariant under an inversion. This invariance—the symmetry between left- 
handed and right-handed systems of coordinates—remains true for systems in an 
external, central field, provided the centre of the inversion is chosed to be the force 
centre. 

Let us denote the inversion operator by P. Mathematically, we can express sym- 
metry between left-handedness and right-handedness by the fact that P and the 
Hamiltonian commute, that is, 

PH = HP. 

By definition the action of the inversion operator upon the function y(r) reduces 

to the transformation (19.13), that is, 


v(—r) = Py(r). 
If we want to determine the eigenvalues of the inversion operator we must solve the 
cequation Py(r) = Py(r). (19.14) 


Applying to both sides of equation (19.14) the inversion operator and bearing in 
mind that applying the inversion operator twice reduces to the identical transfor- 


mation, we get 
y(r) = P2y(r). 
From the condition P? = 1 we get P = +1. We can thus write (19.14) in the form 


Py(r) = +y(r). (19.15) 


We see thus from (19.15) that we can divide the wave functions of states with a well- 
defined eigenvalue of the operator P into two classes: (i) functions which are not 
changed when acted upon by the inversion operator, 


PYay = Pry 
QM 3a 
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the corresponding states are called even states; (ii) functions which change sign under 
the action of the inversion operator, 


Py) = — YW} 


the corresponding states are called odd states. 

As the inversion operator commutes with the Hamiltonian, the parity of a state, 
that is, the fact that a state is even or odd, is an integral of motion. The invariance 
of the Hamiltonian under an inversion leads thus to the law of conservation of parity. 

The parity conservation law is satisfied to a very high degree of accuracy in all 
phenomena determined by nuclear and electromagnetic interactions. Up to 1956, it 
was assumed that this law was a universal law of nature. However, it was established 
in 1956 by Yang and Lee and by Wu and co-workers that in the B-decay of atomic 
nuclei and in the decay of muons, pions, and hyperons an asymmetry was observed 
which made it possible to distinguish between left-handedness and right-handedness. 
These phenomena showed that for weak interactions which determine these decay 
processes, the symmetry between left and right is violated—that is, that the invariance 
under a spatial inversion is violated. The parity conservation law is thus violated. 
We shall in the present book consider only such processes for which there is a right- 


eft symmetry. 


20*. GROUP THEORY IN QUANTUM MECHANICS 
Let us consider the Schrédinger equation 
Wns = L£nPnas (20.1) 


which determines the energy of the stationary states of a system. Here the y,, are 
the orthonormalised eigenfunctions of the operator H corresponding to the energy E,,. 

One can solve the Schrédinger equation (20.1) exactly only in a few simple cases 
(see Chapters V and VI); in all other cases one must have recourse to approximate 
methods of solution which we shall consider in Chapter VII. We can, however, find 
a number of important properties of quantum systems depending on their symmetry 
without explicitly solving the equation (20.1). One can easily establish these properties 
by using that branch of mathematics which is called group theory (see Mathematical 
Appendix E). 

Let J’ be a group of symmetry transformations—such as rotations, translations, 
or inversions—which leave the Hamiltonian invariant. This means that if g, is one 
of the elements of the group, we have 


giH = He. (20.2) 


If we act upon both sides of (20.1) with the transformation g, and use (20.2) we 


have 
H(g, Vna) = EA1Pna) . (20.3) 
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It follows from (20.3) that g,y,, is a solution of equation (20.1) corresponding to 
the eigenvalue E,. This function can thus be expanded in terms of the eigenfunc- 


tions Pn! 
® 81916 = » WnpAga(81)> (20.4) 


where 
¥, oal@s)l" =. (20.5) 


The coefficients A,,(g,) form together a square matrix A(g,). Condition (20.5) shows 
that this matrix is unitary. 
If g, and gz are other elements of the group /' we get by similar considerations 


822? na = 2, Pop Ap a(82)> (20.6) 
§3P nxn = D, Yop ApralBs)- (20.7) 
Let us, furthermere, assume that 
&3 = §281- (20.8) 
If we now apply g, to both sides of equation (20.4) and use (20.6) we find 
$281 Pra = 2, Yee Apr (82) Aga(81)- (20.9) 
Comparing (20.7) and (20.9) we get 
Ag-a(83) = 2 Ag:s(82) Aga(81)- (20.10) 


This equation can be written as a product of matrices 


. A(g3) = A(z) A(g:). (20.10a) 


In the same way we can check that the matrices A(g,) found from (20.4) for all elements 
of the group J’ together form a representation of the group I corresponding to the 
energy level E,. The dimensionality of this representation is equal to the degree of 
degeneracy of the level E,. One says then usually that the set of eigenfunctions y,,, 
forms a basis for the corresponding representation of th egroup J". The representation 
A(g) formed by the eigenfunctions corresponding to one energy level is necessarily 
irreducible. If this were not the case, one could divide the eigenfunctions y,, corre- 
sponding to the one value £, into two or more sets in such a way that each of the func- 
tions of one set could be expressed as a linear combination of the kind (20.4) for all 
elements of the group I’ in terms of only those functions which belong to that set of 
eigenfunctions. 

The above mentioned connexion between the eigenfunctions of states with a well- 
defined energy and the irreducible representations of the group of symmetry opera- 
tions is very important for the characteristics of the states of the system. Knowing 


3a* 
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the irreducible representations we know at the same time what degrees of degeneracy 
are possible in such a system. Moreover, the energy states of a system can be classified 
by giving the appropriate irreducible representations. We shall thus know how the 
wave functions of these states transform without having solved the Schrédinger 
equation. 

Let us illustrate this by a few simple examples. We shall assume that our system 
has a symmetry characterised by the C,,—group—examples are the H,O-, H,S-, and 
SO,-molecules. This is an Abelian group which has altogether four symmetry ele- 
ments: the identical (unit) element e, a symmetry axis of second order (rotation over 
180°) C,, and two mutually perpendicular symmetry planes o, and o,, which contain 
the axis of symmetry. This group has four classes and thus four irreducible represen- 
tations. The representations of the C,, group are one-dimensional and are thus the 
same as the characters. We give in Table 2 the characters of all four irreducible 
representations which are denoted by the symbols 4, B,, B, and B;, respectively. 


TABLE 2, CHARACTERS OF THE C2, SYMMETRY GROUP. 


7 
Cry e | Cz Oy Gy 





Since all irreducible representations of the C,,-group are one-dimensional, none 
of the energy states of the system can be degenerate. One can use the symmetry pro- 
perties to divide the wave functions of these states into four types corresponding to 
the four irreducible representations. Some of these states refer to the irreducible 
representation A. We see from Table 2 that the wave functions of these states do not 
change under any symmetry operation of the group. These states are usually called 
totally symmetric states. The state with the lowest energy—the ground state—is usually 
a totally symmetric state. Another group of states belongs to the irreducible represen- 
tation B,. The wave functions of these states change sign when the symmetry opera- 
tions C, and o, are applied. Finally, there are left only another two types of states 
which must belong to the representations B, or B3. 

Let us now assume that the system has a symmetry characterised by the C3,-group. 
Examples are the NH;- and the CH,;Cl-molecules. The C3,-group has six symmetry 
elements which fall into three classes: the class containing one element, the identical 
element e, the class of two rotations around third order axes, C3, and finally the class 
of the reflexions into three symmetry planes. The C3,-group has three irreducible 
representations. We have given the characters of the irreducible representations of 
the C3,- group in Table 3. The two irreducible representations A and B of the C3,- 
group are of first order, and the corresponding states of the system are, therefore, 
non-degenerate. The third possibility of states for such a system corresponds to the 
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two-dimensional representation E and the corresponding states must thus be two- 
fold degenerate. No other types of states are possible in this system. There are, for 
instance, no four-fold degenerate states, if we disregard so-called accidental degene- 
racy caused by the particular character of the potential energy (see Sections 32 
and 37). 


TABLE 3. CHARACTERS OF THE IRREDUCIBLE REPRESENTATIONS OF THE C3, GROUP 





Cy | e | 2C; | 30, 
A 1 1 1 
B 1 1 | -1 
E 2 | -1 


As a third example we consider a system with axial symmetry. If this system does 
not also have a centre of symmetry, its symmetry group will be C,,,. The symmetry 
elements of this group are, apart from the unit element e, all possible rotations 
about the axis of symmetry C,, over any angle and reflexions o, into any plane 
through the axis. All planes of symmetry are equivalent in the C,,,-group and all 
reflexions o, form thus one class with a continuous set of elements. Since rotations 
around the symmetry axis are possible in two directions, +, there are two elements 


TABLE 4, CHARACTERS OF THE IRREDUCIBLE REPRESENTATIONS OF THE C,,, GROUP 





in each class corresponding to a rotation over an angle y or over an angle —g. We 
have given the characters of the irreducible representations of the C,,,-group in 
Table 4. 

It follows from the character table that in a system with the C,,,-group symmetry 
two types of non-degenerate states are possible. 

The wave functions corresponding to the irreducible representation A are totally 
symmetric; the wave functions corresponding to the irreducible representation B 
change sign under a reflexion into a plane through the axis of symmetry. All other 
states are two-fold degenerate since they must belong to the. two-dimensional repre- 
sentations £,, E,,... 


64 Change of Quantum States in Time (II, 21*] 


Using group theory, one can easily establish a rule for the total or partial lifting 
of the degeneracy of a state of a system when its symmetry is changed under the 
influence of an external field. Group theory enables us to reach various conclusions 
about the probabilities for transitions of the systems from one state to another. We 
shall consider these problems later on. 


21*. THE FORM OF THE SCHRODINGER EQUATION IN DIFFERENT 
COORDINATE SYSTEMS 


If the position of a point is characterised by the radius vector r, the Schrédinger 
equation for determining the stationary states of a single particle of mass mw in an 
external field is of the form 


[- WV? + U@)- 5| v(r) = 0, 21.1) 
2u 


where V? is the Laplacian operator. 

We can in quantum mechanics, as in classical mechanics, use different systems of 
coordinates to study the motion of a particle in some external field: Cartesian co- 
ordinates (x, y, z), spherical polars (r, 6, y), parabolic coordinates, ... Ina number of 
cases a felicitous choice of a system of coordinates guided by the symmetry properties 
of the field will enable us to simplify considerably the solution of the Schrédinger 
equation. 

Let us investigate how to write down the Schrédinger equation in some system of 
coordinates which may be of interest in connexion with a study of the motion of 
particles in an external field. Writing down equation (21.1) reduces in each system 
of coordinates to writing down expressions for the kinetic and the potential energy 
operators in that system of coordinates. 

Finding the potential energy means writing down an explicit expression for the 
potential energy in terms of the coordinates used. The transformation of the kinetic 
energy reduces to a transformation of the Laplacian operator. Let us consider how 
to write down the Laplacian operator in an arbitrary orthogonal curvilinear system 
of coordinates. It is known from differential geometry that the square of the line 
element in an arbitrary orthogonal curvilinear system of coordinates, g,, q2, 73, can 
be written as follows: 

ds’ =) D, dq;, (21.2) 


where the D, are functions of the g,. The Laplacian then becomes 


vat fe (Made 2), # (Pads #.), 2 (Dubs 2) 
D,D2D3 (0@q,\ Di 9q1 Oqz2\ D2 4q2 €q3\ Ds qs 


(21.3) 
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In the general case of curvilinear coordinates, when the square of the line element is of the form 


ds? = Dudada, (21.4) 
kt 
where D,; = D,, are arbitrary functions of the g;, the Laplacian can be written as 
1 fr) a 
v2 =—y—( epi — }, (21.5) 
G aq, (OP ag, 


where G is the square root of the determinant of the functions D,, and the Dj} are the elements 
of the matrix which is the inverse of the matrix D,,;. In the case of orthogonal coordinates 


1 
Da = Db x1, G= D,D2D3, and Dy = pace 
k 


and (21.5) reduces to (21.3). 


Particular cases of (21.3) are: 


Cartesian coordinates: 


2 oe? a? 
v= 54+ 545, 
ox oy oz 
spherical polars: 
1 @ 0 A 
a ee , 
r =( 5) ? 
where 
2 
A= J2 (sing 2), 4 2h (21.6) 
sin 6 (00 00 sin 6 dg 


In problems with an axial symmetry it is convenient to use parabolic coordinates 
&,, y, defined by the equations 


f x=Vécosy, y=Véensing, z= 4(E —7). 
The inverse transformation is 


fartz, n=r—z, p=artan>, raVx? +y? +2". 
x 


The square of the line element is given by the expression 


ds? = 1 dé? + i dn? + &n do. 


The Laplacian thus becomes 


4 [ée/,4 af a\|i 1 @& 

Pa (222) 4222S aun 
E+nLoé\ a&/ an\ on En Op 

Taking into account the symmetry of the field U(r) one can often use a change to 


a particular system of coordinates to transform the Hamiltonian into a sum of two 
(or more) terms, each of which depends only on a part of the coordinates. 
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Let, for instance, 
H(41, 92> 43) = Hq) + HQ; 93)- 


The solution of equation (21.1) can then be written as a product of functions 


V(G1> I2> Is) = 1041) Y2(Ga> Is)» (21.8) 


and these functions satisfy, respectively, the equations 
[A(q:) — €] igi) = 0, 
[H(q2, 93) — E + é] W2(q2> 3) = 0, 


where « is the energy corresponding to the operator H(g,). Sometimes the Hamil- 
tonian can be transformed to read 


H(q1; 425 43) = F(q:) + fq:) $@2, 93). 
Also in this case, we can look for a solution of the equation in the form of a product 
of functions such as (21.8) which satisfies the equations 


[D(qo, 93) — €] y2(42, 93) = 0, 
[F(q:) + (a1) ¢ — E] yil(qi) = 9. 


22*. CHANGE WITH TIME OF STATES DESCRIBED BY A DENSITY MATRIX 


We showed in Section 14 that sometimes we cannot describe the state of a system 
by a wave function and we introduced the density matrix @ which enables us to eva- 
luate the average value of any physical quantity which characterises the system. 

The elements of the density matrix are by (14.7) defined by the equation 


Onn(t) = Y WOH) an *(t) anr(t). (22.1) 
i 
It follows from that 


a a(t) = » WO [e a(t) + a,* at (22.2) 


To determine the derivatives da{”/dt we substitute 
PO = Yan (0) valE) 


into the Schrédinger equation 


(i 
ih i = AY, 
ot 


Multiplying the resultant equation by p*(£) and integrating over the whole domain 
of the variables £, we find 


in tm 
— = <m|A| n> af”, (22.3) 
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where 


<m|H| n> = J ps6) Hy,(8) dé. (22.4) 


Substituting (22.3) into (22.2) and using (22.1) and the Hermitean character of the 
matrix (22.4) we find 


0 na - 
th Gn'n = » [LED On — OniX || n>]. (22.5) 
Using matrix notation we can write this equation in the form 
in — He — aH. (22.6) 
t 


Using the definition (18.3) of the quantum Poisson brackets, we can rewrite this 
equation in the form 


2 =F, bYau- (22.6a) 


The matrix equation (22.6) enables us to determine the density matrix at any time f, 
if it is known initially at time t = 0. 

If the functions y, used to define the coefficients a, in (22.1) are the eigenfunctions 
of the operator H, the matrix elements (22.4) are particularly simple: 


<m|H| n> = EnOmn» (22.7) 
where the E, are the eigenvalues of the energy of the system. Substituting (22.7) into 
(22.5), we find for this case 


‘ ih “eae = (Z,° ~ n) On'n(t). (22.8) 


We can easily integrate equation (22.8). If at t = 0 the elements of the density matrix 
are equal to @,,,(0), we find 


Onrn(£) = Cn'n(0) exp [i(E, ~ E,’) t{h]. 


The elements of the density matrix vary thus harmonically with time. The frequency 
of the oscillations is determined by the difference between the energies of the states n 
and n’ with respect to which the element of the density matrix is evaluated. 


PROBLEMS 
1, Show that the average value of the momentum in a stationary state with a discrete eigenvalue 
is equal to zero. 


2. Use equation (17.4) to show that, if F does not explicitly depend on time, the average value of 
dF/dt vanishes in a stationary state with a discrete eigenvalue. 
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d 
3, Find the explicit time-dependence of — a - p)> for a particle, the motion of which is described 


d 
by a wave-function y, and hence prove that the time average of — ae P)> vanishes, if the 
particle moves in a bounded region of space. 


4, Discuss the motion of a wave group for the case where the Hamiltonian is a function of generalised 
coordinates g,; and momenta p,.§ 


5. Find integrals of motion for a system consisting of a charged particle moving in the electrostatic 
field produced by 
(i) charges uniformly distributed on 
(a) a sphere, 
(b) an ellipsoid, 
(c) a cone, 
or (ii) by 
(d) two charges, 
(e) three charges placed at the apexes of an equilateral triangle. 
(f) eight charges placed at the apexes of a cube. 


6. Find the equation of motion for CL» for the case where L does not explicitly depend on the time 
and where the system is described by a density matrix. 


§ Compare, H. A. KRAMERS, Quantum Mechanics, North-Holland, Amsterdam, 1957, pp. 93 ff. 


CHAPTER III 


THE CONNEXION BETWEEN 
QUANTUM MECHANICS 
AND CLASSICAL MECHANICS 


23. THE LIMITING TRANSITION FROM QUANTUM TO CLASSICAL MECHANICS 


We noted already in Section 17, that for large values of the momentum of a particle 
moving in sufficiently smooth fields, the equation of motion of the particle differs 
little from the classical Newtonian equation. Let us now study in more detail the limit- 
ing transition from quantum to classical mechanics. Such a limiting transition is 
formally analogous to the transition from wave optics to geometrical optics. This 
analogy was used in the first papers leading to the construction of quantum 
mechanics. 

The simplest way to study the limiting transition from quantum to classical mecha- 
nics is by writing the wave function in the form 


vr, t) = eS@in (23.1) 
Substituting (23.1) into the Schrédinger equation which describes the motion of a 
particle of mass yu in a potential field with energy U(r) we find the equation 
- és (VS-VS) . 
7 ot 7 2p 
to determine the complex function S(r, ft). 


If we can drop the last term on the right-hand side of the exact quantum-mechanical 
equation (23.2) we get the well-known Hamilton-Jacobi equation of classical mecha- 


nics §, 2 
— 980 _ WS). yyy, (23.3) 
ot Qu 
Equation (23.3) is the first order differential equation for the action function, 


defined in terms of the Lagrangian, ZL, through the integral 


t 
So(r, 0) = | L(r, r, t') dt’. 


a 


+ U(r) — ih yg (23.2) 
2u 


The trajectory of a particle in classical mechanics is normal to the surfaces of constant 
values of the action function. This is immediately clear from the fact that the momen- 


§ L. D. LANpau and E. M. Lirsuitz, Mechanics, Pergamon Press, Oxford, 1960. D. TER Haar, 
Elements of Hamiltonian Mechanics, North-Holland, Amsterdam, 1964. 
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tum is determined by the relation 
P= VSo. 


Comparing (23.2) with (23.3) we see that the transition from quantum to classica] 
mechanics formally corresponds to the limit # — 0, just as the transition from rela- 
tivistic to non-relativistic mechanics occurs as c + oo. Since # is a constant quantity, 
such a transition must be considered to be merely formal. It is justified only when the 
term in (23.2) containing / is small compared to the other terms in the equation. 

To simplify the study of the conditions under which we can describe quantum 
systems classically, we shall consider stationary states. The energy of the system is 
well-defined in a stationary state and the time-dependence of the wave function is 
completely determined by the energy: 


vr, t) = w(r) e Btn 


We can, therefore, in the function S(r, ¢) in (23.1) explicitly separate off the time- 
dependence, that is, we can write 





S(r, t) = o(r) — Et. (23.4) 
Equation (23.2) then changes to 
2 ° 2 
Wo) 5 uy — EF -PVE XL, (23.5) 
2u 2u 


The transition from quantum to classical mechanics consists now in replacing 
equation (23.5) by the following equation from classical mechanics 


2 
(Veo) +Ur)-E=0 (23.6) 
2u 

for the function og which depends only on the coordinates and which is connected 

with the particle momentum through the relation 
p= Voo. (23.7) 

We can replace equation (23.5) by (23.6) provided 
(Voo)? > AlV7e5]. (23.8) 
Inequality (23.8) can thus be considered to be the condition that quantum mechanics 


goes over into classical mechanics. 
Using (23.7) we can write inequality (23.7) as follows: 


p? > nlV py. (23.9) 


In the particular case of a one-dimensional motion, we can rewrite inequality (23.9) 
in the form 








=—% (23.10) 
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or 


that is, the change in the wave length over a distance A/27 must be appreciably less 
than the wave length itself. If we denote by a the characteristic dimensions of the 
system, we have dA/dx ~ A/a, and inequality (23.10) reduces to the inequality 


A <a. 
We can also write inequality (23.10) in another form 
e 


p? > ph\—|, (23.11) 
dx 





if we bear in mind that p = J 2u(E — UV). It follows from (23.11) that a classical 
discussion of quantum systems is approximately justified for the motion of particles 
with large momenta in a potential field with a small gradient. 

If inequality (23.11) is satisfied, we can develop an approximate method for solving 
quantum mechanical problems which is based upon introducing corrections to the 
classical description. This method is called the quasi-classical or semi-classical approxi- 
mation, the phase-integral method, or the Wentzel-Kramers-Brillouin (WKB) approxi- 
mation. 


24. SEMI-CLASSICAL APPROXIMATION 


The semi-classical approximation is an approximate method for solving the quan- 
tum equation (23.5) for the function o(r) which determines the wave function of a 
stationary state through the relation 


y(r) = elein (24.1) 


We write the solution of equation (23.5) formally as the expansion 


2 
g=o0,+ he, + (;) G2 + (24.2) 
i i 


If the condition (23.9) for the application of the semi-classical approximation is 
satisfied, the subsequent terms in this series are appreciably less than the preceding 
one and we can use the method of consecutive approximations to solve equation 
(23.5). 

Substituting (24.2) into equation (23.5) and comparing the coefficients of the same 
powers of f we get a system of coupled equations: 


(Voo)” + 2n[U(r) — E] = 0, 
(Vo, + Voo) + 4V709 = 0, 
(Vo; . Vo) + 2(Voo . Vo) + V7o1 => 0, | 


(24.3) 
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Solving the first of equations (24.3) we can determine o,(r), we can then determine o, 
from the second equation, and so on. One usually restricts the discussion to op and 
O71. 

To illustrate the method, we shall consider the one-dimensional case. The set of 
equations (24.3) can be rewritten in the following form 


(90)" = p*(x), 


2o, = vo 
%o (24.4) 
20%, O71 +: , 
a) 


where we use a prime to denote differentiation with respect to x. The subsequent 
approximations o1, 03, ... are thus obtained from the zeroth approximation, 


05 = tp(x) = + V2ulE — UG), (24.5) 


simply by differentiation. In particular, it follows from the second of equations (24.4) 
that 


o, = —InJVp +InC. (24.6) 
Integrating (24.5) over x, we determine og; we can then use (24.6), (24.2), and (24.1) 


to write down an expression for the wave function in the semi-classical approximation 
which satisfies the Schrédinger equation up to terms of order h?: 


C x 
p(x) = —= exp \ | k(x’) al + —- exp \- if, k(x’) dx’ \, (24.7) 
v\pl a Jin 


k(x) = = VE - U(x)]. 








where 


The region where E > U(x) is called the classically allowed region of motion. In 
that region, k(x) is a real function and #k(x) is the momentum of the particle expressed 
as a function of the coordinates. In this region, we can always write the wave func- 
tion (24.7) as a wave function depending on two constants: 


p(x) = + sin {[ #9 dx’ + al. (24.7a) 
Pp a 


The amplitude of the wave function (24.7) is proportional to p~’/. The probability 
to observe the particle in a small volume element is thus basically proportional to 
1/p, that is, inversely proportional to the velocity of the classical particle. The values x; 
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for which E = U(x,) are called the (classical) turning points. They correspond to 
those points in space where the classical particle comes to a halt— p(x,) = 0 —and 
then moves in the opposite direction. The wave function (24.7) becomes infinite in 
those points. This divergence is connected with the fact that the semi-classical approxi- 
mation is not applicable, according to (23.11), when the momentum is small. Let x 
be a turning point and let us determine the distance |x — x9] over which we can still 
use the semi-classical approximation. Expanding the potential energy in a series 
around the point x = x9, we can write 


dU 
p’ = 2ulE — U(x)] © 2u ee |x — Xol- 





Substituting this value into (23.11) we find that the semi-classical approximation is 
applicable at distances from the turning point satisfying the inequality 








hi 1/3 
x— Xp | > -|———_ ; 24.8 
| ol 5| Tao (24.8) 
M ax 
or 
h A 
|x — xo] > — = — (24.9) 
2p Az, 


where A is the wave length corresponding to the value of the momentum at the 
point x. 

The region where E < U(x) is called the classically unattainable region. In that 
region, k(x) is an imaginary function. If we write k(x) = ix(x), where 


ns) = = /2u{0() ~ El 


is a real function, we can rewrite (24.7) as follows 


p(x) = = exp \- [, u(x’) dx has Tn exp f x(x’) av. (24.10) 


The first term in (24.10) decreases exponentially with increasing x, but the second 
term increases exponentially. We can use these semi-classical functions only if we 
know the connexion between the oscillating and the exponential solutions when we 
go through the turning point. In a small interval (a, b) of length A’/?4-"/*|dU/dx|-"? 
around the turning point we cannot use the semi-classical approximation and we 
must solve the exact one-dimensional Schrédinger equation. 

The connexion between the oscillating and the exponential solutions is found 
from the condition of continuity when we change from the exponential solution to 
the exact one atx = a and from the exact to the oscillating solution at x = b. Exam- 
ples of the use of the semi-classical method will be given in the next two sections. 
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25*, THE BOHR-SOMMERFELD QUANTISATION RULES 


We shall use the semi-classical method to evaluate the energy levels and wave 
functions of a particle of mass 4 moving in a potential well, the shape of which is 
shown in Fig. 2. The potential energy U(x) is such that for any energy E > U(x)min 
there are only two turning points determined by the condition 


U(x1) = Ux.) = E 


We separate off a region a;, b, around the turning point x, and a region 5,, a, 
around the turning point x,; in- these regions, the semi-classical approximation is 
inapplicable. These regions are shaded in Fig. 2. In the regions I and III we can use 
the functions (24.10) of the semi-classical approximation. 





Fic. 2. The motion of a particle in a one-dimensional well. 


The functions in these regions which are exponentially decreasing when we go 
away from the turning points have, respectively, the form 





x 


p(x) = re | - [i aw, x< ay, (25.1) 
V'tpl 





Pui) = C_ exp \- | x(x’) an, X > a2. (25.2) 
Viel ms 

We can according to (24.7a) write the oscillating solution with two arbitrary con- 
stants A and « in the form 


x 
Py(x) = + sin if k(x’) dx’ + at, b, SxS bd. (25.3) 
We saw earlier that we cannot apply the semi-classical approximation in the regions 
a,, b, and b,, a, and we must solve the Schrédinger equation which can be written 
in the form 

dy 


i +k?y=0, where k? = 4 [EZ — U(x)]. (25.4) 


Let us consider equation (25.4) in the small region (a,, bi). 
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We can expand the potential energy in that region in a power series, and retaining 
only the first two terms of the expansion we have 
(a) 
dx xX=X, 


Substituting this expression into equation (25.4) we get the equation 


E a | wx —x,) = 0. (25.5) 


Uxg=E-(x-x,)F, F= 














We show in Section 28 that the unnormalised solution of this equation can be ex- 
pressed in terms of the Airy function 


p(x — x1) = €), 


E= (= ) ° (x, — x). (25.6) 


The limits of the region where we must use the solution of equation (25.5) is according 
to (24.8) determined by the inequality 


where 





2 43 
aU 
ax 


1 
|x — x| > = » or, |é| > 1. 


2 








We are only interested in the solution of (25.5) at the limits of this region. We can 
thus express the function » at the boundaries of the region in terms of the asymptotic 
values of the Airy function for |&] > 1. Using (28.18) and the asymptotic values of 
the Bessel functions for large values of the argument (see Mathematical Appendix D) 











we find 
we exp |- sf") if E>1; | 
yp) = 5 : (25.7) 
\é|-'/* sin ‘5 Ep + “, if —é> i 
3 4 
Ifx > x, 
uF 
k(x) = pe te - ve) [E-U~)= Ae x), 
and thus 
2.2.3, 2 uF at 
sie == PAE @—a) "| k(y) dy. 


When x < x,, 


(x) = [ete - [U@) — E] = [ett 9 (x, — x) 
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ge 2urF ™ 
a2 PME, — yr [ ore. 


The solution of (25.5) at the boundaries of the interval a,, b, can thus be written 


as follows 7 
exp < — x(y) ay| at a,; 
"; 2v'Ipl ; I | 


sin) {| evar +t at by. | 


m1 


and thus 





(25.8) 


Comparing (25.8) with (25.1) and (25.3) we see that the wave function of region I goes 
continuously over into the one in region II, if 


B=A, 2C,=A, and ane (25.9) 


The solution of equation (25.6) at the boundaries of the interval b,, a, around 
the second turning point can be obtained directly from (25.8) by changing the direc- 
tion of the x-axis to the opposite one and choosing x, as the fixed limit of the integrals. 


We get thus 
— exp \- [. x(x’) ax'| at a; 
i pI 


> sin “ke ae + at bo. | 
Jp if, 4 


Using (25.9) we can rewrite the solution (25.3) as follows 


Pu(x) = ‘a sin { k(x’) dx’ + | 


= 4 ind [eee 44 | eax. (25.11) 
7 P x 4 2 J,, 

It is now clear that the solution (25.10) provides us with a smooth transition of the 

wave function (25.11) from the region II to the function (25.2) of the region III, if the 

condition 





(25.10) 


D=2C =(—I1)"*14 
is satisfied and if 


| k(x’) dx’ — 5 =nz, where n=0,1,2,... 


If we introduce the phase integral 


bpd =2/ pax 
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along the path from x, to x, and back from x, to x,, that is, the integra] over one 
complete period of the classical motion, we can rewrite the last equation as follows 


pe dx = 2xh(n + 4). (25.12) 


Equation (25.12) determines in the semi-classical case, the stationary states of the 
particle. It corresponds to the Bohr-Sommerfeld quantisation rule. 

The function py decreases exponentially outside the interval x,, x., but inside that 
interval the function 


Tr 


oscillates. The phase of the sine, 


p(x) = “eosin ! | ” kx!) dx! + 4 (25.13) 


x 
| k(x") dx’ + 7 ; 
*1 
changes according to (25,12) from 2/4 to (n + #) a when x changes from x, to x., 
and the function y has thus » zeroes in that interval. The quantum number x in equa- 
tion (25.12) determines thus the number of nodes of the wave function in the region 
between the turning points. The semi-classical approximation is according to (24.9) 
valid only at distances which are several wave lengths from each of the two turning 
points. The solution (25.13) is thus a good approximation only for the case where 
there are a sufficiently large number of wave lengths between the turning points, 
that is, 1 < x, — x,. In other words, one can only use the semi-classical approxi- 
mation for states characterised by large values of the quantum number n. 

As the semi-classical function (25.13) is a fast-oscillating function, we can replace 
between x, and x, the square of the sine by its average value + when we determine the 
constant A from the condition that the wave function is normalised. We then find 


If we bear in mind that 


is the time it takes the particle to move through the interval x, — x, we can introduce 
the angular frequency w = 2z/T of the periodic motion of the particle. 

Expressing A in terms of this frequency, we find from (25.13) the normalised func- 
tion of the semi-classical approximation 


y(x) = [ie sin ft [. pdx + “t. 
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Let us consider as a simple example of an application of the semi-classical method 
for determining the energies of the stationary states the case of the harmonic oscillator, 
that is, a system with potential energy U(x) = 4 wwox?. If we denote the turning 


points by x = +a, we have E = 4 wwoa? and p = wo V a? — x?. Hence 


bp de = on =. 


Wo 


Substituting this value into (25.12) we find the value of the energies of the stationary 
states for large n 
E=(n+4)htao. (25.14) 


We shall show in Chapter V, by solving the Schrédinger equation exactly that 
equation (25.14) gives the energies of the stationary states of a harmonic oscillator 
for all values of n. 

Sokolov, Muradyan, and Arutyunyan§ have considered the problem of extending 
the WKB method to evaluate the energy eigenvalues of a particle moving in a central 
field of force. 


26. PASSAGE THROUGH A POTENTIAL BARRIER. MOTION OF A PARTICLE OVER 
A POTENTIAL BARRIER OR OVER A POTENTIAL WELL 


We noted earlier that one can use the semi-classical solutions (24.7a) for the classi- 
cally admissable and (24.10) for the classically inadmissable region of motion for 
values of x away from the turning points, if the potential energy is a smooth function 
of x. If the potential energy is discontinuous at a point far from the turning points, 
but apart from the discontinuities is a smooth function of x, we can also use the semi- 
classical approximation in the regions separated by the discontinuities. The connexion 
of the wave function on both sides of the discontinuity in the potential is determined 
by requiring the wave function and its derivative to be continuous at the point of the 
discontinuity. 

To elucidate the use of the semi-classical approximation when there are disconti- 
nuities in the potential energy, we shall consider the motion of a particle in the poten- 
tial energy shown in Fig. 3. If the total energy £ of the particle is less that the maximum 
value U,,,, of the potential energy, the particle is according to classical mechanics, 
reflected from the potential barrier, but if E > U,,,, it moves along freely. One can 
say that for the classical motion of a particle the potential barrier is completely 
transparent when FE < U,,,, and acts as a perfect mirror when FE < U,,,,. In quantum 
mechanics, however, these two statements are, generally speaking, incorrect. There is 
always some probability that the particle passes through the barrier when E < U,,, 


§ A. A. SoxoLov, R. M. Murapyan, and V, M. AruTyunyAn, Vestnik Moscow State University 
4, 61 (1959); 6, 64 (1959). 
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and that it is partially reflected from the barrier when FE > U,,,,. To evaluate these 
probabilities, we divide the whole region of motion of the particle into three parts, 
I, I and III, as shown in Fig. 3. The particle moves as a free particle in regions I 
and III. We shall assume that a particle with a well-defined energy and momentum 





Fic. 3. Motion of a particle when there is a potential barrier 


P = hko is incident from the region of negative x. The wave function can then in the 
region I be written as a superposition of two waves, 


yy = Ae™* + Be *o* (26.1) 


where A is the amplitude of the wave function of the “‘incident”’ particles and B the 
amplitude of the wave function of the “‘reflected”’ particles. In region III there will, 
according to our assumptions, only be outgoing particles: 


ym = Ce, (26.2) 


Let us define the reflexion coefficient R and the transmission coefficient D of the 
potential barrier as, respectively, the ratio of the current density of the reflected and 
outgoing particles to the current density of the incident particles. Using the definition 
of the current density (see Section 15) we find then in our case 


R= (26.3) 














To evaluate these quantities, we must study the motion of the particle in region II. 

Let us first of all consider the case when the particle energy E = h?k6/2u < Unmax- 
In that case, region II is classically inaccessible and we can write the wave function 
in the form of the semi-classical function (24.10) 


vu) = Ia exp | | “0) “| + Bexp |- | Wy) d | 
J (x) 0 0 


if the potential is smooth. Using the condition that y and dy/dx be continuous at 
x = 0 and x = J, we obtain four relations between the five coefficients, 4, B, C, a, 
and f, which enable us to eliminate « and 8 and to determine the ratios B/A and C/A. 
If the condition for the applicability of the semi-classical approximation is satisfied, 
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x(x) is a smooth function of x and we can assume, when evaluating the derivative 
dw/dx that the main x-dependence occurs in the exponent. We find thus for x = 0 


Ja(A + B) =« +8, 064 
iko(A — B) = Ja(« — ), 
where 
a = x(0) = 24100) — EI. 
Similarly, we have two relations at x = /: 
y -? % oikol 
net Be C Jb e”°, (26.5) 
Vb fae! — fe? = ikyce™", | 
where 
I ————$—$— 
b= 2V 200 — Bl, 7 = ;| J 2ulU(e) — El de. (26.6) 
0 


From equation (26.5) we find 


Ji 4 He] ato 
J > 


b 


B= Al b =| cell, 
2 Vb 


As the semi-classical approximation is applicable only to sufficiently “wide” barriers 
when y = xl > 1, we have « < 8. We can thus neglect « when evaluating C/A and 
we find 


Cl tet 
“GEM ® 


Substituting this expression into (26.3) we find the transmission coefficient for the 
potential barrier 


D= oer ~~ exp \- al J 2u[U(x) — E] anh. (26.7) 
0 


b ab ke a 
-+tat—t+- 
a ko ab ob 


Equation (26.7) was derived under the assumption that before and after the barrier the particle 
moves as a free particle, U(x < 0) = U(x > 1) =0. If, however, U(x <0)=0, U@ >I) =U;+0, 
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we have 
1 —— 1 j— 
vin = Ce, hy => /2ME- Ui), ko = 5 / ME. 


In that case, formula (26.3) is changed to 











BP k,|CP 
R=[-|, =—|-!. 
A ko|A 
Furthermore, we get for “wide” barriers 
Cc 4e7tal-v 
4 fa vel ge 
Ja tko Jb 
and thus 
16k,e-2” 2f' ——-— 
D= aera Jul) - Fast. 
tt) 


b ab kz ak? 
k,|-+—4+ 24-2 
saa 


Apart from a multiplying factor, the approximate expression 
Dw exp \- al J 2ulU(x) — £] ax} (26.8) 
x1 


for the transmission coefficient is valid also for the case of a more general form of 
barrier, provided it is sufficiently smooth for the semi-classical approximation to be 
valid. The points x, and x, are now defined as the points where the classical momen- 
tum of the particle vanishes, or 


U(x) = U(x.) = E. 
We can obtain the reflexion coefficient R from the relation 
1=R+D, (26.9) 


which follows immediately from the equation of continuity (15.7) for the current 
density: the current density of incident particles must equal the sum of the current 
densities of reflected and outgoing particles. 

We see from formula (26.7) that the transmission coefficient decreases rapidly with 
increasing particle mass. For instance, when we increase the mass from that of an 
electron to that of a proton, the transparency of the barrier decreases by a factor 
m eY1840 ~ 1018, 

Let us now consider the motion of a particle with an energy larger than the potential 
energy of the barrier (EZ > U,,,,). In that case, region II in Fig. 3 will be classically 
accessible and we can use (24.7a) to write the semi-classical function in the form 


a“ x 
vu = ——=sin k(y) dy + A. 
J. k(x) 1 ry 
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Fitting again the functions and their derivatives at x = 0 and x = J, we find the 
four relations 
Ja(A + B)= asin, 


ik,(A — B) = « Va cos B, 
asin(y + f) = cvb eft 
/b « cos (p + B) = ikoC e*™, 


(26.10) 


where now 


a=k(0), b=kD), and gp= if J 2ulE — U(x)] dx. (26.11) 
tJo 


Solving the set of equations (26.10), we get 
B _ iko(b — a) + (ko — ab) tang 
A iko(b + a) + (k2 + ab) tangy 


The reflexion coefficient of the potential barrier is thus for E > U,,,, determined by 
the expression 








_ |BP _ Kolb — a)” + (ko — ab)? tan” p (26.12) 
Al ko(b + a)’ + (k> + ab)’ tan? » 
If at x = 0 and x = / the values of the potential are the same, we have 
a=b= sv 2wlE — U(0)], 
and expression (26.12) for the reflexion coefficient simplifies to 
(ko — a’)’ tan” g (26.13) 


” Aka + (ke + a) tan 
It follows from (26.13) and (26.11) that if 


f —<$ $$ _—____ 
| J 2ulE — U(x)| dx = nah, where n= 1,2,..., 
ca) 


the potential barrier for the particle is completely transparent. We can use the 
equation 


| J 2ulE — UG) dx = Ip 


for the average value p of the particle momentum in the barrier region. The total 
transparency of the barrier is thus determined by the condition Jp = nah, or 1 = 4nd, 
where we have put p = 27h//: we can fit an integral number of 4/ in the length of 
the barrier. 
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Expression (26.13) also determines the reflexion coefficient of a particle from a 
potential well, if we bear in mind that when evaluating y from equation (26.11) the 
potential well (attraction) corresponds to U(x) < 0. 

To illustrate the use of the equations obtained here, we shall evaluate the proba- 
bility that an electron emerges from a metal under the influence of a strong external 
field: cold emission of electrons. If there is no field, the potential energy of an electron 


l 
| 
| | 
| 





(a) (b) 


Fic. 4. The potential energy of an electron at the metal-vacuum boundary: 


(a) without an external field 3 
(b) in the presence of a uniform external field. 
E: energy of the electron, g: work function, Up: barrier height. 


inside and outside the metal can be depicted by the curve U(x) shown in Fig. 4a. 
inside the metal, the electron has an energy E < Up, where U, is the potential energy 
of the electron outside the metal. 

To extract the electron from the metal, we need to give it an energy gy = Up — E 
of the order of 5 to 10 eV which is called the work function. 

If an external electric field of strength & is applied to the metal, we must add to 
the potential energy U(x) outside the metal the potential energy — eé&x of the electron 
in the external field. As a result, we obtain the potential curve shown by the full- 
drawn curve in Fig. 4b. 

When there is a field, there is thus a possibility that the electron will emerge into 
the vacuum by passing through a potential barrier. The region near the metal, where 
the potential energy changes rapidly is of atomic dimensions, that is, appreciably 
smaller than the distance a between the points for which U(x) = E. Wecan, therefore, 
simplify the calculation by replacing the potential curve along the interval 0, a by a 
straight line, that is, by putting 


U(x) - E=9 — eéx. 


Substituting this value into (26.7) we find for the coefficient of transmission of an 
electron from the metal into the vacuum 


Dw exp{/— 2 J 2ulp — e€x) dx} = exp {— 4 vu ph. (26.14) 
Ajo 3 he€ 





qu 4 
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PROBLEMS 
1. Use the semi-classical approximation to find the average kinetic energy of a stationary state. 
Apply the result to the case of a harmonic oscillator. 


2. Use the semi-classical approximation and the virial theorem to determine the energy spectrum 
of a particle in the potential field U(x) = ax’. 


3. Determine the limits of applicability of equation (26.14). 

4, Consider the symmetric potential 
U@=0, x<0, 2at+b<x; 
U®M=0, O<x<a,a+b<x<2a+); 
U(x) = Up, a<x<atbdb. 


Use the semi-classical approximation to find the energy levels of a particle in this field and 
compare these levels with the levels of a particle in the potential U(x) = ~, x< 0, a< x; 
U(x) =0,0<x<a. . 


5. Assume that up to ¢=0 the potential of a particle was U(x) = ~, x <0, a<x<a+b, 
2Zat+b<x; U%~)=0,0<x<a,a+b<x<2a+ b and that a particle was in a stationary 
state in the region 0 < x < a. If at f = 0 the potential is changed instantaneously to that of the 
preceding problem, find the time after which the particle will be in the regiona + b< x < 2a + b, 
and discuss the result. 


6. Use the semi-classical approximation to find the radial part of the wave function of a particle 
in a central field. 


7. Use the semi-classical approximation to find the energy levels 
() in the potential U(x) = ~, x < 0; U(x) = 4a? x?, 0 < x; 
i) in the potential U(x) = ~, x < 0, a< x; U(x) = 0, 0 < x < a, and discuss the results. 


8. Use the semi-classical approximation to find an equation for the energy levels in the potential 
U(x) = yx* and solve this equation approximately. 


9. Prove the asymptotic formulae (25.7) directly by studying the solutions of equation (25.5). 
10, Prove equation (26.9). 


CHAPTER IV 


ELEMENTARY REPRESENTATION THEORY 


27. DIFFERENT REPRESENTATIONS OF THE STATE VECTOR 


We used in Sections 2 and 3, for a description of a state, a wave function y,(é, t), 
which was a function of all the coordinates & at a given time ¢. The index a of the 
wave function indicated a set of values of physical quantities, or the corresponding 
quantum numbers, which determine the state. In this connexion, we may call a the 
state index. 

The description of the state of a system by means of a function of the coordinates— 
a wave function—is called the coordinate representation. The absolute square of the 
normalised wave function in the coordinate representation determines the probability 
of observing in that state the well-defined values of the coordinates &. The symbol & 
standing for the set of values of all variables on which the wave function depends, 
is called the index of the representation. 

In the first three sections of the present chapter, we shall study states at a given 
time and we shall, therefore, not mention the time explicitly. Apart from the notation 
wa(é) for the wave function in the coordinate representation used earlier, we shall 
also use Dirac’s bracket notation that is, we shall write 


yalé) = <éla>. (27.1) 


The convenience of the bracket notation will become clear in the following. 

According to Dirac§, the state a of a quantum system can be described either by 
a “ket” state vector |a> or by a “bra” state vector <a|. The “‘bra”’ state vector is 
connected with the “ket” vector of the same state by the simple relation 


<a = lat. 
Hermitean operators F = Ft act upon ket-vectors from the left and upon bra-vectors 
from the right and transform them into other “ket” and ‘“‘bra” vectors, respectively. 
If, for instance = 
“ees |b> = Flay, 


we find . . . 
<b| = (Fla>)t = <a Ft = Cal F. 


The terms “bra” and “ket” derive from the fact that the bracket <b|F|a> denotes 
the matrix element of the operator F between the state vectors |a> and <b]. The scalar 


§ P. A. M. Dirac, Quantum Mechanics, 4th edition, Oxford University Press, 1958, 
4* 85 
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product of these two state vectors is denoted by the bracket (b|a> and <b|a> = <a| b>". 
Normalised state vectors satisfy the condition <a|a> = 1. 

The coordinate representation of the state vector |a> is described by the wave 
function (27.1) depending on the coordinates &. According to the definition of the 
scalar product <b/a> we can consider the coordinate representation wave function 
(27.1) as the scalar product of the state vector |a> and the state vectors <&| for all 
values of the coordinates & considered as state indices. In other words, the values 
<&|a> are the projections of the state vector on the complete base of “bra” vectors 
«él. 

The coordinate representation (27.1) of the state vector is not unique. Just as in 
ordinary three-dimensional space any three-dimensional vector can be defined by 
its coordinates in some arbitrarily chosen system of three orthogonal basis vectors 
€1, @2, and e3, So the state vector in Hilbert space can be defined by the values of 
“its coordinates”. We use as basis vectors in Hilbert space a complete orthonormal 
set of functions. We know already (see Sections 9 and 10) that all the eigenfunctions 
of any Hermitean operator in quantum mechanics together form a complete ortho- 
normal set of functions. We can, therefore, use any such set as our base. 

The coefficients of the expansion of the state y, = |a) in terms of the eigenfunctions 
of the operator F are, together, called the wave function of the state “a” in the repre- 
sentation corresponding to the operator F or the F-representation. The state vector 
can thus be written in the energy representation (£-representation), the momentum 
representation (p-representation), and so on. 

Let us elucidate all this by looking at examples. For the sake of simplicity, we shall 
consider the state of a single particle. We choose two basis systems of functions to 
describe the state: (i) the eigenfunctions corresponding to an operator with a discrete 
eigenvalue spectrum, and (ii) the eigenfunctions corresponding to an operator with 
a continuous eigenvalue spectrum. We can easily generalise the results obtained to 
the case of operators which have both a discrete and a continuous eigenvalue spec- 
trum. 


(a) Energy representation (E-representation). We choose as basis functions for the 
description of the state vector |a)> the eigenfunctions of a Hamiltonian operator with 
a discrete eigenvalue spectrum. We shall denote these functions in the coordinate 
representation by 


pe,(é) = <€| E>. (27.2) 
We use for the complex conjugate functions the notation 
pz, As) = <E,IE>. (27.3) 
We have thus 
CE,|E> = (E/E, (27.4) 


We can write the orthonormality of the eigenfunctions (27.2) in the form 


§ dE #6) 2,6) = S585 (27.5) 
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or, using the bracket notation for the function 
J d&<En|E> <E) En = (Em|En> = SEE, (27.5a) 


If we want to change from the coordinate representation y,(£) = <&|a> to the 
energy representation of the state vector y, = |a>, we expand the functions of the 
coordinate representation in terms of the basis functions (27.2); we get then 


walé) = » pz, (§) wAE,); (27.6) 


or, 


]a> = » CE] E> (En|@>. (27.6a) 


The set of expansion coefficients p,(E,) = <(E,|a> is the wave function of the state [a> 
in the energy representation. 

The energy of the system which can take on a discrete number of values is the inde- 
pendent variable of the wave function in the E-representation. The absolute square 
of the wave function in the E-representation determines the probability of finding 
the system with the corresponding value of the energy, that is, 


W(E,) = lpalE,,)|? = XE, | @>|?. 


If the function in the coordinate representation was normalised, the same will be 
true for the function in the new representation. We can easily verify this by substituting 
in the normalisation condition for the functions in the coordinate representation 


(¢-representation) § d&Ca|£> <Elay = 1 


the relations 


<alé> = i Cal E,> <En|€> and <éla> = )) <E1E,) (En la. 


Using (27.5a), we find then 
¥ <a] E> <Enla> = ¥ Iwan)” = 1, 


which is the condition that the wave functions in the E-representation are normalised. 
Using the orthonormality properties (27.5a) of the basis functions (27.2) we can 
get from (27.6) the inverse transformation 


paEn) = J dé gE vA), (27.7) 
or 


(Enla> = J d&¢E,|&> <Ela>. (27.7a) 


It follows from (27.7a) that the transformation of the functions <&|a> of the co- 
ordinate representation to the functions <£,|a> in the energy representation is 
obtained by means of the functions <Z,|&> = <&]E,>*. The transformation (27.6a) 
changes functions in the E-representation to functions of the &-representation. This 
transformation is realised by the functions <&],> which are the eigenfunctions of 
the Hamiltonian in the coordinate representation. 
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(b) Momentum representation. The basis functions in the momentum representation 
(p-representation) are the eigenfunctions of the momentum operator, 


Ppl) = <ElP>, (27.8) 
satisfying the orthonormalisation condition 


J dé pt. oy(6) = d(p’ — p), 
or 


§ d&p'|E> <Elp> = <P'|p> = 8" — p). (27.9) 
Expanding the function y,(&) of the state a in terms of the complete set of functions 


(7-8) we find valé) = J do os(€) val2); 
or 
<Ela> = J dp<Elp> <pla>. (27.10) 
The functions »,(p) = <p|a> determine the state vector a> in the momentum 
representation. The absolute square of these functions is equal to the probability 
density in momentum space 


o(p) = AP = Kcpladl? = Iwan (27.11) 


The transformation which is the inverse of (27.10) is of the form 


<pla> = J d&plé> <Elay. 
The state vector of the system |a> can thus be described by several wave functions 
depending on different variables, or, schematically, 


<E|a>,  &representation; 
la) > <E,|a@>, E-representation; 
<pla>, p-tepresentation; 


The transition from the wave function <m|a> determining the state in the m- 
representation to some other representation, say the g-representation is in the general 
case realised through the relation 


<qla> = 3) <qlm) <mla>, (27.12) 


where the transformation functions <q]m) are the eigenfunctions of the operator 
corresponding to the physical quantity min the q-representation. The transformation 
which is the inverse of (27.12) is 


<mla> = ¥) <mlq> <qla), (27.13) 


where the transformation functions <m|q> = <q|m)>* are the eigenfunctions of the 
operator corresponding to the physical quantity g in the m-representation. If the m 
in (27.12) or q in (27.13) are continuous variables, the summation must be replaced 
by an integral over all values of the variable. 
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Equations (27.12) and (27.13) show the convenience of the Dirac or bracket nota- 
tion for state vectors when we are interested in going from one representation to 


another. 
Indeed, we can use the completeness relations for eigenfunctions of operators 


(see Sections 9 and 10) to write 
Y lanl? = Yi lm><m| =1, or f dpla,|* = § dplp><p| =1, (27.14) 


and so on. Using (27.14) we can write equations such as (27.12) formally slightly 
differently. For instance, we have 


<qla> = J dp<qlp> <pla>. 
Repeating this process, we can, for instance, write 
<qla> = J dp<q|p> <pla> = J dp d&<q|p> <plé> <Elap. 


Let us now consider the explicit form of some functions transforming from one 
representation to another. 

(i) The explicit form of the momentum eigenfunctions (27.8) normalised according 
to (27.9) is in the coordinate representation (see Section 10): 

<r|p> = (2ah)~*? berm, 
This function transforms from the momentum to the coordinate transformation. The 
function corresponding to the inverse transformation, 
<plry = (nf) ete, 

is an eigenfunction of the coordinate in the momentum representation. This function 
is the conjugate complex of the function of the original transformation. 

(ii) We can write the eigenfunctions of the angular momentum operator in the 
coordinate representation in the form 


Yin(®, 9) = (Opldm> = (-llm), (27.15) 


where the angles 0 and @ determine the direction of the unit radius vector. The func- 
tions (27.15) are normalised as follows 


J YC, ) Yim (8, p) dQ = J dQXlm|Op)> (Op|l'm') = 618, (27.16) 


The functions (27.15) generate a transformation from the angular momentum repre- 
sentation to the coordinate representation, and the functions </m|6m> generate the 
inverse transformation from the coordinate transformation to the angular momentum 
transformation. If we introduce the unit vector n = r/r, the direction of which is 
determined by the angles @ and ¢@ we can write 


<Im|n> = <Im| 89). 
These functions are normalised as follows 


2, <a| lm) <Im|n'> = <n|n') = 6a — 1’). 
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If the angles © and ® determine the direction of the momentum vector, the func- 


tions 
Yin(O, ®) = Yim ?) = Pip 
(9,0) = Yin (2) = CEliny 


will be the eigenfunctions of the angular momentum operator in the momentum 
representation. 


We noted earlier that the state vectors are determined apart from a phase factor e of modulus 1. 
The choice of this factor is purely one of convenience. Sometimes it is, for instance, more convenient 
to use the functions ym = i'Yim(O, ¢). 


28. DIFFERENT REPRESENTATIONS OF OPERATORS 


Operators are in the coordinate representation expressed as functions of the co- 
ordinates and derivatives with respect to the coordinates. Acting upon functions in 
the coordinate representation, the operators transform these functions into other 
functions in the same representation. For instance, the action of the operator F upon 
the function »,(£) is defined by the equation 


vel) = Fy), 


or, in the Dirac notation 


<E|b> = Féélay. (28.1) 


When changing from the coordinate to another representation of the state vector 
one must necessarily also transform the operators. Let us determine the form of 
the operator F in the energy representation. To do this, we transform the functions 
in the coordinate representation as follows: 


<Ela> = D1 <E] En» <Enla); 
<é|b> = }) EE, <E,1b>.- 


We substitute these expressions into (28.1), multiply the equation obtained by 
<E,,|&>, and integrate over & Using the orthonormality condition 


J dECEm|E> <E|En> = Sms 
we then find 
(Em|b> = (Em| Fl En> <En| a) (28.2) 
where . 
f dépt Fos, = Fan- (28.3) 


(Em |E|E_> = § d&(En|E> FKE|E,> 


Knowing the quantities (28.3), we can use equation (28.2) to change from the state 
vector |a>, given by the functions <E,|a> in the energy representation to the state 
vector |b> given in the energy representation by the functions <E,,|5>. The set of 
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quantities (28.3) must thus be considered to be the operator F in the energy represen- 
tation. 

The numbers F,,,, which in general are complex, form a matrix, which we shall 
denote by (F,,,). The quantities F,,, = <E,|F|E,> are called the matrix elements of 
the operator F in the energy representation. 

If the energy levels E, are non-degenerate, the matrix (F,,,,) is depicted by a square 
array with an infinite number of rows numbered by the index m and an infinite number 
of columns numbered by the second index n. In the case of degeneracy, each of the 
indeces m and n is characterised by the complete set of quantum numbers—which are 
sometimes written out explicitly—which determine the state of the system; the matrix 


(Fn) = (<a'b'c’ ... |F| abe...) 


will thus be a multi-dimensional matrix. A summary of the basic properties of 
matrices is given in the Mathematical Appendix C. 

It follows from the definition of a self-adjoint or Hermitean operator that a self- 
adjoint operator is described in the energy-representation—or in any other discrete 
representation—by a Hermitean matrix, since the equation 


Fran = Fin 
is satisfied. 
If we write the quantities <£,|a> which express the state vector |a> in the energy- 
representation as a single column matrix 


<E,|a> 


(LE, Ja) =]...... 


we can consider (28.2) to describe matrix multiplication. 
If we take for the operator F the Hamiltonian operator H, the operator will be 
a diagonal matrix in the energy-representation, 


(Em | H| En» = E,Omn- 


This follows immediately from (28.3), if we bear in mind that the functions <&] E,> 
are the eigenfunctions of the operator Hy, that is, H¢E)E,) = E,<E|E,>. 

Let us now determine the form of the operator F in the p-representation. To do 
this, we expand the functions in the coordinate representation which occur in (28.1) 
in terms of the momentum operator eigenfunctions in the coordinate representation, 


<Ela> = J dp<Elp> <pla>, 
<E|b> = § dp<Elp> <plb>. 


qm 4a 
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Substituting these values into (28.1), multiplying by <p’|&>, integrating over £, and 
using the orthonormality condition 


J d&<p'|E> <Elp> = OP" — p), (28.4) 
we find the following relation 

<p'|b> = J dp<p'|F lp <pla), (28.5) 
where the quantities 

<P'|F lp) = J d&<p'|€> FEI, (28.6) 


which depend on the two indices p and p’, can be called the matrix elements of the 
operator F formed by means of the transformation functions <£|p). 

The matrix elements (28.6) together are the operator of the physical quantity F 
in the momentum representation. Equation (28.5) gives us the rule through which 
the operator (28.6) changes one function of the momentum representation into 
another function in the momentum representation. 

Although the indices p and p’ in (28.6) are continuous variables, it is formally 
convenient to consider the set of matrix elements (28.6) as a matrix of infinite rank 
with a non-denumerable number of rows and columns. If we use this interpretation, 
the right-hand side of equation (28.5) can be considered to be a multiplication of 
matrices with indices which are continuous variables, so that summation is replaced 
by integration. 

To elucidate the above, we shall evaluate explicitly the momentum and coordinate 
operators in the momentum representation. For the sake of simplicity, we consider 
a one-dimensional motion along the x-axis. The momentum operator is in the co- 


ordinate representation given by p = — ih@/dx. The operator (28.6) is in the momentum 
representation described by a continuous matrix with elements 
<P'|P|p> = J dx<p'|x> p<xlp>. (28.7) 


Bearing in mind that the functions <x] p> are the momentum eigenfunctions, that is, 
P<x|p> = p<x|p> and using the orthonormality condition (28.4), we can transform 
(28.7) to the form 

<P'|P|p> = pd(p' — p). (28.7a) 


The momentum operator is thus in the momentum representation described by a 
continuous diagonal matrix. 
Substituting (28.7a) into (28.5) we have 


<p|b> = p<pla>. (28.8) 


We see thus from (28.8) that the action of the momentum operator upon a function 
in the momentum representation reduces to multiplying that function by the value 
of the momentum. We can easily generalise that result to the three-dimensional case: 
we need only replace p by the vector quantity p. 
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Let us now determine the form of the coordinate operator in the momentum 
representation. Using the general relation (28.6), we have 


<P'|x|p> = J dep" |x) x¢x|p)>. (28.9) 
Using the explicit form of the momentum operator eigenfunctions 
Gelp> = (2mti)-""2 el? 


we can easily verify that multiplying these functions by x reduces to the transfor- 
mation 


Oo 
x<x|p) = —ih— <|p). 
op 
The matrix element (28.9) can thus be transformed to 
ry » 7) , .. 7) ! 
<P'|x|p> = —ih — | dx<p'|x> xlp> = —ih— d(p' — p). (28.9a) 
op op 


The infinite continuous matrix corresponding to the coordinate operator in the 
momentum representation has thus the matrix elements (28.9a). Substituting (8. 9a) 
into (28.5) and integrating by parts, we find 


<p'[b) = in | decay © 00 —p) = in cp'tad. 
op op 


We can thus state that the coordinate x corresponds in the momentum representation 
to the differential operator 
~ . Oo 
x=ih—. (28.10) 
op 
The explicit form of the operators depends thus on the form of the representation. 
We shall show in Section 30 that the commutation relations for operators do not 
change when we go over from one representation to another. In particular, using the 
results just obtained, we can verify that the commutation relation 


[X, Pe]_ = ih 
is satisfied both in the coordinate and in the momentum representation. 


The condition that an operator is self-adjoint or Hermitean reduces, in the general 
case, to the equation 


¢a’| Fla) = <a|Fla’>* = <a’ |Fla>t (28.11) 


in matrix notation. This equation expresses the Hermiteicity of the corresponding 
matrix. It follows from (28.11) that the diagonal elements of the operators of quantum 
mechanics described by matrices are real numbers. 

We showed in the foregoing that the coordinate and momentum operators can 
in the momentum representation be described either by continuous matrices or by 
4o* 
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functions of the momenta and derivatives with respect to the momenta. In the 
three-dimensional case these expressions have the form 


P=p, or <p'|plp> = po(p’ — p), 
r= ihV,, or <p'|F|p> = —ihV,0(p’ — p). 
The index p of the operator V, idicates that the derivatives are taken with respect 
to the components of the momentum, that is, x = ifd/Op,, y = ihd/dp,, and so on. 
Using (28.12), we can easily write down in the momentum representation the explicit 
form of operators corresponding to physical quantities which in classical physics can 
be expressed in terms of functions of coordinates and momenta. 

The Hamiltonian operator, for instance, which in the coordinate representation 
is of the form 


} (28.12) 


will, in the momentum representation, be of the form 


2 


A=" + viAV,), (28.13) 
Qu 
or, in matrix form 


<p'|\p> = om 5(p’ — p) + V(—ihV,) 6(p' — p). 


Let us finally write down the matrix form of operators in the coordinate represen- 
tation. The coordinate operator is described by a continuous diagonal matrix 


<r’ lel) = ro(r’ — vr). 
The momentum operator is described by the matrix 
<r’ |p|r> = iAV,0(r' — r). 


In practical application, one usually employs the coordinate representation. This 
is caused by the fact that the interaction energy is expressed as a function of the co- 
ordinates of particles, which, in the coordinate representation, is the same as the 
corresponding operator. The kinetic energy is a simple function of the momenta. 
Its operator is thus also a simple expression in the coordinate representation. When 
studying systems consisting of weakly interacting particles, one often uses the mo- 
mentum representation. When obtaining approximate solutions of quantum mecha- 
nical problems (see Chapter VII), we often use the E-representation. 


As an example of an application of the momentum representation, we shall solve the one-dimen- 
sional Schrédinger equation (25.5) met with in Section 25: 


7 po gz 
[-= 7m F(x - sp [ve —x,)=0. (28.14) 
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Using (27.10) and dropping the factor (27/i)-*/2 we can write 


+ 0 
w(x — x) -| Pp) oP -*9Ih dp, (28.15) 


e 
where 9p) is the particle wave function in the momentum representation. 
Using (28.13) to replace in equation (28.14) the Hamiltonian operator in the coordinate represen- 
tation by the momentum representation operator, we find the equivalent Schrédinger equation in 
the momentum representation: 





p 
, E - nee op) = 
Que 
Apart from an arbitrary multiplying factor, we can write the solution of this equation in the form 
op) = exp( — 2 (28.16) 
= exp[{ — . . 
PN GhuF 
Substituting (28.16) into (28.15) and introducing the new variable 
1/3 
2uF 
= (7) (a2, 28.17 


we find the unnormalised wave function in the coordinate representation, that is, the required 
solution of equation (28.14), 


+00 
wo-[ exp jr e+3 = la -2va00, 


% 2 
GE) = ral cos (« + =) dz 
J mJo 


is the Airy function. The Airy function can be expressed in terms of Bessel functions (see Mathe- 
matical Appendix D) of order 1/3 using the relations§ 


Weel 2 (3). if €>0; 
_ Vai fou, (Fe"") + san (Ge) if £<0. 


In a number of applications we must evaluate matrix elements of products of 
operators. Using the condition (27.14) that the eigenfunctions form a complete set, 
one can easily transform such matrix elements into a sum of products of the matrix 
elements of each of the operators separately. If, for instance, |m) are the eigenfunc- 
tions of an operator with a discrete spectrum, we have 


where 


(28.18) 


<m|FK\m'> = ¥ <m|F|m"> Gm'|K|m’>. (28.19) 


§ H. BATEMAN, Higher Transcendental Functions, McGraw-Hill, New York, Vol. II, p. 22, 1953. 
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If |p> are the eigenfunctions of an operator with a continuous spectrum, we have 
<pIFKIp’> = J <plFlp"> <p" IK pD ap”. (28.19a) 


This rule can easily be generalised to the case of the product of a larger number of 
operators. 

To conclude this section, we give the form of the expression determining the average 
value of a physical quantity F in a state described by a wave vector in a representation 
corresponding to an operator with a discrete spectrum. Let, for instance, the state 
correspond to the wave function <E,|a> in the E-representation. The operator F 
in the same representation is defined by the matrix <E,,|F|E,), and the average 
value of F in the state a will thus be given by 


<a|Flay = ¥ <a|En> (Em|F|E,> <Enla>. (28.20) 


Apart from the average value (28.20) in a given quantum state, we need often evaluate averages 
over some collection of states, which, in the general case, is determined by a density matrix (see 
Section 14). Examples of this are the averages over spin states and statistical averages. 

When the state is described by a density matrix @ the average value of a physical quantity L is 
determined by equation (14.8) which we can write in the form 


> =TrF=> <a; |Flap, (28.21) 
i 


where F = ie is the product of the matrix of the operator £ and the density matrix. 
One verifies easily that the value (28.21) does not depend on the choice of the representation. 
Indeed, when we change to a new representation, we have 


<a; |F| a> = p> «ai [P| By> <By |a,:>. 


Substituting this value into (28.21) we have 
<> = x <a; |F| a> = > <a; \F| B,> <B; a> = p> <B, |aa> <a; |F| By> = p> <B, |FIB)>. 


29. THE DETERMINATION OF THE EIGENFUNCTIONS AND EIGENVALUES OF OPERATORS 
GIVEN IN THE ForRM OF MATRICES 


The operators F can in the representations corresponding to operators with a 
continuous eigenvalue spectrum (r-representation, p-representation, and so on) be 
written in the form of differential expressions. In that case, we find the eigenfunctions 
and eigenvalues of these operators by solving differential equations. Such equations 
were studied in Section 8 for operators given in the coordinate representation. They 
are, in the general case, of the form 


Fy,(é) = Fyr(6). (29.1) 


In representations corresponding to operators with a discrete spectrum, the opera- 
tors can be written in the form of matrices and all wave functions are functions of 
variables running through a set of discrete values. These wave functions can thus be 
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depicted as single-column matrices. To determine how to find the eigenvalues and 
eigenfunctions of operators in representations with a discrete spectrum, we change 
in equation (29.1) to the appropriate representation. Let us consider the E-represen- 
tation as an example; we can then substitute into (29.1) the expansion 


pr) = ELF = YEE (EF, 


multiply by <£,,|&>, integrate over all values of the variables &, and we get a setof 
linear equations 
Y (En! Fl En> — Sm} (EnlF> = 0; (29.2) 


where . . 
(En|F|En> = J (Eml€> EXE] E> dé (29.3) 


are the matrix elements of the operator of the physical quantity F in the E-represen- 
tation, and (Z,|F> = y,(£,) is the wave function in the E-representation. 

The set of equations (29.2) is an infinite set of homogeneous linear equations in 
the unknown functions <£,|F>. In order that this system has a non-vanishing solu- 
tion, the determinant formed from the coefficients of this set of equations must 


vanish, that is, . 


Equation (29.4) is an equation of infinitely high degree in F and it has an infinite 


number of roots 
Fy, Boy ceey Fagg 


The roots of equation (29.4) are the eigenvalues of the operator corresponding to 
the physical quantity F. 

Substituting one of these eigenvalues, say F,,, into the set of equations (29.2) and 
solving them, we determine the eigenfunction corresponding to that eigenvalue. This 
eigenfunction can be depicted as a single-column matrix 


(Ey | Fin) 
(E2| Fn? 
CEs] Fin? | (29.5) 


(En Fn>) = 


Using the transformations considered in Section 27, we can find the form of the 
eigenfunctions (29.5) in any other representation. We can, for instance, change to 
the coordinate representation by the transformation 


<ElFn> = El En> (Enl Finds (29.6) 


where the <£|E,> are the energy operator eigenfunctions in the coordinate represen- 
tation. 
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The roots of equation (29.4) form a diagonal matrix 


F,0 0 
0 F, 0 
00 Fr... 


(F9am) = (29.7) 


The diagonal matrix (29.7) is the description of the operator F in its own represen- 
tation. Indeed, if the <€] F,,> are the eigenfunctions of the operator F in the coordinate 
representation, we have 


(Fn | Fl Fa> = J dECFn|E> ECELF,) = FaSam- 


The problem of finding the eigenvalues of an operator given in the form of a matrix 
can thus be considered to be the problem of reducing that matrix to diagonal form. 
Mathematics show that Hermitean matrices can always be reduced to diagonal form. 

The above can immediately be generalised to the case of representations where 
the operators are given by continuous matrices, if we replace the sums by integrals. 
The set of equations (29.2) which determines the eigenfunctions and eigenvalues is then 
replaced by an integral equation. If we want, for instance, to find the eigenvalues and 
eigenfunctions of the operator <é’|#|£> given in the coordinate representation by a 
continuous matrix, we must solve the integral equation 


J d&<E'|FIE) <EL FD = FKE'|F), 


which is equivalent to the differential equation (29.1). 


30. THE GENERAL THEORY OF UNITARY TRANSFORMATIONS 


In the preceding sections of this chapter, we have studied particular cases of trans- 
formations of functions and operators from one representation to another, that is, 
from one set of independent variables to another. Examples were the transformations 


lay =) ELE (Ela), (30.1) 


<E[b> = J dp<Elp> <p lb), (30.2) 


generated by the transformation functions <&|£,> and <&|p> which are the eigen- 
functions of the energy and the momentum operators, respectively, in the coordinate 
representation. These functions satisfy the orthonormality conditions 


J GEER IED <E|En> = Sinn» (30.3) 
J d&<p'|E> <Elp> = 6(p' — p). (30.4) 
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To study the general properties of such transformations, we must write them in 
a symbolical form, describing the transformation as the result of the action of an 
operator, that is, we write instead of (30.1) 


<éla> = S(E, E,) <E,|a>, (30.5) 


where we must regard S(é, E,) to be a matrix with a continuously varying first index 
and a discrete second index. The right-hand side of (30.5) must then be understood 
to be the product of the matrix S(é, E,) with the column matrix (“E,|a)). 

The transformation (30.2) can simply be written in the form 


<é|b> = SE, p) <pldy. (30.6) 


We must here understand by S(é, p) the integral operator, the kernel of which is 
the eigenfunction of the momentum operator in the coordinate representation. 

The transition from one set of independent variables to another is called a canonical 
transformation. The transformation (30.5) is thus a canonical transformation from 
the variables £, to the variables £, and the transformation (30.6) is a canonical trans- 
formation from the variables p to the variables &. 

We write the transformation which is the inverse of (30.6) in the form 


<p|b> = 8-1, p) <&, bY. 


Bearing in mind that 
<plb> = J d&<plé> <E|b> = J dé<E|pyt <E] b> 
we see that 5-1 is an integral operator with kernel <&|p>+; we have thus 


S-1E, p) = SIE, p), 
or 
StS = 1. (30.7) 


An operator satisfying condition (30.7) is called a unitary operator. We come thus 
to the conclusion that canonical transformations are generated by unitary operators. 

We can symbolically describe a canonical transformation of a function y by means 
of a unitary operator S in the general case by the equation 


© = Sy. (30.8) 


When we use (30.8) to transform the wave functions from one set of variables to 
another, we must simultaneously transform all operators. Let, for instance, an ope- 
rator F, act upon a function yp in such a way that 


y’ = Ey. (30.9) 


We now transform this equation using the unitary operator S; using that fact that 
S~1S = 1, we find then 


100 Elementary Representation Theory [IV, 30] 


or, using (30.8) 


@' = F,®, 
where _. 
Fo = SF,S~* (30.10) 


is the operator acting upon ©. Equation (30.10) determines thus the law according 
to which the operators are transformed to the new variables when (30.8) transforms 
the wave functions to those variables. 

Apart from the unitary transformations, which we considered a moment ago, and 
which correspond to a canonical transformation from one set of variables to another, 
an important role in quantum mechanics is played by unitary transformations of the 
form S = e where & is a Hermitean operator or an arbitrary real function in the 
same variables as the wave function. The unitary transformation 


Sy = e®y (30.11) 


changes the form of the wave functions, but it does not change the independent 
variables of the function. Such a transformation is called a phase transformatton. 

Every physical quantity can thus be represented, not by one, but by an infinity 
of operators, differing from one another by unitary transformations. In other words, 
operators connected by the relation 


F' = SFS"', with SSt=1 (30.12) 


correspond to the same physical quantity. The properties of physical quantities may 
not depend on such an arbitrariness, that is, they must refer to those properties of 
the operators which remain invariant under the unitary transformations (30.12). 
Among such properties are the following: 


(a) The linearity and Hermeteicity of operators; 
(b) The commutation relations between operators. 


Indeed, if LE M]-_ = iC, we have 


SFS-'SMS"' — SMS“'SFS"' = iSCS“', 
or 
F'M' — MF’ = iC’, 


where the primed operators differ from the unprimed ones through the unitary trans- 
formation (30.12); 


(c) The eigenvalue spectrum of operators is invariant with respect to the appli- 
cation of a unitary transformation of the operators. Indeed if, 


Ry = Fy, 
we have 
0 Sp = FSy, 
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or 
Fy® = FO, 

where © = Sy; 

(d) Any algebraic relation between operators is invariant under a unitary trans- 
formation. The relations 

F=M+L or F= ML 

remain, for instance, invariant as the unitary transformation of all three operators 
/leads to new operators, satisfying the same relations; 

(e) The matrix elements of operators do not change under unitary transformations. 
This statement follows immediately from the following equation 

YnlFlyn> = § paFy, dé = J phS~'SFS™'Sy, dé 
= J tPF pide = Cyn Flys. 
To conclude this section, we shall consider a small phase transformation of the 


state vector by means of an infinitesimal unitary transformation § = e' where the 
real function of the coordinates or the Hermitean operator « satisfies the inequality 
«& = F(£)/h < 1. Such a unitary transformation can approximately be represented by 
a finite number of terms of the series 


man a 9 
§=14i%41 iF +e (30.13) 
h 2 
If F = Ft we have for the inverse operator 
5 B\ 2 
gg, —;% 41 _,F nee 
h 2 h 


If we restrict ourselve$ to merely the first two terms in these series, the unitarity 
condition will be satisfied up to terms of second order, since 


r\ 2 
Sstai+(F) e 1, 
h 


The change in functions under the unitary transformation (30.13) can be written 
in the form 


- F 1 (iF\? 
y= vaeritesi(F) pte (30.14) 


i’ = Si5"' = (: +o ~)e(1 - 24 ~) 


pp 
bo 
| 
I 
= 
Pe el 
Nv 
Cm 
mp 
Rp 
BS 
ed 
I 
( 
+ 


(30.15) 
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31. UNITARY TRANSFORMATIONS CORRESPONDING TO A CHANGE OF STATE WITH TIME 


Up to now, we have considered unitary transformations generated by operators 
which did not contain the time. By the simultaneous change of the state vectors and 
the operators we changed to different ways of describing the same state at a given 
time. The simultaneous application of a unitary transformation of the wave functions 
and the operators using (30.9) and (30.10) changes its form, but does not change the 
state of the system. We shall now show that we can also use unitary transformations 
to describe the change of state with time. This possibility can be realised in several 
ways, which we shall call representations of the change of state. In the present section, 
we shall consider several representations of the change of state with time. 


(a) The Schrédinger representation. If the eigenvalue spectrum of an operator 
does not change with time, we can use operators, the mathematical form of which 
does not depend on the time. In that case, the change of state with time is determined 
by the change (rotation) of the state vector. Such a representation of the operators 
and state vectors is called the Schrédinger representation. The change with time of the 
wave function is in the Schrédinger representation determined by the Schrédinger 
equation (Section 15). 

We can symbolically express the time-dependence of the wave functions in the 
Schrédinger representation by means of the unitary transformation 


(Et) = S(t) p(), (31.1) 


where »(&) is the value of the wave function at ¢ = 0. The operator S(t) changes 
continuously with time. At (¢ = 0), the operator S(#) is the same as the unit operator, 
that is, 5(0) = 1. In order that the wave function is normalised at all t, if it were nor- 
malised at ¢ = 0, it is necessary that the operator S(t) is unitary, 


Stn) S(t) = 1, 
since in that case we have 
<Sp|Sp> = <ylStSy> = <vly>. 
To determine the form of the operator S(t) we substitute (31.1) into the Schrddinger 


equation (15.1) and get 
E =O _ As] y(é) = 0. 


This equation can be replaced by the operator equation 
ih = = AS(1). (31.2) 
t 


If H does not depend explicitly on the time, we can solve (31.2) formally as follows 


S(t) = exp (- iH): (31.3) 
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The change of state with time is thus from (31.1) determined by the wave function 
w(E, #) = e Bye), (31.4) 


A peculiar property of equation (31.4) is that we have an operator in the index of 
the exponent. To define the action of such an operator upon a function »(&), we must 
expand this function in terms of the eigenfunctions of the operator H. If Ho, = E,qy, 
(31.4) becomes 


w(t) = x (-; i in) 1 Ya 


. k 
=) any, (- t Fst) —_ Y, aapne ent (31.4a) 
n k t 


(b) The Heisenberg representation. In this case, the wave function does not change 
with time, but the operators corresponding to physical quantities change. Let 
Wsen(&, t) be the wave function in the Schrédinger representation and p,(&) the time- 
independent wave function in the Heisenberg representation. Using (31.4), we can 
then change from the Schrédinger representation to the Heisenberg representation 
by means of the transformation 


pul) = S~1(0) vsen(é 1), (31.5) 


where S(t) is the operator (31.3). If, in going from the Schrédinger representation 
to the Heisenberg representation, we use (31.5), we must, according to the general 
rules (30.8) and (30.10) of unitary transformations, simultaneously change the opera- 
tors according to the rule 


Fut) = S7*(t) Foon S(0). (31.6) 


Therefore, if the operators are time-independent in the Schrédinger representation, 
they depend on the time in the Heisenberg representation—their time-dependence is 
given by (31.6)—and the wave functions are time-independent. Since S(0) = S-1(0) =1, 
the state vectors in the Schrédinger and the Heisenberg representations are identical 
at ¢ = 0. The operators are also identical in the two representations at ¢ = 0. Since 
F,,(0) = Fen, equation (31.6) will determine the change with time ¢ of an operator 
in the Heisenberg representation. The change of a Heisenberg operator over a time 
interval At will thus be determined by the equation 


Fa + At) = S-*(Ad Fd) SAD). (31.7) 


We have dropped here the index H of the operators since they both refer to the 
same Heisenberg representation. Using (30.15) we find 


F(t + At) = F(t) + * tf F)|_ At + 
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From this equation, we find the equation of motion for an operator in the Heisenberg 
representation: 


Flim. 31.8) 


We could also have obtained this equation by differentiating equation (31.6) with 
respect to the time and using (31.3). 
Using (31.3) and (31.7), we find for the change in F over a finite time the equation 


Fa + 0) = ee, (31.9) 


It follows from (31.8) that all operators commuting with the Hamiltonian operator H 
are also in the Heisenberg representation time-independent. Since at ¢ = 0 the 
operators in the Schrédinger and in the Heisenberg representations are the same, 
the form of operators commuting with the operator H remains unchanged when we 
go over from the Schrédinger to the Heisenberg representation. In particular, this 
statement is true for the Hamiltonian operator itself. 


(c) The interaction representation. We often must study in quantum mechanics 
systems consisting of several interacting parts. In such cases, the Hamiltonian operator 
can be written as a sum of two terms 


H=HA,+Y9, (31.10) 


where H, is the Hamiltonian operator when the interactions between the different 
parts of the system are neglected and V is the operator of the interactions. For such 
systems, one often uses to describe the change of state with time the interaction 
representation. The change from the wave functions of the Schrédinger representation 
Pscn(&, ¢) to the wave functions of the interaction representation ¥,,,(&, f) is performed 
by the unitary operator 
S(t) = efor, (31.11) 
and we have thus 
Prat(E, t) = S(t) Psen(E, £). (31.12) 


Substituting into the Schrédinger equation 


°, Ovsen(&, t) 
ot 


ih = (Ho + V) PscnlE, t) 


the function ws.,(é, t) = e7 '"°*/"y,_.(E, £) we get in the interaction representation the 
equation 


ih “tial FaarPioés t), (31.13) 


where 
Fine = S(0) PSN) = efBotfre- Motrh, (31.14) 
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All operators change in time in the interaction representation in such a way that if F 
is the operator in the Schrédinger representation, the operator in the interaction 
representation is given by 

Fin = eitot/h Fro— tHot/h (31.15) 


Equation (31.14) is a particular case of (31.15). 

In the interaction representation the change of state with time is thus described 
by a change in time of both functions and operators. The time-dependence of the 
operators is described by (31.15) or by the equation 


AF int 
dt 





1 o- a 
= — Fiat» Ao)-, (31.16) 
ih 


which is equivalent to (31.15) and which can be obtained from (31.15) by differentiation 
with respect to the time. The time dependence of the wave functions follows from 
equation (31.13) which has the same form as the Schrédinger equation, but with the 
complete Hamiltonian operator replaced by the interaction operator. 

The interaction representation is intermediate between the Schrédinger and the 
Heisenberg representations. The operators in this representation depend on the time 
in the same way as the operators in the Heisenberg representation for a system with 
Hamiltonian Hy; the change with time of the state vector is caused by the interaction 
operator alone. 

Apart from those considered in this chapter, there are other ways to describe the 
states of quantum mechanical systems and their change with time, for instance, the 
second quantisation representation and the occupation number representation, which 
we shall meet with in Chapters XIV and XV. 


PROBLEMS 


. What is the physical meaning of the quantity po if we write the wave function of a particle in 
the form 


— 


v(x) = pCa) ele? (A) 
where ¢(x) is a real function, 


2, Find the time-dependent operator of the coordinate x in the coordinate representation for a free 
particle and for a harmonic oscillator. 


3. Use the results of the preceding problem to find the time-dependence of the dispersion in the 
coordinate for a free particle. 


4. If at t= 0 the normalised wave function is given by equation (A) of Problem 1, find <(4x)*> 
for a free particle and for a harmonic oscillator. Show that if in the case of a harmonic oscillator 


G(x) = CemHer/?h, 
((4x)?>e = (4x)? >a - 


5. Find the equation of motion of the density matrix in the Heisenberg and in the interaction 
representation. 


CHAPTER V 


THE SIMPLEST APPLICATIONS 
OF QUANTUM MECHANICS 


32. A PARTICLE IN A RECTANGULAR POTENTIAL WELL 


In this and in the next chapter, we shall consider some simple systems for which 
we can give a rigorous solution of the Schrédinger equation determining the statio- 
nary states. Such systems are idealisations of systems occurring in nature. A study 
of simple idealised systems enables us to elucidate more fully the methods of quantum 
mechanics. Moreover, the results obtained are also interesting on their own account 
since in some approximation they reflect the properties of certain real systems. 

The problem of determining the stationary states of motion of a particle of mass u 
in an external potential field reduces to finding the eigenvalues of the energy operator 
(see Section 16), that is, to solving the equation 


|v" + {E - v0} |v =0. (32.1) 


This equation is a linear second-order differential equation. Exact analytical solutions 
of equation (32.1) can be found only for some forms of the potential energy operator 
which in the coordinate representation is a function of the coordinates of the particle. 
The simplest solutions refer to systems for which the potential energy is constant in 
the whole of space—free motion— or has different constant values in different regions 
of space, changing discontinuously on the surfaces which separate these regions. The 
wave function must be continuous on the discontinuity surfaces of the potential, since 
the probability density must be continuous. If the energy of the particle is bounded 
and the jump in the potential energy on the discontinuity surfaces finite, it follows 
from (32.1) that Vy must necessarily be continuous on the discontinuity surfaces. 
The boundary conditions on the surfaces o where the potential undergoes a finite 
jump reduce thus to the requirement that: 


yp and Vy must be continuous on o. (32.2) 

Let us now consider a particle moving in a potential U= U(x) + U(y)+ U(z), where 
U(x) = 0, if —~fex<f, Uw) =U), if x<—% or x>-; 

2 2 2 

. b b . b b 

UO)=0, if --Sys-; UW)=U, if y<-- or yor; (32.3) 
2 2 2 2 
U2)=0, if -—L<2s'; U@=Uy, if z<—-£ or z>F. 
2 2 2 2 
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In that case we can look for solutions of (32.1) in the form 


vx, ¥,2) = vp) pO) 2), E=e1 + & + és, 
and equation (32.1) splits into three independent one-dimensional equations 


1a + Ble veal v(x) = 0, 


dx? 
i + Hie, — von v(y) = 0, (32.4) 
dy h 


{z + tes - ven} y@) = 0. 


It is sufficient to solve one of these equations, for instance, the equation involving 
x and we can then by analogy write down the solutions of the other equations. 
U(x) 





-a/2 a/2 
Fic. 5. Rectangular form of potential energy 


From (32.3) we see that U(x) has the form of the potential well depicted in Fig. 5. 
The potential energy and the Hamiltonian operator are invariant under the inversion 
x — —x and from the considerations in Section 19 it then follows that all stationary 
states must have either even parity—when the wave function does not change under 
the transformation x - — x—or odd parity—when the wave function changes sign 
under such a coordinate transformation. Taking this symmetry property of the 
potential energy into account simplifies considerably the solution: it is sufficient to 
find the solution merely in the region of positive x, that is, in the range 0 S x < cw. 
The wave functions of odd parity must vanish at x = 0; for those of even parity; 
the derivative of the wave function must vanish at x = 0. 

We shall reckon the energy from the “bottom” of the potential well so that the 
energies e, will be positive. Let us consider an energy ¢, smaller than Uy. Let us 
furthermore write 





2ué 2 , 
kee Sh, = Uo — 8). (32.5) 
We can thus write equation (32.4) in the form 


(32.6) 
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The solution yy which is finite as x > oo can be written in the form 


Wy = Ae™. (32.7) 
The solution », corresponding to states of even parity will be 
we? = Boos kx. (32.8) 
For odd parity we have 
yy = Csin kx. (32.9) 


Let us first of all consider states of even parity. From the requirement that y and 
dy/dx be continuous at x = 4a it follows that we have the following two equations 
for A and B 1 
Boos > ka = Ae 7/2, | 


(32.10) 
Bsin 1 ka =" Ae~™!2, 
2 k 
This set of equations has a non-vanishing solution only if 
Ketan ka = 7 = oe (32.11) 


As the tangent is a periodic function with period x we can rewrite equation (32.11) 
as follows 


ka = na — 2 arcsin (32.12) 








JU. 


where n = 1,3, ..., and where the value of the arcsin must be taken to lie in the 0, 42 
interval. Equation (32.12) is a transcendental equation determining positive values 
of the wave number k—and, thus, possible energy levels—corresponding to states 
of even parity. As the argument of the arcsin cannot exceed 1, the values of & can lie 
only in the range 0 S$ k S 2uU)/h. The values kX, satisfying (32.12) for n = 1, 3, ... 
correspond to the points of intersection of the straight line ka and the monotonically 
decreasing curves 


(32.13) 








C,(k) = na — 2 arcsin . 
J 2409 


The solutions of equation (32.12) have a particularly simple form for very large 
values of U,(U, > ¢). In that case 


. hk 
arcsin x0 
2 le U, 7) 








and k, = zn/a, with n = 1, 3,... We then get for the energy of the particle 
xh 


n 
2pa 


oP) = 


nodd. (32.14) 





2 2 
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We have here py = 0, and the wave function inside the well which satisfies the 
normalisation condition 
+a/2 
| Iwil? dx = 1, 


—af/2 
is of the form 


yi? = [2eos Ze, nodd. (32.15) 

a a 

If we consider states of odd parity, the condition that y and dy/dx be continuous 
at x = 4a leads to the equations 


Csin 5 ka = Ae 2, | 
; (32.16) 
Ccos-ka = — “ Ae~?™!2, 
2 k 


In order that this set of equations have a solution, we must have 
k cotika = —y. (32.17) 


Using the periodic character of the cotangent, we can find from (32.17) an equation 
which is formally the same as the transcendental equation (32.12). It determines the 
values k, corresponding to the discrete states of odd parity for n = 2, 4, 6,... 

The discrete energy levels of a particle in a symmetrical potential well can thus 
be expressed by the formula ¢, = h?k?/2ua? where the k, are determined by the points 
of intersection of the line ka with the monotonically decreasing curves (32.13). The 
values n = 2, 4, 6, ... correspond to states of odd parity. 

As ka increases monotonically while 2,(k) decreases monotonically, we can write 
the condition that they intersect in the form 

V 2uU 4 


ka —€,(4) > 0 when k= a 





or, explicitly 
ar/2Uo > ah(n — 1). (32.18) 


Condition (32.18) is always satisfied for n = 1. There is thus always at least one 
discrete energy level in a symmetrical one-dimensional well, whatever the values of a 
and Uy. The possible number of levels in the well is determined by the maximum 
value of n still satisfying inequality (32.18). 

In the particular case of infinitely large values of Uj it follows from (32.12) that for 
states of odd parity ka = nx with n = 2, 4, 6,... The value m = 0 is excluded since 
it leads to y, = 0 for all values of x. The energy of a particle in an infinitely deep 
potential well is thus for states of odd parity «S’ = 2?h?n?/2ua? with n = 2, 4, 6, ... 
while the wave functions are 


yw = AE sin x. (32.19) 
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The wave functions (32.15) and (32.19) vanish for x = +4a. We see thus that 
the boundary conditions at surfaces where the potential energy becomes infinite 
(ideally rigid walls) reduces to the requirement that the wave function vanish on those 
surfaces (the particle cannot penetrate into the region where U = oo), and its deri- 
vative with respect to the coordinate normal to these surfaces will, generally speaking, 
be discontinuous. If Up is finite, the particle can also get into the regions |x| > 4a. 
The wave functions in these regions will be the same as the functions (32.7) where A 
for the states of even and odd parity is determined in terms of B and C through 
equations (32.10) and (32.16) for each value of the roots of equations (32.11) and 
(32.17). _. 

It follows from (32.18) that if a J U, is sufficiently small—corresponding to a shal- 
low, not too wide well of a deep, narrow one—a particle of mass y will have only 
one discrete energy level with k, ~ J 2uUo/h. The energy of the particle is in that 
case ey ~ Uy and y = (2a/h) J Uo ~— €1 © 0 so that the wave function (32.7) of the 
particle outside the well will have appreciable values at relatively large distances 
from the well. 

Having solved the one-dimensional problem we can easily obtain also the solution 
for the three-dimensional case. We shall show this for the case of a rectangular 
potential well with a very large value of U); the energy will then be determined by 
three quantum numbers 








wh [ni nz 713 
Eningny = rae + p + =| y,M2,N3 = 1, 2,3, ... (32.20) 


The corresponding wave function will be 


Pinang = Puy(X) Ynz(V) Yn, (2); (32.21) 


Ve cos ie if n, = 1,3,5,...; 
a 


a 
Wn, (x) = 


with 





2. . 
f sin mr if n, = 2,4,6,...; 
a a 





and similar expressions for »,,(y) and y,,(z). 

If a + b + c + a each energy value corresponds to one wave function (32.21). 
There is, in other words, no degeneracy. This result follows immediately from the 
symmetry properties of the potential energy. The potential energy is invariant under 
rotations over a around any of the three coordinate axes and under inversion 
(x, y, Z + —x, —y, —z). The symmetry of the field corresponds thus to the Abelian 
D»-group. In that group, the result of applying two symmetry transformations is 
independent of the order in which they are applied. All irreducible representations 
of this group are one-dimensional] and there is no degeneracy (see Section 20). 
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If a = b = ¢, the particle energy is given by 


272 
wh 


Enns = na +n +73). (32.22) 


In that case, the symmetry of the field is the symmetry of a cube. The corresponding 
symmetry group O, contains one-, two-, and three-dimensional irreducible represen- 
tations and two- or three-fold degenerate energy levels may then occur. The three wave 
functions with quantum numbers 7, = 5, 2, =1, n3=1; n, = 1, 2, =5,n, = 1; 
ny, = 1,n, = 1,3 = 5 correspond, for instance, to the same energy 2727h?/2ua?. 
One can, however, easily verify that the same energy corresponds also to the 
wave function with quantum numbers n, = n, = nz = 3. This additional degeneracy 
is caused by the particular way in which the potential energy depends on the coor- 
dinates and not by the symmetry of the field. We call such an additional degeneracy 
accidental degeneracy. When studying the motion of an electron in a Coulomb field 
(Sections 38 and 39), we shall meet with a similar accidental degeneracy with respect 
to the quantum number /; this accidental degeneracy distinguishes the Coulomb 
field from all other spherically symmetrical fields (see also Section 37). 

Let us now consider the one-dimensional motion for a particle with an energy 
exceeding the height of the potential well, that is, with « > Uo. In that case y? = 
= 2u(Uo — £)/h? < 0 and y is imaginary. The solutions which are finite outside 
the well contain, therefore, not one constant—as in the case when e < U,—but two 
constants. The two homogeneous equations obtained from the condition that y and 
dy/dx be continuous on the boundary, contain thus three unknown quantities. One 
can solve these equations for any value of k, or ¢; the energy of the motion is not 
quantised. 

The energy levels will be two-fold degenerate. There are two solutions for each 
value of « larger than U); these two solutions are described by the functions 


ix /> 
Yi ~ exp E J 2ule _- v0} 


2 ~ exp |-FY 2ule — 0.) | 


outside the well. The first of these functions corresponds to the motion of the particle 
in the +.x-direction, and the second one to the motion in the — x-direction. 

In studying the motion of a particle in a rectangular well, we reckoned our energy 
from the bottom of the well so that all energy values were positive. In physics one 
often takes as the zero of the energy the value of the potential energy at infinity. 
To change to such a normalisation we must subtract U, from all energy values given 
in the foregoing discussions, so that 
<0 for the discrete spectrum, 


E’'=E—-U, ; 
> 0 for the continuous spectrum. 
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Let us now study in somewhat more detail the solution of the one-dimensional 


equation L > 
oP Pie UD) yp = 0 (32.23) 


for states of the continuous spectrum for the motion in a field with the potential 


energy —Uo, if |x| Sb; 


0, if |x| >. 

If the potential energy is normalised in this way, the states of the continuous spectrum 
correspond to positive energies ¢. In such states the particle moves freely outside the 
well and can move arbitrarily far from the well. 

If the particle moves in the + x-direction, it feels the action of a force when it 
reaches the potential well. The particle is then either reflected, or it “passes through“ 
the potential well. Let us evaluate the probabilities for these processes. We remember 
that we solved a similar problem in Section 26 by the WK B-method for a potential 
barrier and for a potential well. In the region I, where x < —3, the solution of equa- 
tion (32.23) is 


where fky = «/ 2. 


The functions Ae™* and Be~* refer, respectively to incoming and reflected 
particles. In region III, where x > b, we must choose a solution in the form of a 
transmitted wave: 

Yn = Cet, 


In region II, where —b < x < 5, the solution of (32.23) is 
Yn = ae" + Be" with Ak =~/2u(e + Ud). (32.25) 


To evaluate the transmission coefficient, D = |C/A|*, and the reflexion coefficient, 
R = |B/A|?, we must express the amplitudes C and B in terms of A. To do this, we 
must equate yy and yy and their derivatives with respect to x at the point x = b. 
The result is the two equations 


_ k - 
Cotto? — agit? 4 Be ib, 7 Coto? — elk? _ Be thd 


U(x) = | (32.24) 


ik, — ik, 
yr = Ae™* + Beo™™, 


and their solution is 


a= ; c(t + 2) exp {i(ko — k) b}, 
' k (32.26) 
p=- (I _ 2) ex {ilko + k) b}. 
2 k 
Equating then y, and yy and their derivatives at x = —bd, we find 


—tkob ikob —ikb ikb 
Ae to 4. Belt” — xe + Be, 


Aew to _ Belkob — = [ae _ Be!*}. 
0 
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Solving these equations for A and B and using (32.26) we get 


A _ 1 Gothen 1 4 kt 1 + ko eka 4 1 _ k 1 _ ko | 
4 Ko k Ko k 
= la 1 _ kK 1 + Ko etka + 1 + kK 1— ko eika , 
4 ko k Ko k 


where a = 2b is the width of the potential well. The transmission coefficient is thus 


2 -1 
D=i1 + L(ko _ sin’ kay. (32.27) 
4\k ko 


We can similarly evaluate the reflexion coefficient R and show that R = 1 — D. 

If sin ka + 0, the transmission coefficient differs from unity, and there is thus a 
well-defined probability that the particle is reflected from the potential well, However, 
if 

sinka=0, or ka=na (32.28) 


(n: integer), the transmission coefficient is unity and R = 0. 
Substituting into (32.28) the value of k from (32.25) we find the energies «, for 
which the reflexion coefficient vanishes: 


242 
wh 


Sua n’ — U) > 0, _ n: integer. (32.29) 
ua 


&, = 





For the positive energies &, which satisfy equation (32.29) the transmission coef- 
ficient D thus equals unity. We call these energy values resonance energies. It follows 
from the fact that the e, must be positive that the quantum numbers of the resonance 
energies satisfy the inequality 
2a* UU 


> 
wh 





n> (32.30) 
From (32.28) it follows that a = 4nA, that is, the well contains an integral number 
of half-wavelengths. The distance between successive resonance energies is deter- 


mined by the equation 
wh 
5 (2n + 1). 
a 





Ent. — & = 


If we bear in mind the different way in which the energy is normalised, we see 
that equation (32.29) is the same as expression (32.14) and its extension to even n 
defining the energies of the discrete states of a particle in a deep well. The energy 
levels (32.29) are sometimes called virtual energy levels. 

Let us assume that &, characterises a virtual level, 


— Uy, (32.31) 
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such that D = 1. Let us define the quantity 6k by requiring that for k = k, + 6k 
the transmission coefficient D = 4. It follows from (32.27) that in that case the follow- 
ing equation must be satisfied: 











ko _ _ ky + Ok a(k, + dk)| = 2. (32.32) 
k, + 0k ko 
Using (32.28) and the inequality 6k < k, we can rewrite (32.32) as follows: 
2kokn 





sin adk] ~ abk = . 
| | rae 


We get then from (32.31) for the change in energy such that D is decreased to 4: 





h 
7k ok? aan hak 
n ~~ —_=a, Md 3 = ’ Vn = —, (32.33) 
Balko — kal |ko  & Be 
k ko 








The quantity de, defined by (32.33) is usually called the half-width of the virtual 


level. 

Let us assume that a particle with energy « = ?k¢/2u < Uy passes through the 
potential barrier 
Uo, if b2\x|, 2b=a; 


U(x) = 
@) ‘o if b < |al. 


In the barrier region the solution of equation (32.23) is 
Yn = ae™ + Be, where hy = J 2u(Uo —é). 


Outside the barrier the solutions y, and yy are the same as the corresponding solu- 
tions for the case of a rectangular potential well. We can thus find the transmission 
coefficient for the barrier from (32.27) by formally changing &k to —iy. Bearing in 
mind that 


. —e 
sin iz = ; 
2i 
we get thus 
2 -1 
D= i¢t Ko v [e?" + e7?"@ _— 2]$ , 
16\y ko 


The inequality 2ay > 1 is usually satisfied, so that 


If the particle moves above the barrier, D is again determined by equation (32.27) 
where now hk = V 2u(e — Uo). 
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To conclude this section, we shall study the solution of the one-dimensional equation 
ay + s [E — U@x)]y =0 (32.34) 
for the asymmetric potential 
| if x <0, 
Ux) =);0, if O<Sx <a, 
lon. if x>a. 


Let E< U) and E < U,. Using the notation 


pa LEE ya Peo ee, yp = fa, 
h h 


we can then write down the general solution of equation (32.34) in the three different 
regions in which the potential energy is constant as follows 


Age ** + Boe” (x <0), 
p(x) = 4A sin (kx + 6) (0<x <a), 
Aye "!* + Bye?* (x > a). 
It is necessary to put Ap = B, = 0 in order that (x) be finite as x > +oo. If we 
are merely interested in possible energy values, we can require instead of the conti- 


nuity of y(x) and dp/dx at x = 0 and x = a, the continuity of the logarithmic deri- 
vative y~* dy/dx for the same values of x. We then get the two equations 


y=kcoté, y, = —kcot(ka + 4). 


Using the expressions for y and y, in terms of k we can transform these equations 
to become 
kh kh 


= sind, 
/2uUo J 2pU; 














= —sin (ka + 0). 


Eliminating 6 we find a transcendental equation to determine the values of k 


— arcsin 


ka = nx — arcsin ; 
/2uUs J 20, 








(32.35) 








where n = 1, 2,3,--- numbers the possible values of k in increasing magnitude; 
the values of the arcsin are taken within the interval 0, 2/2. The values of k must 
lie within the range 


o<k<,/mee, 


hh? 





qu 5 
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A particle in a well has n discrete energy levels if for k = V 2uUo/h the value ak 
is larger than the right-hand side of equation (32.35), that is, if the condition 


5 2uUc >X (" ~ ;) — arcsin [& (32.36) 


1 





is satisfied. In particular, we get for m = 1 from (32.36) the condition that there is at 
least one level in the well. If U, + U, one can always find values of a./ Up which are 
so small that there is not a single allowed energy level in the well, We remember that 
in classical mechanics a particle can perform finite motion in any well, provided its 
energy is sufficiently small. If Up = U,, condition (32.36) changes to the condition 
(32.18) considered earlier which is always satisfied for m = 1. This result is true for 
all one-dimensional problems: provided U(co) = U(—.«o) and there is between these 
two values one minimum, there exists at least one bound level. If, however, U(co) 
+ U(—oo) there may not be a bound state. In the two- or three-dimensional cases, 
even if U(oo) = U(—oo) there will not be a bound state in shallow, narrow wells: 
the particle is not “trapped” by the well and moves to infinity. 

Indeed, the energy of a particle in a three-dimensional well of depth U, and width 
a is determined by the formula E = (f?/2) )\ ki, where the k,, are the roots of the 
equation hk 


V 20> 


When aV Up decreases, thesmallest roots k, tend tov 2uU9/hand thus E > 3Uy > Ug. 
If E> Up, the energy is not quantised and the particle can move to infinity. 


ka = nye — 2 aresin » ” = 1,2, 3,.... 








33. THE HARMONIC OSCILLATOR 


For many physical systems, the potential energy will have a minimum at some 
point in space. Expanding the potential energy in a series of powers of the distance 
from that point we can write 


2 
U = U(0) + (5 =) x7 pve, (33.1) 
i?) 





Ox? 


where x is the distance from the equilibrium point determined by the condition 
(0U/éx)o = 0. If a particle of mass yu performs small oscillations around the equili- 
brium position, we can retain only the first two terms in the series (33.1). We shall 
reckon the energy of the system from the value U(0); the classical Hamiltonian can 


then be written in the form 
2 - 


Hy = 2 +x, (33.2) 
2 2 

where k = (67U/éx?),. Let us, moreover, assume that the form of the potential 

energy in (33.2) remains of the same form also for large values of x (idealisation of 

a real system). 
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The classical equation of motion of a particle described by the Hamiltonian (33.2) 
is simply - 
x(t) = Acos(wt + f), where w = ft (33.3) 
I 
One says in this case that the particle performs a harmonic oscillation around its 
equilibrium position and the corresponding system is called a harmonic oscillator. 
The vibrations of atoms in molecules or solids, surface vibrations of spherical atomic 
nuclei, and many other phenomena belong to this class of motion. 
It follows from (33.2) and (33.3) that the energy of the classical vibrations of a 
harmonic oscillator is determined by the expression 


E= $y? w? = BO?XX? Ya, (33.4) 


that is, it depends on the square of the amplitude A of the vibrations or the average 
value of the square of the displacement 


<x?>.. = A? cos? (wt + f) = $A. 
Let us now determine the stationary states of the harmonic oscillator by quantum 


mechanical methods. Substituting into (33.2) for the classical quantities the corres- 
ponding operators in the coordinate representation, we get the Schrédinger equation 


a w*u’x?—- twE 
ae p + AE] ne = 0. 





dx? hv? 
Let us introduce into that equation dimensionless variables 


é =X — &=—. (33.5) 


We then get the second-order equation 
aw 
— -& +e) =0. 33.6 
( = vé) (33.6) 
Let us study the behaviour of the wave function p(é) for sufficiently large values 
of &. Dropping e in comparison with &? we get 
a 
—- &)yp6=0, if |f[—- 0. 
( )w 
The wave function must thus behave as exp (+47) as |E] — 00. As the wave function 
must remain finite as |E| > oo we can only retain the solution corresponding to the 
exponentially decreasing function. We can thus write the solution of (33.6) in the 


form ple) = 0(6) 7", (33.7) 
Substituting this expression into (33.6) we find for the function v(£) the equation 
vo” — 2év’ + (e —1)v = 0,7 (33.8) 


5* 
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where the primes indicate differentiation with respect to €. In order that (33.7) remains 
finite, it is necessary that the solution for v is a finite polynomial in §. Such solutions 
of equation (33.8) exist, indeed, provided 


e—1=2n, n=0,1,2,.... (33.9) 
To each value of n in (33.9) there corresponds a polynomial of n-th degree, a so- 
called Hermite polynomial, 


H,() = (—1)" e* = eW*, (33.10) 


Including a normalising factor N, we have thus for the solution of equation (33.8) 
in the form of a polynomial of finite degree: 
v,(E) = NH, (6). (33.11) 
Substituting this expression into (33.7) we find the wave functions of the stationary 
states of the harmonic oscillator 
vn(é) = Nyew*"??H,(é), Na = Waentory-*, (33.12) 


which satisfy the orthonormality condition 


+0 
| Pum aE = Onm- (33.124) 


—oO 


These states are non-degenerate and to each state described by the wave function 
(33.12), there corresponds according to (33.9) one value e, = 27 + 1. Using (33.5) 
we find the energy eigenvalues of the harmonic oscillator 


E, = ho(n + 4). (33.13) 


The ground state energy, E, = thw, is called the zero-point energy. As the potential 
energy of an oscillator is invariant under an inversion, the stationary states can be 
classified to be either even or odd. All states with even values of m are even, and with 
odd values of n odd—that is, if n is odd, the wave function changes sign under the 
transformation x > —x. One can easily verify this by explicitly evaluating the first 
few Hermite polynomials 


Ho(é)=1, Hi) = 26, H2(6) = 46? — 2, Ha(€) = 86 — 128. 


In general, the parity is determined by equation (33.10). The Hermite polynomials 
satisfy simple recurrence relations 


fH,(E) = nHy_1(6) + 4n+1(6), (33.14) 
dH, 





= 2nH,_,(é), (33.15) 


which are useful for calculations. 
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Let us, for instance, evaluate the dispersion in the displacement from the average 
value of £ for the state y,(&). For the average value of & we have 


+o 
“> -| y2(e) § dé = 0, 


since the integrand is an odd function of &. Therefore, we have 


+o 
{AE >, = KEYn =| Yat Yr dé. (33.16) 
Using (33.12) and (33.14) we find 
Ep, = S4n yn + JEG + 1) Yost (33.17) 


Using this relation twice, we find 


Ey (6) = 2Vut — 1) Yp-2+ +49) + tVt Yt 2) nar. 


(33.18) 
Substituting (33.18) into (33.16) and using the orthonormality relation (33.124) we get 
>, =nt I or <x), =(n+ 1 A (33.19) 

2 2) po 


where we have used (33.5). It follows from (33.19) that the mean square amplitude 
of the zero-point oscillations is determined by the expression 


h 
<x? »o = =—— 
Quo 
Using equation (33.19), we can change (33.13) to read 
E, = po<x?>,. (33.20) 
Comparing (33.20) and (33.4), we see that the relation between the energy and the 
mean square displacement from the equilibrium position is the same in classical and 
in quantum mechanics. 
Using (33.17) and the orthonormality of the p, we can easily evaluate the matrix 
elements of the coordinate operator 


Cpl Ved = Call Pa) j2 
(40) 


- Sanaa + (OED AS a. (33.21) 


Differentiating y, with respect to & and using (33.15) we find 


OY, ft 
~~. = 2 -0 n— _~ ns . 
a 3 Yn-1 — &% , 33.22) 
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On f i 
— = f=nyy-1 — .(/-( + 1) Yast 
ae 2 Pa~1 5 ) Patt 


Using (33.17), we get from (33.22) two useful relations 


aa (F+ gma Vive | 
a5 (é - a) = Ja +2) vat: | 


Let us introduce the operator p, = —i@/d& which by (33.5) is related to the momentum 
operator p, = —ihd/@x through the equation 


or 


(33.23) 


Px = V pho De. (33.24) 
We can then rewrite (33.23) as follows 
ay, = Jn Yt aty, = (n + 1) Pn+i1> (33.25) 


where the operators @ and at are defined by the equations 


a 1 é 1 os A 
a=—~(&+— =—— (6 + p,), 
( ) /2 , 


. 1 7) 1 
at = — f- 5) = - itp. 
Bl a) fg 
Using (33.25), we can by successive applications of the operators at obtain the wave 
function of the n-th state from the wave function of the ground state: 
t= 1 
n Jn! 
Apart from a normalising factor, we can obtain the wave function y» from the 


condition ayo = 0, which follows from (33.25). Using the explicit form (33.26) of 
the operator a in the coordinate representation, we get the differential equation 


rs) 
(: + =) volé) = 0, 





(33.26) 


(aly pos (33.27) 


which gives us pp (£) in the coordinate representation. The solution of this equation 
is simply 
Yo(E) = Noe@*?. 
Using (33.26), we can easily verify that the a and a* satisfy the commutation relation 


[a, at]. =1. (33.28) 
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By successive applications of (33.25), we can prove the relations 
aaty, =(n+1)y,, atay, = nyn, (33.29) 


from which (33.28) also follows. 

From (33.29) we see that eigenvalues of the products aa‘ and ata are, respectively, 
equal to m + 1 and n. The matrices of these operators are thus diagonal in their 
own representation: 


(44) mn = (2 +1) Smn3 (4A) nn = On « (33.30) 


By using (33.30), we can easily evaluate the eigenvalues of the Hamiltonian obtained 
from (33.2) by changing to the operators a and at. Indeed, using (33.5) and (33.24), 


we find 
H = thoo(E? + pj). (33.31) 


On the other hand, it follows from the definition (33.26) that we have 
ata + aat = £7 + p?, 
We find thus 
Han = Yo? + 2) mn = Hio(Gta + GAY am = hoo(n + 4) dan = Eqn» 


or 
E, = ho(n + 4). 


PROBLEMS 


—_ 


. Show that for a particle in the one-dimensional potential 
U=0, if O<x<a; U=o, if x<0 or x>a, 


the following relations hold: 





1 a 6 
= 3” (@— <)> = =(: - =) . 


Show that in the limit as n > 0», these results are the same as for the classical motion. 


2. Find the momentum probability distribution for a particle in a rectangular potential well in its 
n-th stationary state. 


3. Find the bound state energy for a particle in the one-dimensional potential 
U=0, x<0; U=-U), 0<x<a; U=0, a<x, 
in the limit as Up > «, a0, while Upa = q. 
4. Prove that if Pe and & are defined by (33.5) and (33.24) and 
43 + By =ey, 
43+ Ex Boy = FY Et BY, 
and hence determine the eigenvalues and eigenfunctions of the harmonic oscillator. 


5. Find the energy of the bound state in the well U = —qé(x). 


we have 
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6. 


Find approximate expressions for the energy levels and the wavefunctions of a particle in the 
potential 


U=0, if O<x<a,atb<x<2a+b; U=Up, ifa<x<at+b; UV=.%, if x<0 or 
x>2at+b, if E« Ug and 2pU b?/h? > 1. 


. Find the transmission coefficient for passage through the potential barrier U = gd(x). 
. Find the quasi-stationary levels of a particle in the potential U(x) = g[d(x + a) + d(x — a)] if 
E <« uq?{h?. 


. Find the transmission coefficient for passage through the potential of the preceding problem. 
. Prove equation (33.9). 

. Prove that if o(€) in (33.7) is not a finite polynomial, p(é) will behave asymptotically as ¢87/2, 

. Use (33.10) to give the coefficients of the Hermitean polynomials. 

. Use (33.10) to prove (33.12), (33.14), and (33.15). 


. Discuss the barrier penetration problem for the one-dimensional two-particle system described 
by the Hamiltonian 
>» pr pea ~ 
A= 4 + Oya — x2) + G1e); 
2H, ue 


U,.(x)=0, if [xl<r; Ue2w=~, if [x|>Fr; 


Ua) =0, if x<a or x>6b; Uj@®=Up, if a<x<b. 


CHAPTER VI 


THE MOTION OFA PARTICLEIN A CENTRAL 
FIELD OF FORCE 


34. GENERAL PROPERTIES OF THE MOTION OF A PARTICLE IN A SPHERICALLY 
SYMMETRIC FIELD 


The stationary states of a particle moving in a spherically symmetric field are de- 
scribed by a Schrédinger equation with a Hamiltonian 


2 
Ash y4 U(r), ° (34.1) 
Qu 


where r = J x? + y? + 27 is the distance from the force centre. Bearing the symmetry 
of the field in mind, we must look for a solution of the Schrédinger equation in 
spherical polars. Using the results of Section 21, we can write 


2 24 
H=- he ro _ #4 . uw, (34.2) 
2ur” Or or 2ur 








where the operator A is defined by (21.6). 
It follows from (34.2) that the operator of the square of the angular momentum 


[? = —#A (34.3) 
and the operator of the z-component of the angular momentum 
7) 


L,= -ih— (34.4) 
dy 


—the direction of the z-axis can be chosen arbitrarily—commute with H. Systems 
described by the Hamiltonian (34.2) can thus occur in stationary states with well- 
defined values of the energy, the square of the angular momentum, and one compo~ 
nent of the angular momentum. The wavefunctions of these states are simultaneously 
eigenfunctions of the three above-named operators. The time-dependence of the wave 
functions of the stationary states is characterised by a factor exp (—iEt/h) where E 
is the energy of the system. We shall, therefore, in the following be interested only 
in the r, 0, y-dependence of the wavefunctions. 

The 0, g-dependence of the wavefunctions is completely determined by the values 
of L? and L, since these functions must be same as the eigenfunctions Y,,, of the L? 
Qu 5a 123 
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and L, operators corresponding to the eigenvalues (see Section 8) 
P=AWRWil+1), 1=0,1,2,...; (34.5) 
L,=hm, m=0,+1,.... (34.6) 


The quantum number / is called the orbital quantum number and the quantum num- 
ber m the magnetic quantum number. 

The wavefunctions of the stationary states of a particle with well-defined values 
of L? and L, in an arbitrary spherically symmetric field can thus be written in the form 


PE, tm(ls 9, p) = fal’) Yin(OQ), (34.7) 


where f;,(r) is the radial wavefunction; its form depends on the energy E, the value 
of L? (or J), and the potential energy U(r). As all directions in space are equivalent 
in a spherically symmetric field, the radial function f(r) cannot depend on the value 
of the quantum number m. 

Substituting (34.7) into the Schrédinger equation with the operator (34.2) we find 
an equation for the function R(r) = rf(r): 


Wid +1) 
Dur? 





- 5 t|vo+ 


R= ER, (34.8) 
2u dr? 


which determines the energy of the system. As the function f(r) must remain finite 
for r = 0, the function R(r) must vanish at r = 0. 

Each stationary state with a well-defined value of / will be 2/ + 1-fold degenerate 
corresponding to the 2/ + 1 values of m. States corresponding to the values of 
1=0, 1, 2, ... are usually denoted by the symbols s, p, d, f, g, .... For instance, states 
with zero orbital angular momentum (/ = 0) are called s-states, states with ] = 1 are 
called p-states, and so on. 

The Hamiltonian operator (34.2) commutes with the inversion operator P (see 
Section 19) which has the two eigenvalues +1. In this connexion, we can divide the 
stationary states of the system considered into even and odd states. The coordinate r 
is not changed under inversion, but the angular variables change as follows: 0 > x — 06, 
o> gy + 2, and we have thus 


PY in(OQ) = Yin(t — 0, +m) = (—1)! Yin(8Q). (34.9) 


It follows from (34.9) that the spherical harmonics are eigenfunctions of the inversion 
operator. All states with even / are even, and all states with odd / are odd. 

The energy eigenvalues and the radial wave functions are determined by the form 
of the potential energy U(r). We shall in the next sections consider systems with 
definite expressions for U(r). We study here some general properties of the solutions 
of equation (34.8). If the potential energy U(r) is always positive and tends to zero 
as r — oo, the average energy of the particle is positive for all states of motion, since 
the average value <U) is positive, while the average value of the kinetic energy is 
always positive. The particle can, in that case, go off to infinity from the centre and 
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move there as a free particle—since the potential energy vanishes there: its energy 
is not quantised in that case (see Section 39). 

If U(r) < 0 and U(co) = 0, it is possible that the particle is constrained to move 
within a limited volume of space with discrete negative values of the energy E. In 
that case, R(oo) = 0 and 


eo) 2 fo) 2 
- rik dr = aR dr. (34.10) 
o a o \dr 


Multiplying both sides of equation (34.8) by R, integrating over r, and using (34.10), 
we find for the average energy in the state R 


{ED = ~ KE) +|4 t+), 5 U ue |R ‘lar (34.11) 
or r 


Let R be non-vanishing only in a small region r < a. We can then write U(r) 
= — Ar", where A and n are positive quantities, and we can put dR/da ~ R/a and 
replace (34.11) approximately by the expression 


(Ew foe ++ V)_ ira (34.12) 

Qu a h’a" 
It follows from (34.12) that ifm > 2 the minimum of the average energy occurs when 
the particle ‘falls into” the centre (where a = 0). If n < 2, the minimum of the 
average energy corresponds to a finite value of a, that is, the particle does not fall 
into the centre. The discrete energy spectrum of the stationary states starts in that 
case with a finite, negative value. The lowest energy value will occur for an s-state 
(J = 0). We note that in classical mechanics the particle can “fall into” the centre 
for any positive value of n. 





35. FREE MOTION WITH A WELL-DEFINED VALUE OF THE ORBITAL 
ANGULAR MOMENTUM 


The simplest case of (34.8) is the equation for the free motion of a particle (U = 0) 


with a well-defined value of the orbital angular momentum, that is, the equation 
2 72 h? 

EERO) AMD pe = ERY. (35.1) 

2u dr Quer? 


The energy can only be positive in the case of free motion. Multiplying (35.1) by 
2p/h? and writing 
== 20, (35.2) 


we get 





a? 1 
[e-% dy 


re k [a@ =0. (35.3) 
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Let us first of all consider the case of s-states which are determined by the equation 
d? = 
- + k?|R,(r) = 0. (35.4) 


The general solution of equation (35.4) can be written in the form 
R,(r) = Asinkr + Beoskr. 
Using the boundary condition R,(0) = 0, we find 
Ro(r) = Asin kr. 


We can solve (35.4) for any value of k. The complete radial function satisfying the 
normalisation condition 


i} ” fel) file) ”? dr = OR’ — k) 


is (see Mathematical Appendix A) 
f) = fz 2 sin kr (35.4a) 
r 


kA 





When studying the general case, including the case where / + 0, it is convenient 
to use in (35.3) the complete wavefunction f(r) = R(r)/r, so that we have 








ad 2d 2_ i+) 
—s+-—t+{k =0. 35.5 
E r dr (¥- r ) [ro 65.5) 
Introducing the dimensionless variable 
& =kr, (35.6) 
we have 2 
d 24a id +1) 
E 2" E dé ( & )ke 7 


The differential equation (35.7) is a second-order one. It has two independent 
solutions, which can be expressed in terms of Bessel functions of half-odd-integral 
order (see Mathematical Appendix D): 


J€é) = iE Fi4,,(8), (35.8) 


m(é) = (-1)*" fz J-1-1),). (35.9) 


The functions j,(£) of (35.8) are called the spherical Bessel functions. The explicit 
expressions for the first three /, are 


jo = ODE jr = SBE _ COs j= ( ~ p)siné - pomse. 





3 
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The asymptotic values of the spherical Bessel function for small and large & have, 
respectively, the form 
L 
Fecerres £1, 


1:3°5-- (22 +1)’ 


[fem [e- $e | E>]. 


The 7,-functions are called the spherical Neumann functions. The explicit expressions 
for the first three 7,(£) are 


ji) = (35.10) 


_ _cosé _ _cosé sing 
° 7 ~— ™ 7 ~ 7 -é” 
2 = ~(p 5 )osd ~ pane 
3 é & 


The asymptotic values of the 7, are, respectively, 


1:3-5... (27 — 1) 
cc £ <i, 
n(é) = (35.11) 
[ps[e-Fe+ 9} E>. 
é 2 


The general solution of equation (35.7) corresponding to a well-defined energy 
(E = h?k?/2u) and a well-defined orbital angular momentum is of the form 


Fir) = Aj(kr) + Bykr). 
The total wave function of this state is 
Yrm = [Af(r) + Byi(kr)] Yin(@, 9). (35.12) 


The two arbitrary constants A and B in (35.12) are determined from the boundary 
conditions and the normalisation. If the particle can move everywhere in space, 
including the point r = 0, it foMows from the fact that the wave function must be 
finite at r = 0 that B = 0. In that case 


Prim = Ajkr) Yin(@, 9). (35.13) 


If the particle moves as a free particle outside a sphere of radius e—for instance, 
a neutron outside a nucleus—both constants A and B may be different from zero 
and their ratio is determined by the requirement that y and dy/dr be continuous 
on the sphere of radius g when we change from the exterior to the interior region, 
where forces act upon the particle. . 
For a qualitative study of the solutions of equation (35.3), we must take into ac- 
count that the term ((/ + 1)/r? corresponds to an “effective potential energy” 
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Vorp = F711 + 1)/2ur?. The kinetic energy is equal to the potential energy when r = r, 
= /KI+ )/k. When r <r,, the wavefunction R,(r) decreases exponentially for 
decreasing r. When r > r,, we can neglect in (35.3) the effective potential energy. 
We have thus £ 
(3 + #) Rv) =0, if r>r;,. 

dr 
The solution of this equation is of the form R,(r) = A, sin (Kr + 6,). The region 
r = r, is called the classically accessible region. There is thus in the case of the free 





Fic. 6. The effective potential energy and wave function for the free motion of a 
particle with energy E and quantum number /, 


motion of a particle a very small probability of finding the particle in the region 
where r < r,. We have depicted in Fig. 6 V.,, and the value of R,(r) for a particle 
with energy E. 


36. MOTION IN A SPHERICALLY SYMMETRIC RECTANGULAR POTENTIAL WELL 
Let us consider the motion of a particle of mass w in a spherically symmetric, 


infinitely deep potential well, that is, the case where the potential energy, reckoned 
from the ‘‘bottom”’ of the well can be written as 


tI] 

i < 

u(n=i% Horse, (36.1) 
o, if r>a. 

When r < a, the particle moves freely, and we know from Section 35 that the states 

of motion with a well-defined value of the orbital angular momentum are characte- 

rised by the wavefunction 





Yum = Aj,(kr) Yin, Y)> (36.2) 
where k determines the energy of the particle 
27,2 

E= ak . (36.3) 


2u 
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The wave function of the particle vanishes for r = a as the particle cannot penetrate 
into a region where the potential energy is infinite. From the condition that the 
wave function be continuous, it follows that 


j(ka) = 0. (36.4) 


If we denote the roots of the /-th order spherical Bessel function by X,,, where 
n= 1,2,... is the principal quantum number, that is, the number'of the root in 
order of increasing magnitude, we get from (36.4) the discrete values 

k = Ty 
a 


Substituting these values into (36.3) we find the energies of the stationary states 


A?x2, 
2a? 





(36.5) 


The ni-states are indicated by two symbols: a number in front of a letter, the number 
is n and the letter is the usual notation for /; we have thus 1s-, 2s-, lp-, ... states. 


TABLE 5, VALUES OF THE ROOTS OF THE SPHERICAL BESSEL FUNCTIONS 


State Xn 
Is 3-142 
Ip 4-493 
ld 5-763 
2s 6°283 
If 6-988 
2p 7-725 





In Table 5, we have given the values of the roots X,, of the spherical Besse] functions 
for the first six states. We'can easily evaluate, using Table 5 and equation (36.5). 
the particle energy. 

A study of the motion of a particle of mass uw in a spherically symmetric, rect- 
angular potential well of finite depth is mathematically appreciably more difficult. 
We shall here consider only the energy levels corresponding to s-states. In the case 
of s-states, the equation determining R(r) = rf(r) becomes according to (34.8) 

h’ d’R 

on dP +(E-U)R=0. (36.6) 
Let 
—Up), if rsa, 


36.7 
0, if r>a. ( ) 


U(r) = | 


130 The Motion of a Particle in a Central Field of Force [VI, 36] 


Let us find the solutions of (36.6) corresponding to negative energy values. If we put 
é€ = —£ > 0, we can write 


2 
TR. WR, =0, if rsa, (36.8) 

dr 

2 
aR — f?R,=0, if r>a, (36.9) 

dr 

where 

a= 2 J2u(Ua = 6) B= = 2p0. (36.10) 





2uU a? 


Fic. 7. Graphical solution of the equations 7 = ~—& cot € and &? + 4? = e 


The solution of equation (36.6) for which f(r) = R/r is finite at the origin and which 
vanishes as r — 00 is of the form 


R, = Asinar, rSa; R, = Be™, r>a. 


Equating the logarithmic derivatives R~' dR/dr of the two solutions at r = a, we 
get the condition 
acotaa = —f, (36.11) 


which determines the energy levels of the system. 
Multiplying (36.11) by a, writing 


f=ax20 and »=af20, 
and using (36.10), we find 


2 
=-—fcoté, P47? = aoe . (36.12) 





(VI, 37] Spherically Symmetric Oscillator Well 131 


We can solve (36.12) either numerically or graphically. When solving (36.12) graphi- 
cally, we determine the values of € and y satisfying simultaneously the two equations 
(36.12) by the intersection of the curve 7 = —écoté with the circle of radius 
(afh)  2uU,. In Fig. 7, we have drawn the curves 7 = —£ coté and three circles. 
Circle 1 corresponds to the inequality 2uU a?/h? < 4x7. In that case, there is no 
intersection and there are thus no stationary states with a negative energy. The par- 
ticle cannot be trapped in the well and can depart to infinity: there are no bound 
states. Circle 2 corresponds to a well depth and radius satisfying the inequalities 





2uUoa” _ 9x? 
2 <—. 
h 4 


2 
"< 
4 
In that case, there is one intersection: one state with a negative energy. This energy 
can be determined from the value of 7, corresponding to the intersection of the 
curves through the formula 
Wn? 


a” (36.13) 


AE, =-e= 





which is obtained from (36.10). Circle 3 corresponds to such a value of “U,a? that 
there are two bound states in the well. 

Whether or not there are bound s-states in a rectangular spherical potential well 
depends thus on the product of the mass of the particle, the well depth, and the 
square of the well radius. 


37. SPHERICALLY SYMMETRIC OSCILLATOR WELL 


When studying some properties of atomic nuclei, it is of considerable interest to 
investigate the motion of a particle of mass yu in a potential 


U(r) = 4uw?r?, (37.1) 


which is often called the spherical oscillator well. In that case we have the following 
equation to determine the radial wavefunctions for states with a well-defined value 
of the angular momentum 


2 2 2 
EF yo? 4 ED _ eR = 0. (37.2) 
2p dr 2ur 


If we reckon the energy from the minimum of the potential energy, stationary 
states will correspond to positive energies. 
Constructing from w and mw a quantity with the dimensions of a length 


= /—, (37.3) 
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and introducing dimensionless quantities 





gal, eo, (37.4) 
a hw 
we obtain instead of (37.2) 
a? Kl +1) 
E —§— Z + 2e| R(E) = 0. (37.5) 
Putting 

e=2An+s+h), (37.6) 
I + 1) = 4s(s — 4), (37.7) 


and introducing a new variable z = €? and a new function W(z) through the relation 
RE) = e 7? W(z), (37.8) 
we get for W(z) the equation 


zoey szqiiz fin W(z) = 0 (37.9) 
dz? 2 dz ; ; 


Equation (37.9) is the equation for the confluent hypergeometric function (see Mathe- 
matical Appendix D). Hence 


W(z) = F(—n, 2s + 4,2). (37.10) 


In order that the function (37.8) tends to zero as z > o, it is necessary that the 
series (37.10) terminate. This requirement is satisfied, if nm = 0, 1, 2,.... 

It follows from (37.7) that s = 4(7 + 1). Substituting that value into (37.4) and 
using (37.6), we find the energy levels 


Ey, = how(2n + 1+ 3), 2,1 =0,1,2,..., (37.11) 

and the corresponding radial wavefunctions 
Rl) = Nne 7 6'**F( —n, 1 + 3, €7), (37.12) 
where & =r J poh and N,; is a normalising factor. The complete wave function is 


1 
Prim = 5 ntlE) Yim(O@). (37.13) 


It follows from (37.11) that the stationary states in the “oscillator well” correspond 
to an equidistant set of energy levels, at a distance fw. Each state is characterised 
by two quantum numbers n and /. The energy depends solely on the combination 
of the quantum numbers 

2n+1= A. (7.14) 
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We can, therefore, call A = 0, 1, 2, ... the principal quantum number. Each value 
of A larger than 1 can be realised by several combinations of values of n and /, and 
the energy levels (37.11) with A = 2 are, therefore degenerate. 

To classify the stationary states in a spherical oscillator well, we use the notation 
5S, p, d, ... corresponding to / = 0, 1, 2, ... In front of the s, p, ... we write a number 
which is equal to one more than the value of » which determines the number of terms 
and power in £? in the polynomial F. For instance, the Is-state corresponds to 
n= 1 = 0, the lp-state tom = 0, / = 1, and so on. 


TABLE 6, ENERGIES OF THE STATIONARY STATES OF THE SPHERICAL OSCILLATOR WELL 








Eylho A (a+ 11 
3/2 1s 
5/2 1p 
7/2 2s, 1d 
9/2 2p, if 


11/2 3s, 2d, lg 





In Table 6 we have given energies of the first few stationary states in a spherical 
oscillator well and the corresponding quantum numbers. 
The parity of the stationary states is determined by whether A is even or odd. 


TABLE 7, RADIAL WAVEFUNCTIONS OF THE SPHERICAL OSCILLATOR 
1,1 
State (n+ 1)/ weila 7 Rul) 


2 exp (—€?/2) 


8 
| 3° exp (—&?/2) 


| : (» - ;) exp(—€2/2) 


4 
—= &? exp (—£?/2) 
Js 










In Table 7 we have given the explicit expressions of the radial functions of some 
of the stationary states of the oscillator well. 

We see from Table 6 that beginning from the second one, the stationary states 
are multiply degenerate. The level E, = thw is, for instance, six-fold degenerate. 
In one of these six states the angular momentum vanishes (s-state), while the other 
five states correspond to the d-state. They differ in the value of the z-component 
of the angular momentum. The five-fold degeneracy of the d-states is the consequence 
of the spherical symmetry of the potential. That the 25-state has the same energy 
as the ld-state is a case of ‘‘accidental” degeneracy. It is caused by the fact that the 
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potential energy (37.1) is quadratic in r and not by the symmetry of the system. If, 
for instance, we add to (37.1) a term fr*, the degeneracy due to the spherical symmetry 
remains, but the accidental degeneracy is not present. 

We can consider a system with the potential energy (37.1) to be a three-dimensional 
harmonic oscillator 


U(r) = 4um?r? = tuw?(x? + y? + 27). (37.15) 


We can separate the variables in the Schrédinger equation with the potential energy 
(37.15) and the problem reduces to that of three independent oscillators. If we 
introduce the dimensionless variables 


p= | x, Mey, c= [ie 


and use the results of Section 33, we can easily show that the energy of the system 
can be expressed by the formula 


En, nya, = ho(n, + ny + nz, + 9), (37.16) 


x 


where n,, fy, Nz, = 0, 1, 2, ... while the wave functions are 


Pn nyn(XVZ) = Yu (E) Yr) Yn,(2), (37.17) 


with the y, given by (33.12). Comparing (37.16) and (37.11), we can check that 
the energies are the same when A = 2n + =n, +n, +n, = 0,1, 2,.... The wave- 
function for which the sum of the three quantum numbers n,, n,, and n, has the 
same value A correspond to the same energy level. In particular, the levels with 
A = 2(E = thw) correspond to the six different states (37.17) characterised by the 
sets of quantum numbers 


n,|o|2]o|1]0]1 (37.18) 


38. MOTION IN A COULOMB FIELD; THE DISCRETE SPECTRUM 


Let us study the motion of an electron in a Coulomb field with the potential 
energy 2 
un = -Z2. (38.1) 

r 


This problem is important in the theory of the hydrogen atom (Z = 1) and other, 
multiply ionised, atoms (Het, L**+, and so on) which contain one electron, as the 
potential energy of the interaction between the electron and the nucleus can be 
written in the form (38.1) for all distances larger than the nuclear radius. When 
the distance is smaller—inside the nucleus—the energy of the interaction between 


[VI, 38] Motion in a Coulomb Field; the Discrete Spectrum 135 


the electron and the nucleus cannot be written in the Coulomb form (38.1) but tends 
to a finite limit as r > 0. Because the nuclear radius is so small compard to atomic 
dimensions, we can neglect to a first approximation the difference between the real 
interaction energy and (38.1). In the present section we shall study the motion of 
an electron in the field (38.1) without taking relativistic effects into account; these 
effects will be considered in Chapter VIII. 

The stationary states of an electron in a Coulomb field with well-defined values 
of the angular momentum are determined by the Schrédinger equation for the 
radial wavefunction R(r) = rf(r): 


@WR [2uE  2wZe? Kl + 1) 
— = R=0. 38.2 
dr” [ h? h’r r | 08.2) 











In writing down (38.2), we have assumed that the atomic nucleus is fixed. In reality, the electron 
and the atomic nucleus move around the centre of mass. We can take the nuclear motion into ac- 
count by replacing in (38.2) the electron mass 4 by the reduced mass ux’ = Mu/(M + pw), where M 
is the mass of the atomic nucleus. 


It is convenient to use dimensionless variables in (38.2). We, therefore, introduce 
the atomic unit of length, the Bohr radius, 


2 
= a ~ 5.292- 10°? cm, (38.3) 
pe . 
and the atomic unit of energy 
2 4 
E, =o = 7 mw 27.21 eV. (38.4) 
a 


Changing to the dimensionless quantities 





r E 
= —“,; —E= —,; 38.5 
Q=- E,, (38.5) 
we write (38.2) in the form 
2 
E 420 22 _ Mt 2] R() = 0. (38.6) 
dg @ @ 


Since the potential energy (38.1) is chosen such that it vanishes at r > oo, bound 
states will correspond to negative values of the total energy. If « < 0, it is convenient 
to introduce a positive quantity « by the equation 


a? = —2e> 0. (38.7) 


Equation (38.6) then becomes 


E — a2 + 22 _ M+ 2] R(Q) = 0. (38.8) 
do @ @ 
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Let us first study the solution of (38.8) for large values of g. As @ > oo, we can 
neglect in (38.8) the last two terms. The asymptotic solution of (38.8) must thus, as 
@ — 00, be of the form 


R(e) = Ae”? + Be, o> 


As the wavefunction must remain finite as @ > 00 we must have B = 0, We can 
thus write the solution of (38.8) in the form 


R@) =e “F@), (38.9) 


where the function F(@) is a power series 
Fe) =e" D Bug". (38.10) 


To find the asymptotic behaviour of F(g) for small @ we substitute (38.9) into (38.8) 
and retain only terms of lowest powers in 9. We get thus an equation to determine y: 


yy -)=1+)) 
whence follows 
y=l4+1, or y= —l. 


As R must vanish as @ > 0, we can only use the solution y = 7 + 1. 
The solution satisfying the boundary conditions at the origin and at infinity can 
thus be written in the form 


R(@) = e*%o'*? x BQ”. (38.11) 


Substituting (38.11) into (38.8) and comparing the coefficients of the same powers 
of e@, we get a recurrence relation 


[av +141) — Z| 


es a 38. 
Gilt+Dotl+)-M+H” (68.12) 


Bye = 


which enables us to express successively all coefficients in the power series (38.10) 
in terms of the value 8, which can be determined from the normalisation condition. 
From (38.12), it follows that the requirement that the power series (38.10) terminates 
at the term with v = 7, reduces to the condition 


a(n, +1+1)=Z. (38.13) 


It follows from (38.12) that if the power series does not terminate, we have for large » 
2a (2a)t4 
pel42*@+le ie” 
which defines the expansion coefficients in the power series of the exponential function Bye?%?. 
We thus find for large 0, F(e) ~ e2%° and the function R(e) ~ e~g'+1e2¢ would tend to infinity as 


Q -> 00, 


Boar iad 


[VI, 38] Motion in a Coulomb Field; the Discrete Spectrum 137 


Bearing in mind the definition (38.7) we find the value of the energy in atomic 
units 
2 
E= lye ~__4 (38.14) 
2 2n, + 2+ 1) 


The quantity n = n, + 1 + 1 is called the principal quantum number, as it deter- 
mines the value of the energy of the stationary states 


pa“. (38.15) 


Since n,, / = 0, 1, 2, ... the principal quantum number runs through positive integral 
values, starting with 1. The energy depends only on the principal quantum number, 
that is, on the sum of the quantum numbers 7, and /. The states with a well-defined 


TABLE 8. RADIAL FUNCTIONS OF THE HYDROGEN ATOM 












State ny f(r) 
1s 0 2e-8 
1 1 
2s 1 —=(1- -@ Jee 
J2\ 2 
J 
2p 0 =o eel? 
24/6 
3s 2 


2 2 2 
—={1- se +=? Jee 
sal ° xt’) 

8 1 
—2_(1-=0)ece 
27,/6\ 6 

4 


81/30 





2 e-e/3 


energy and a well-defined angular momentum are denoted by nl, where we again 
use for the different values of / the notation s, p, d, ... (see Section 34). There is only 
one state, the ls-state, for » = 1; there are two states, 2s and 2p, for n = 2 of which 
the second one is three-fold degenerate with respect to the magnetic quantum number; 
for n = 3 we have the 3s, 3p, and 3d-states, and so on. For each level with a principal 
quantum number 7 there are in the general case m states differing in the value of 
1:1=0, 1,2, ...,2 — 1. This degeneracy occurs only in the Coulomb field. Each state 
with a well-defined value of /] is 27 + 1-fold degenerate corresponding to m = 0, +1, 
+2, ... and the total degree of degeneracy of the state with the quantum number n 
is thus equal to 


a-1t 
¥ Ql+ 1) =n’ 
t=0 
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We give in Table 8 for the case Z = 1 the explicit form of the first few radial 
functions f(g) = R(g)/o which are normalised as follows 


[5 *e)e? do = 1. 


For an arbitrary state, we get in the general case, for the normalised radial wave- 
function an expression involving the confluent hypergeometric function: 


I 
flo) = Nu (=) F(-» +141, 21+ 2, “Ze e~ Zo/n, (38.16) 
n 


n 


". (+1)! ect () 


The quantum number 


where 


n,=n-I-1 


determines the number of nodes of the wavefunction, that is, the number of inter- 
sections of this function with the e-axis—excluding the value e@ = 0. 

It is useful for some applications to know the average values of some powers of g 
in the stationary n/-states. Some of these are given by the equations: 


3n? — Kl + 1) 


= (38.17a) 
<o”> = wie +1 es (38.17b) 
, - = (38.17c) 

IV 2 (38.174) 
@ Fad : 
J1\ Zz (38.17e) 


\o/ owe(l+ DU +H)0 


In particular, it follows from (38.17c) and (38.15) that the average value of the 
potential energy of an electron in the Coulomb field is equal to twice the value of the 
total energy (compare (17.15)), or—in atomic units— 


(2) = (-2)--Z =n. 


n? 
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39. MOTION IN A COULOMB FIELD; THE CONTINUOUS SPECTRUM 


Let us now study the stationary states of an electron in the Coulomb field (38.1) 
with positive energies k2 = 2 > 0. (39.1) 


In that case, equation (38.6) for the function R(@) is 
2 
[Gate +2 Bln. (39.2) 
Q e 


The asymptotic value as 9 > o0 of the function 
R(g) ~ Ae? + Be“ 


remains finite for all values of k and non-vanishing values of A and B. The energy 
eigenvalues for e > 0 correspond thus to a continuous spectrum. 

The asymptotic behaviour of R(e) as ¢@ > 0 must be determined in the same way as 
for negative «, that is, R(e) ~ e’t?. 

We can thus write the solution of (39.2) in the form 


R(g) = e* Negi ** Y" Bo". (39.3) 
Substituting (39.3) into (39.2) and equating to zero the coefficients of the powers 
of 9, we find the recurrence relation 


ik +141) - Z] 


Pt = Ca DOaTE DOMED 


For large values of » 


B,. (39.4) 


Qik 2iky*} 
Bya1 & ——— 8, ® ik 


v+1+2 ~ Gala” 


The series (39.3), therefore, always converges. Writing (39.4) in the form 


rik | y+ 1+ 1 -Z] 
U 
CET ET ED IS 


and substituting this value into (39.3), we can express the function R(@) in terms of 
the confluent hypergeometric function 


R,(o) = e*"%o't 1F (: +1+ -. 21 + 2, Fike), (39.5) 
I 


We can easily generalise the results obtained here to cover the case of motion in 
a repulsive Coulomb field, for instance, the motion of a positron in the field of a 


nucleus, Ze? 


r 


U 


a 
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The total energy of the particle can in this case only be positive. The stationary states 
with a well-defined energy and a well-defined angular momentum can be expressed 
as a linear superposition of wavefunctions, the radial parts of which are expressed 
by the equation 


Ralo) = e*o'* *F (: +1F =, al + 2, Fike) (39.6) 
t 


which is obtained from (39.5) by changing the sign of Z. We can also use the radial 
functions (39.6) to described the motion of a proton of energy E and well-defined 


angular momentum / in the field of a nucleus, if we put 
Me? h 2E 
——_ =— /—, (39.7 

eV M ) 


where MM is the mass of a proton. 


40*. ANGULAR MOMENTUM OPERATOR 


In the preceding sections of this chapter, we saw that the stationary states in any 
spherically symmetric field can be characterised by well-defined values of the square 
of the angular momentum and one of its components. It is of interest in that connexion 
to study in more detail the properties of these operators. 

We call, in general, a vector operator J whose Cartesian components Ji (i =x, y, 2; 
or 1, 2, 3) are Hermitean operators satisfying the commutation relations 


(J. F 1. = ihd,, [F,, 51. = ih, (2, iJ = itJ,, (40.1) 


an angular momentum operator. A particular case of an angular momentum operator 
J is the orbital angular momentum operator 


J=L=[F ap]. 
In the following, we shall, however, meet with angular momentum operators which 
cannot directly be expressed in terms of the coordinate and momentum operators. 
In order that our derivations be relevant to all angular momentum operators, we 
shall start from the commutation relations (40.1) and not use the explicit form of 


the operators. 
Let us introduce the operator of the square of the angular momentum 


PH P+R+RP. (40.2) 
We then find from (40.1) that 
[J7, J] =0, i=x,y,z. (40.3) 


It follows from the commutation relations (40.1) and (40.3) that the square of the 
angular momentum and one of its components can simultaneously have well-defined 
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values. We choose for that component J,. The wave functions of such states are 
simultaneously eigenfunctions of the operators J? and J,. Let us denote these func- 
tions as follows 


Pim = |jm>. (40.4) 

These functions must thus satisfy the equations 
J*|jmy = Jjlim), (40.5) 
J,|jm) = hm| jm), (40.6) 


where the possible values of Jj and of the dimensionless quantum numbers m and j 
must be determined from the commutation relations (40.1). 
We introduce the auxiliary non-Hermitean operators 


1 me 
Xp “Fh 


We get then from (40.1) and (40.3) the commutation relations 


J, =— (J, 4+ i), Jt (J, — iJ,). (40.7) 


[J?, JJ- =0, (40.8) 
[J.. J.J). = as,, (40.9) 
J.,JSt] = ad. (40.10) 


Let us form the matrix elements of the commutation relation (40.8) using the functions 
(40.4). Using (40.5) and the rule (28.19) for the evaluation of matrix elements of 
products of operators, we have 


<j'm'| (F?, F41- Lim) = <j'm'|F, lim) {<j'm'|F? |j'm') — Cjim|F? | jmy} = 0. 
It follows immediately from this equation that 
Cj’! |F im) = tA jm 9p; (40.11) 


that is, the only non-vanishing matrix elements of the operator J, are diagonal in 
the quantum number j. 

Let us now evaluate the matrix elements of the commutation relation (40.9), From 
(40.6) it follows that 


<jm'| (J., F,1- |jim> = hn’ — m) <jm'|F, lim), 


and we get thus 
him’ — m — 1) Gm'|J,|jm> = 0. (40.12) 


From (40.11) and (40.12) it follows that 
<jm'| J) jm) = Aim Dns t.m's _ (40.13) 


where Ajm => Aj mm+ti° 
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Using (40.6) we get from the commutation relation (40.10) 

Cjm'| [F,, IU Lim> = mb qm. (40.14) 
Ifm = m’' we can use (40,13) to transform the left-hand side of this equation as follows 
Cjm| [J., Ft] Lim> 
= Cjm|Jq|j,m — 1) Cj,m — 1 Ft lim — Cjm|Jt|j,m + 1) im + FeLi 
= W{|Ajm—1/? — |Ajml?}- 
Substituting this expression into (40.14) we find the difference equation 

|4j,m—11? — |Ajml? = m. (40.15) 


The difference equation (40.15) determines the m-dependence of |4,,,[? apart from a 
constant depending on /: 
2Ajml? = Cy — mm + 1). (40.16) 


To satisfy the obvious requirement that |A,,,|7 = 0 we put 
jZmZm,, 
where j and m, are such quantum numbers that 
Ay = hJ + 1541 = 0, 
Ajm—1 = (jm |I4|j,m2 — 1) = 0. 


It follows from (40.16) that the values j and m, — 1 must correspond to the largest 
and smallest roots of the quadratic equation 


C; — m(m + 1) = 0, 


that is, 
j= -k1—-J14+ 46), (40.17) 
m,—-1= -#(1+/1 + 4C). (40.18) 
From (40.17) we find 
C;=jU + 1), (40.19) 
and thence from (40.18) 
m,= —j. 


The quantum numbers determining the eigenvalues of the operator J, in equation 
(40.6) must thus take on values, differing by unity, within the interval 
-jimsj. (40.20) 


The inequality (40.20) for the numbers m differing from one another by unity can 
be satisfied provided 27 is a non-negative integer. The possible values of j are thus 
either non-negative integers, or positive half-odd-integers, that is 


j7=0,1,2,..., (40.21a) 
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or 
J=4,3,3,... (40.21b) 


Apart from a phase factor of modulus 1, we find the value of 4,,, from (40.16), 

using (40.19): 
J2 Am = /G —m)(j+m+ 1). 
Substituting this value into (40.13), we find that the non-vanishing matrix elements 
of the operators J, and Jt are 
h 

V2 

Knowing the non-vanishing matrix elements (40.22), we can easily evaluate also 
the matrix elements of the operators J, and J,. Using the relations 


(jm +S, lim> = Cjm|St lim +1 =—=JVG—-mG+m+]). (40.22) 


j= 0.45), 5-2 - Jo, (40.23) 
2 


V2 
we find 
. oy. h em Ne aN 
Gjm & Welimy = 5 VG ¥ mG mx D), | 
; ih (40.24) 
Cam & 1 Jplimy = FE /GE MOE m+ D. | 


We must note once again that the matrix elements (40.23) and (40.24) are determined 
from (40.16) apart from a possible phase factor. This indeterminacy is not reflected 
in any physical results as all physical consequences of quantum theory are invariant 
with respect to a phase transformation of functions and operators (see Section 30). 

We must now evaluate the eigenvalues of the operator of the square of the angular 
momentum. From (40.2) and (40.7) we have 


P= 574+ S51 4+ Fis). 
We thus find from (40.6) and (40.22) 
{jm|J? jm) = fm? + IG — mG t+mt+1+G-—m+)G+m)} 
= WW jG + 1). 

The eigenvalues of the operator of the square of the angular momentum are thus 
determined by the quantum number j by the formula 

Jp =hjG + 1). (40.25) 
The results obtained in this section are applicable to all angular momentum operators 
satisfying the commutation relations (40.1), independent of the explicit form of the 


operators. In the particular case of the orbital angular momentum operator, defined 
in terms of the coordinate and momentum operators, 


J=L=[Fa pl}, 


144 The Motion of a Particle in a Central Field of Force [VI, 41] 


the eigenvalues of the square of the angular momentum can be expressed in terms of 
the quantum number / (see Section 8), which can only take on integral values 0,1,2,..., 
that is, the case (40.21a) is realised: 


= Kl +1), 1=0,1,2,.... 


The eigenfunctions of the angular momentum operator in the coordinate representa- 
tion are the same as the spherical harmonics: 


Pim = |jm> = Yin(O). 


We can apply the formula for the matrix elements of the angular momentum operators 
obtained in this section, also to the orbital angular momentum operator L, if we 
substitute / for j. 

We shall in later chapters encounter other angular momentum operators for which j 
takes on only half-odd-integral values, that is, for which the case (40.21b) is realised. 


41. VECTOR ADDITION OF Two ANGULAR MOMENTA 


Let us consider a system, consisting of two parts, and let the state of these two 
parts be determined by the angular momenta J(1) and J(2), respectively. Let us, 
moreover, assume that the components of these angular momenta commute, that is 


V0), i(2]. =0, Lk =1,2,3. (41.1) 


The total system can then occur in states in which the squares of both angular mo- 
menta have well-defined values. 


PO) =MAGi +1), IQ) = W720. + 1), (41.2) 
and also the z-components of these angular momenta have well-defined values: 
J,0) = hm,, J,(2) = hm. (41.3) 


We shall describe such states by the wave functions 


lfm j2m2> = [711 |jzm2), (41.4) 


which are products of the eigenfunctions of the two angular momenta. If j, and j, 
are fixed, there are (2), + 1) (2j, + 1) different functions (41.4), which differ in the 
values of the m, and m,. 

Let us now define the operator 


J = JQ) + JQ). (41.5) 


As the components of each of the operators on the right-hand side of (41.5) satisfy 
the commutation relations (40.1), one can easily verify that the components of the 
operator (41.5) satisfy the same commutation relations. We shall call the operator 
(41.5) the operator of the total angular momentum of the system. 
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One can easily verify that the wave functions (41.4) are eigenfunctions of the opera- 
tor of the z-component of the total angular momentum, 


I, = J(1) + J,Q2), (41.6) 
corresponding to the eigenvalue 
J, = hm = h(m, + m2). (41.7) 
The operator of the square of the total momentum, 
P= PA)+ PQ + AI): IQ), (41.8) 


commutes with the operators J?(1) and J2(2), and the square of the total angular 
momentum can thus have a well-defined value at the same time as the square of the 
angular momentum of each subsystem. The functions (41.4) are, however, not eigen- 
functions of the operator (41.8) since the third term in (41.8) will mix states differing 
by unity in m, and m,. One can show that one can form from the functions (41.4) 
linear combinations which are eigenfunctions also of the operator J?. As J, is a 
linear operator, these linear combinations will at the same time be eigenfunctions of 
the operator J,. The states of the system corresponding to well-defined values of the 
square of the total angular momentum, the z-component of the total angular momen- 
tum, and the squares of the angular momenta J?(1) and J?(2) can thus be written 
in the form 

litjojm> = » Gi j2myma| jm) |j1m1> |jama>. (41.9) 

mym2 

The (j:j2m,m-2|jm) are coefficients determining the contributions of the various 
functions (41.4) to (41.9). They are called vector addition coefficients or Clebsch- 
Gordan coefficients. The phase factors of the functions (41.9) are chosen in such a 
way that the vector addition coefficients are real. The vector addition coefficients 
are defined for integral and half-odd-integral values of the quantum numbers j,, j2, 
and j. 


Condon and Shortleyt have given the values of the vector addition coefficients for j, <2. We 
must bear in mind that Condon and Shortley’s notation differs somewhat from the notation used. 
in the present book. The most frequently used notations for the vector addition coefficients are 


Cir Jamime | jm) = (i jamima | fijzim) = Cai 


Wigner+, LyubarskiitT, Racah++, and Brink and Satchler§ give a derivation of general expressions 
for the vector addition coefficients. 


tT E.H. Conpon and G.H. Snortiey, The Theory of Atomic Spectra, Cambridge University 
Press, 1951. 

+ E. P. WIGNER, Group Theory, Academic Press, New York, 1959. 

tt G. Lyuparskn, The Application of Group Theory in Physics, Pergamon Press, 1960. 

++ G. Racan, Phys. Rev. 61, 186 (1942); 62 (438 (1942); 63, 367 (1943). 

§ D. M. Brink and G. R. SATCHLER, Angular Momentum, Oxford University Press, 1962. 
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It follows from (41.9) that the vector addition coefficients are the matrices of a 
transformation from a representation in which the z-components of the angular 
momenta of the subsystems are given to a representation in which the total angular 
momentum of the system and its z-component are given. The vector addition coef- 
ficients play an important role in quantum mechanical applications and we shall, 
therefore, consider the basic properties of these coefficients to make it easier to use 
them for practical purposes. 

The vector addition coefficients vanish unless 


m=m, +m, (41.10) 


and the summation in (41.9) over one of the indices is thus purely a formality. Since 
m, = m — m, we can sum over m, only in (41.9) once m is given. To determine 
the possible values of the quantum number / for fixed values of j, and j, we study 
the possible values of the quantum number m. It follows from (41.10) that the max- 
imum value of misj, + j,. It is realised in just a single state described by the product 
liid1> ljzj2>. This state has the quantum number / =/,; + j,. The next value, 
m = j, + j2 — 1 can be realised by a linear combination of two functions (41.4) 


litsd1 — Dlhfed> and [fii Vet -— 1D. 
One linear combination corresponds to j = j/, + j, and the second one to/j = j; + j2 


— 1. The value m = j, + j, — 2 will correspond to three linear combinations of 
the three functions 


lids -— Olah Wiss -—Dlbd- 1, and Wii lbde — 2, 
corresponding to three values of the quantum number /j 
Aith, jit, —1, and fy +f. - 2. 


Continuing this process, we can check that in each stage corresponding to a decrease 
by 1 of m there appears a new value of j until we arrive at a value for which either 
m, = —j, orm, = —j,. The minimum value of / is thus |j, — j2|. 

The quantum number j can thus, for given values of j, and j/, run through values 
differing successively by unity and satisfying the inequality 


li —hl SISA +h (41.11) 


To each value of j there correspond 27 + 1 values of m:m = +j, + (/— 1), ... and 
the total number of states with all possible values of j will thus be equal to 


Jitd2 


~ &W+VY=A+VD224+ 0, (41.12) 
J=)51—-J2] 


that is, it is the same as the total number of states described by the functions (41.4). 

We can interpret inequality (41.11) geometrically as an inequality satisfied by the 
three sides of a triangle. Inequality (41.11) is in this connexion often called the 
triangle relation, and written in the form 


Ai j2J). (41.13) 
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The numbers j,, j., and j occur symmetrically in the triangle condition (41.11). 
If this condition is not satisfied, the vector addition coefficients automatically 
vanish. 

The vector addition coefficients (/1j., m — m2, m.|jm) can be written as a matrix 
the rows of which are numbered by the number / and the columns by the number m,. 
This is the way the vector addition coefficients are usually given in tables. If j; is 
the smallest of 7; and j., the number of rows and columns is equal to 27; + 1. 

The vector addition coefficients satisfy the following orthogonality and normali- 
sation relations 


2» (ij2mim.|jm) Gi j2mim,|jm) = Oinym;/Ommy"> (41.14) 
> (isjomimz|jm) Gijomimz|j'm’) = 65;8mm’ (41.15) 


These orthogonality relations express the unitary character of the transformation 
(41.9). Since the vector addition coefficients are real, the inverse of transformation 
(41.9) is realised by the same transformation functions, that is 


lj:m1> |j2m2) = Y Gi j2mime|jm) |j,j2jm). (41.16) 
jm 
The orthogonality property of the vector addition coefficients can also be expressed 


by the equation 


.: . a hte 2741 
Y, Gajomymy| jm) (jrismym’ |jm) = 2 — 8,5, bnamy’ (41.17) 


mim 2jo +1 


The symmetry of the triangle condition in the quantum numbers j,, j,, and j 
correspond to simple relations between vector addition coefficients for the addition 
of angular momenta in a different order. These conditions are called symmetry 
conditions. For instance, 


(i j2mym,2|jm) = (- 1)/s tard Ci2j:m2m, |jm). (41.18) 
From (41.18), we get immediately the following relation between the wave functions 
lisdadm> = (—1)*? 7 [fa jujm). (41.19) 

We shall give a few other useful relations 


(A j2mym2|jm) = (1) t2-4 Gij2, —1, —Me|j, —m) 


m J/atil,.. . 
= (-1)?* (ta. —mm,|f,1, —m) 
1 





—m 2j+1... . 
= (—1)” ; (24 (ijm,, —mM2\j2, —m2). 
2 


qu 6 
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Let us finally give the explicit form of some of the vector addition coefficients 


Gijm,, —m|00) = Corns Oi,3 , 





+1 

(0m 0ljm) = GiieihelA + hoi +h) = 1, 

Gi im 0|jm) = 2, (41.20) 
VIG +1) 

(j 2m O|jm) = 2" =I +) 


ViG + D7 — DQ +3) 


It is sometimes convenient to use instead of the vector addition coefficients 
the Wigner 3j-symbols, which can be defined in terms of the vector addition coef- 
ficients by the formula 


(‘: Jo Js ) _ (-1"?-™ 
m, Mz M3 J 2js +1 


The convenience of the Wigner 3/-symbols consists in their high degree of symmetry. 
They are non-vanishing only if the following conditions are satisfied: 





(i: j2mime|j3, —ms). (41.21) 


m, +m, +m3=0, AGij2js)- 


The values of the Wigner 3j-symbol are unchanged under an even permutation of 
the columns of the symbol. Under an odd permutation we must multiply the symbol 
by (—1)"!*/2+/3, The following relation also holds: 


i ja Js = (—1)/1 472443 Ii J2 Js . 

mM, Mz, My; —m, —Mm, —mMg, 
Because the vector addition coefficients are orthogonal, the 3j-symbols also satisfy 
orthogonality conditions: 


y (2/3 + 1) (’: J2 Js ye J2 Ja )- Smsin,Smams's (41.22) 
m 





J3mg 1 Mz m3) \m mm; 
y, (” joa ds It Ja *) _ BjssOmgms" (41.23) 
mm, \Iy Mz M3] \M, M2 My, J 2js +1 


42*, VECTOR ADDITION OF THREE ANGULAR MOMENTA; RACAH COEFFICIENTS 


Let us now consider three mutually commuting operators J(1), J(2), J(3) with 
eigenfunctions | j,m,>, | j2m2>, and |j3m3> which describe states of three subsystems 
of a composite quantum system. The operator 


J = JQ) + J) + JB) (42.1) 
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will also be an angular momentum operator. This operator is called the total angular 
momentum operator. By successive applications of the results of the preceding 
section, we can construct from the functions | j,m,), | j,m2>, and |j3m > for states 
of the subsystems with well-defined values of j,, 72, and j3, wavefunctions which 
are eigenfunctions of the operators J? and J, corresponding to the eigenvalues 


J? = jG +1) and J, = hm. (42.2) 
We can obtain such a construction in two ways: a) by first adding J(1) and J(2) 
and then adding J(3) to their sum; or b) by first adding J(2) and J(3) and then 
adding J(1) to their sum. 
Let us first consider case a). We have for the sum of J(1) and J(2) 
lisjefi2M12) = Div lj2m2> Gijzmim2|ji2M12), My, = m, + mM. 


Adding now J(12) and J(3) we find 


IG:d2)jr2dsjm> (42.3) 
= » lism1> |J2m2> |isma> Gijomimelji2, m1 + m2) Gi2ss, m1 + m2, m3ljm). 
myn 


Proceeding according to b) we have 


li1G2fs) joa jm> (42.4) 
= » lis™1> lj2m2> |Jams> (jojsm2ms|jo3, M2 + m3) (j1J23m1, M2 + ms jm). 


mym2 


To simplify our considerations, we write 
JAi=a, jfr,=b, fp=e, fad, jro=e, ja=f, 
m, =a, m=8, m=y, m=, 


and we can write (42.3) and (42.4) in the form 


[(ab) ecd6d) = ¥° lax) |bB> |cy> (abaBle, « + B) (ec, « + B, y| dd), (42.3a) 
a8 
la(bc) fdd> = > lax |bB> |cy> (beBy |f, B + y) (af, B + y|dd). (42.4) 


The functions (42.3a) and (42.4a) are two possible representations of states of 
the total system corresponding to the eigenvalues (42.2) and they must thus be 
connected through a unitary transformation 


(ab) ecd8) = ¥ (ab) ecdla(be) fa) |a(be) fdd>. (42.5) 
f 


The matrix elements of the unitary transformation <(ab) ecd|a(bc) fd> are inde- 
pendent of the magnetic quantum number 6. They can be expressed in terms of 
products of four vector addition coefficients. To find this expression we consider the 
inverse of (42.4a): 


|ao-> |bB> Icy = » |a(bc) fa'5> (beBy |f, B + y) (af, B + y|d’6). (42.6) 


6* 
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Substituting (42.6) into (42.3a) we find 

(ab) ecdd) (42.7) 
= », (abeB le, a + B) (ec, « + B, y|dd) (beBy|f, B + y) (afar, B + y|d'd) |a(bc) fa’d>. 
Since states with different values of the quantum number d of the total angular 


momentum are linearly independent, the only non-vanishing term in the sum over 
d' is the one with d’ = d. Comparing now (42.7) with (42.5) we find 


<(ab) ecd|a(bc) fd> 
= 2, (aba le, a + B) (ec, + B, y|dd) (beBy lf, B + y) (afer, B + y|d6). (42.7a) 


Both the vector addition coefficients and the matrix elements of the unitary trans- 
formation (42.7a) are real. One normally uses in applications, instead of these matrix 
elements the Racah coefficients W(abcd; ef) which are determined through (42.7a) 


by the relation 
(ab) ecd| albc) fad (42.8) 


Wabcd; ef) = MeO OIE? | 
(bedi ef) Je + Qf +1) 


It follows immediately from the fact that the transformation (42.7a) is real and 
unitary that the Racah coefficients satisfy the following orthogonality condition 


Yi (2e + 1) (2f + 1) Wabed; ef) Wlabcd; eg) = dg. (42.9) 


It follows from the definitions (42.8) and (42.7a) that the Racah coefficients vanish 
unless the triangle relations 


A(abe), A(ecd), A(écf), A(afa) 


are satisfied. The following symmetry properties of the Racah coefficients are a 
consequence of the symmetry properties of the vector addition coefficients: 


Wabcd; ef ) = W(badc; ef) = W(cdab; ef) = W(dcba; ef) 
= W(cadb; fe) = Wi(bdac; fe) = W(dbca; fe) = W(acbd; fe), 


(—1)°t4-?-* Wabed; ef) = Waefa; be), (42.10) 
(—1)°*7-*~* W(abed; ef) = Wbefc; ad). 

We can obtain the following useful relations from (42.7a) and (42.8) 

(abuB |e, « + B) (ed, « + B,dle,«% + B + 8) (42.11) 


= ¥, Ve + 1) (2f + 1) (6dB6|f, B + 6) (afx, B + dle,0 + B + 8) Wlabed; ef). 
Sf 
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If one of the six parameters in a Racah coefficient vanishes, it can be reduced 
by means of the symmetry properties (42.10) to one of the coefficients 


(-1)° °F basSca 
/ (Qa + 1) (2e + 1) 


On s9ce 


(obeds Of) /Qe + 1) (2f +1) 


, Wabc0; ef) = 


Biedenharn, Blatt, and Rose t, Edmonds*, Brink and Satchler t+, and Lyubarskii++ 
give a more detailed discussion of the Racah coefficients and also the numerical 
values of some of them. 

Some authors use instead of the Racah coefficients the Wigner 6j-symbols, which 
are defined in terms of the Racah coefficients by the equation 


‘ iy = (—1)"*°***4 wreabde; ef). (42.12) 


The Wigner 6j-symbols possess very simple symmetry properties. One can arbi- 
trarily permute the columns without changing the value of the 6j-symbol. The value 
of the symbol is also unchanged when we interchange any two elements of the upper 
row with the two elements in the lower row immediately underneath them. 


43*, TRANSFORMATION OF THE EIGENFUNCTIONS OF THE ANGULAR 
MOMENTUM OPERATORS UNDER A ROTATION OF THE COORDINATE AXES 


The eigenfunctions | jm) of the angular momentum operator define states in which 
the square of the angular momentum has a value f?j(j + 1) while its z-component 
has a value mh. 

For some applications, it is necessary to transform the wave functions | jm) given 
in an xyz-system of coordinates to a new, én¢-system of coordinates which is obtained 
from the old system by an arbitrary rotation around the origin. 

An arbitrary rotation of a system of coordinates yf with respect to a system of 
coordinates xyz is uniquely determined by three parameters—the three Euler angles 
«, B, and y. We shall use a right-handed system of coordinates and call a positive 
direction of rotation one corresponding to the motion of a right-handed screw. Let 
initially the £yZ-axes coincide with the xyz-axes: position K. The Euler angles «, 8, y 
are defined by three consecutive rotations through which the set of &7f-axes goes 
from the position K to the final position K’. These three rotations are performed as 
follows (Fig. 8): (a) a rotation over an angle « (0 < « S 2z) around the z-axis 


fT L. C. Brepenuarn, J. M. BLatr, and M. E. Rosg, Rev. Mod. Phys. 24, 249 (1952). 

+ A. R. E. Epmonps, CERN report 55-26; Angular Momentum in Quantum Mechanics, Princeton 
University Press, 1957. 

ti D. M. Brink and G. R. SaTCHLER, Angular Momentum, Oxford University Press, 1962. 

++ G, Lyusarski, The Application of Group Theory in Physics, Pergamon Press, 1960. 
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changes the system of axes to the position K,(x,)121): R® operation; (b) a rotation 
over an angle 8 (0 < B < x) around the new y,-axis changes the system of axes from 
the position K, to the position K2(x2y22z>): R; operation; (c) a rotation over an 
angle y (0 < y S$ 22) around the z,-axis which is the same as the ¢-axis changes the 
system of axes from the position K, to the final position K’: Ré-operation. 





Fic. 8. The Euler angles. 


We considered in Section 19 the change in the wavefunctions connected with a 
movement in space of vectors characterising the positions of points of the system 
(movement of a body). The basis vectors defining a system of coordinates remained 
in this case fixed. We now consider a transformation of the coordinates of points 
of a body fixed in space when the basis vectors of the coordinate axes rotate (rotation 
of coordinate axes). 

Let the coordinates of a point transform under a rotation of the coordinate axes 
according to the rule 

ror = gr, (43.1) 
where g is a linear operator. 

A new function depending on the new coordinates must in a given point have the 
same value as the old function in terms of the old coordinates, that is y’(r’) = y(r). 

Replacing on the right-hand side of this equation r by r’ by the inverse of the 
transformation (43.1) we find 

vr’) = Wer). 

The rule for transforming a function when the coordinates transform according 

to (43.1) is thus given by the equation 


Ry’) = y'(r') = we 'r’) = vn). (43.2) 


Comparing (43.2) with the transformation (19.4) we verify that the transformation 
of functions under coordinate transformations corresponding either to a rotation 
of the coordinate axes or to a rotation of the body, proceed according to the same 
rules. One must, however, bear in mind that if g is the operator cooresponding to 
the coordinate transformation under a rotation of the coordinate axes and S§' the 
operator corresponding to the coordinate transformation under a rotation of the 
body, these two operators are each other’s inverse. For instance, a rotation of the 
coordinate axes around a unit vector a over an angle ¢ is equivalent to a rotation 
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of the body over — ¢. In the latter case, the transformation of the functions is realised 
according to Section 19 by the operator (19.11) provided we put there « = —@. 
The change in the function when the coordinate axes are rotated over an angle » 
around a is realised by the operator 


Re = et Fmon (43.3) 


where J is the angular momentum operator. 

The operator (43.3) transforms the form of the wavefunction. It is determined 
by the angle of rotation » and the component of the angular momentum operator 
along the axis of rotation. Thus when the coordinate axes are rotated around the 
three Euler angles, the wavefunctions will be subject to three consecutive trans- 
formations with the operators: R7—the operator of the rotation over an angle « 
around the z-axis; Rj—the operator of the rotation over an angle 8 around the new 
y-axis; and Ri—the operator of the rotation over an angle y around the new position 
of the z-axis. The operator transforming the wavefunctions when the system of 
coordinate axes are rotated over the three Euler angles must then be of the form 

R(x, f, y) = RRR, (43.4) 
where . ~ > 
Re = esl, Ri = ef >BIh R = el tz/h (43.5) 


The transformation which is the inverse of (43.5) is realised by rotations—in 
inverse order—over the angles —y, —8, —«. The inverse transformation is thus 
determined by the operator 


R-*(aBy) = RR” RL, = Ri«By). (43.6) 


The operators (43.4) and (43.6) commute with the operator J?; when these opera- 
tors act upon the functions | jm) which are eigenfunctions of J” they will thus trans- 
form them to linear combinations of |jm)-functions with the same value of j, but 
different values of m. Thus 


R(aBy) |im> = Y) jm") <jim'| R(oBy) |m). (43.7) 


The coefficients of the transformation (43.7) are the matrix elements of the matrix 
of a finite rotation in the j-representation. These matrix elements are functions of 
the Euler angles. They are usually called the Wigner functions, the generalised spherical 
functions, or D-functions, and are written as follows 


Dim By) = <jm' |R(aBy) lim). (43.8) 


When the coordinate axes are rotated, the coordinates of a fixed point r@p are 
transformed to the coordinates r6’g’. The functions | jm) in equation (43.7) are func- 
tions of the angles in the rotated system of coordinates and we can express this ex- 
plicitly by using the symbols <0’p'| jm) and <6'g’ | jm’). From (43.2) we have 


R(wBy) <8'¢' |im> = <Opljm). 
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Using this relation and (43.8) and (43.7) we find finally 
(43.9) 


<Op|jm> = Y Da(oBy) <0'¢' |jk>. 


One can easily check that the matrix of a finite rotation with the matrix elements 


(43.8) is a unitary matrix, that is, (D’)t D/ = 1 or (D4)t = (D4)-1. 
The unitarity of the D-functions can be written in more detail as follows: 
(43.10) 


Y Didi y. = Y DiEDj im = Onn? 
Using (43.10), we can find the transformation which is the inverse of (43.9) 
<0'9' |ik> = YO im> Dik: (43.11) 
If we write the function (@g|jm> = ©,,,(0¢y) as a single-column matrix, ©,(6, ¢) 
= (@,,,), with 27 + 1 rows corresponding to the different values of m, we can write 
the transformations (43.9) and (43.11) in matrix form: 
(Op) = DIG,(6'g'), B(O'p') = (D+)t D,(69). 

Bearing in mind that the functions | jm) are eigenfunctions of the operator J, and 
using the definition (43.8), we can write down explicit expressions for the matrix D/ 
of a finite rotation in terms of the Euler angles «, B, and y: 

(43.12) 


Dla Py) = e'"*dmx(B) e™, 








where the 
di,(B) = Di,(0f0) = <jk|e'">*""| jm) (43.13) 
are real matrix elements. 
The matrix of a finite rotation is for 7 = 1 of the form 
licosf — sing 1 —cosf} 
2 J/2 2 
sin B sin B 
d*(6) = (d(8)) =| = cosh -— |. 43.14 
(8) = (dn(B)) WE Ja (43.14) 
1—cosf sin£ 1+ cos 8 
2 J2 2 |} 
We can write the matrix d,/2(8) of a finite rotation for j = 4 in the form 
a ej 
cos 3p — sin . (43.14) 


4/2 = (q’i2 _ 
a8) = (A208) + ( eee 


The two signs in (43.14a) are connected with the fact that 
(dnc(B)) = — (dnie(B + 27). 
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We see, moreover, that all matrices d/(6) can be obtained from the matrix d 2 and 
the vector addition coefficients. We shall derive equation (43.14a) in Section 63. The 
matrix d/(§) is real and unitary and it is thus an orthogonal matrix 


(dz.(B)) = (a3.(6))~* = (din(—)). 
We note also the following properties of the matrix elements d2,(8): 
dau(B) = (—1)"~" dim(B) = (— 1)" dm —B) = (- 1)" dn, 18). 


Let us finally note yet another relation for the particular case when 8 = z: 


dinx (7) = (- 1" 8x, —m- (43.15) 

From the various relations we have given so far and (43.12) in particular, it follows 
that —-m pi 

DiloBy) = (— 1°" Dn, (By). (43.16) 


If either m or k vanishes, the matrix elements D?,(afy) with integral values of j = 1 
reduce to the spherical functions: 


Dyo(«B0) = i Yin(Bo), | 
(43.17) 








Dox(OBy) =(- ot “n Y (By). 
21+ 1 
In particular, 
Doo(0B0) = P,(cos B). 


Equations (43.17) enable us to call the matrix elements of the matrix of a finite 
rotation the generalised spherical functions of j-th order. 

To simplify the notation, we introduce a shortened notation for the set of the three 
Euler angles: 3 = («, B, y). If the rotation @ = #,%, is the result of two successive 
rotations, first ®, and then #,, we have the relation 


» Di,{92) Dim) = Dhim(O291)s (43.18) 


which indicates that the matrices D/,, form a representation of the three-dimensional 
rotation group. The representation with integral / = / is single-valued. The represen- 
tation with half-odd-integral values of jis double-valued: to each value of j correspond 
two matrix elements, differing in sign (see, for instance, the case (43.14a)). 
If j =/ and m = m' = 0, we get from (43.18) the theorem for the addition of 
spherical functions 41 
Y YEO¢) Yim(6'’) = —— P,(cos w), (43.18a) 
m 4x 
where 
cos w = cos 6 cos &’ + sin @ sin 6’ cos (y — ¢’). 


Sometimes in applications one must evaluate the product of several generalised 
spherical functions of different order. Such a product can always be expressed by 
means of the vector addition coefficients in terms of a linear combination of these 
Qu 6a 
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generalised spherical functions by using the relations 


Dirt, (8) Driets(9) = s Cisjamym,|jm) Din) (i, joke sko Lik). (43.19) 


J=|s1-J2] 


It follows from the properties of the vector addition coefficients (see Section 41) 
that m = m, + m, andk = k, + k, in (43.19). 

We can use the orthogonality properties of the vector addition coefficients (Sec- 
tion 41) to invert equation (43.19) 

Dix(9) = » Gi j2mim, | jm) Di} 4, (8) Diz,,(8) (ijok1k2 jk). (43.20) 

Equation (43.20) enables us to obtain the generalised spherical functions of higher 
order from the functions of lower order, in particular from D, iz . Using (43.14a) we 
can, for instance, find the matrix elements 


Dri (By) = e'*dnie(B) e™, 


and then evaluate the matrix elements D},(«fy). To illustrate this, we shall evaluate 
the matrix element Dj,. Using (43.20) and the value (4 4 4 4]11) = 1, we have 


1111 
Di= (55551! 


ia 1 + cos ty 
2222 2 


; 1 
1) (Di/21),)° =e” cos” 3° e? =e 





One must often evaluate in physical applications integrals of products of generalised 
spherical functions. We shall show how one can evaluate these. We introduce a 


simplified notation. 7 Qn on 
| ID ++ =| sin a8 | ax | dy -- (43.21) 
0 1) 0 
First of all, we note that 
Te 22 21 
| D398) dd = | di,(B)sinBdB | e'* do | e' dy = 8278 j05inodx0 - (43.22) 
i) 0 i) 


Using this result and (43.19), we can evaluate the an 


| D!R(8) Di. (8) a0 = | (= 1)" Dig, Di 








(43.23) 


From (43.19) and (43.23), we can then evaluate the integral 


; 82? . _ 
[> (0) Dl, (0) Dl (8) 40 =" — (4, jamama| JM) CijakskalIK). (43.24) 





We shall verify in later sections, that the generalised spherical functions are not 
only irreducible representations of the three-dimensional rotation group, which 
enable us to transform the eigenfunctions of the angular momentum operators from 
one system of coordinates to another which is rotated with respect to the first one, 
but also functions which play an important role when we describe the rotation of 
rigid bodies. 
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44*, THE GENERALISED SPHERICAL FUNCTIONS AS EIGENFUNCTIONS 
OF THE ANGULAR MOMENTUM OPERATOR 


The generalised spherical functions Dj,(«fy) considered in the previous section 
describe finite rotations over the Euler angles of the system of coordinates &yf with 
respect to the laboratory systems of coordinates xyz. Let us fix a rigid body to the 
system of £7¢-axes. The position of the rigid body with respect to the system of xyz- 
axes will then be characterised by the three Euler angles «, 8, and y. Since the gener- 
alised spherical functions D/, describe finite rotations of the £nt-axes with respect 
to the laboratory xyz-system, the rotations of the rigid body will also be described 
by the D?,,(afy) functions. 

Let L be the operator of the angular momentum of the rigid body, acting upon 
the Euler angles. The x-, y-, and z-components of the operator £ satisfy the usual 
commutation relations —— a 
[L,., L,J_ = iL,, ... (44.1) 
The result of the action of the operator L upon the D-functions can be calculated 
once we know the eigenvalues of the operator J, which is the operator of the angular 
momentum of one particle, in the states determined by the functions |jm)>. To do 
this, we introduce an auxiliary particle which is not connected with the rigid body. 
The angular momentum operator J acts only upon the angular coordinates 6’y' of 
the particle which are defined with respect to the y@-axes fixed in the body. Let the 
functions 6'¢’ | jm) be the eigenfunctions of J? and Jr. The same motion of the particle 
is described with respect to the xyz-axes by means of the functions (0q~| jm). The con- 
nexion between these functions is by (43.9) determined by the D-functions, that is, 


<Op|jm> = XY Dns(by) <O'9' lik>. (44.2) 
Let us now rotate the system of axes fixed in the body around the unit vector a 


over an infinitesimal angle 6. It follows from (19.11) that under such a rotation the 
wavefunction D is transformed according to 


(DiloeBy) = eI, — (L-n) | Din (44.3) 
The wavefunctions <6¢|jm)> defined with respect to the fixed xyz-axes will not 


ch , that is, aw . 
ange, Mans Op|jm>' = <Op|jm). (44.4) 


The functions <6’¢' | jm) are defined with respect to the 7{-axes; under a rotation 
their change is thus determined by means of the operator (43.3), that is, 


toe ' T-n rotns . ae ) Pofie 
CO'g'Liky’ = eb F567 Ui = [1 + iF) ak p'liky. (445) 
After the rotation equation (44.2) is transformed to 


<Og|jm>’ = » (DilaBy))' <6" 9" 7k)’. 


6a* 
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Substituting (44.3)—(44.5) into this equation, we get after a few simple transfor- 
mations the equation 


Yk) (e- £) Dine = ¥) Drult- J) Lik. (44.6) 
If the vector is directed along the C-axis, (44.6) becomes 
D Lik) LD = YD Lik). (44.7) 
Bearing in mind that | jk> is an eigenfunction of the operator Jes that is 
J\ik> = hk | jk> 
we have 
» Lik> (£,Dh,. — hkDi,) = 0. 
This equation must be satisfied for all functions | jk>, and thus 
L,Dhy = hkDhy. (44.8) 


It is more convenient to consider instead of L., L,> Je, and J, linear combinations 
of them 


- . 1 o- - - - 1 o- ~ 
Jz~=Jt=V,-i), j= -I, = -= +i); (44.9) 

2 V2 

a 1 o- a a ~ a 
i.,=-Lé,-it), i,=-Lé, +i). (44.10) 
J/2 /2 
We then get from (44.6) 
ik) L, Diy, = Y Did; Lik). 


Using (44.9) and (40.22) we can transform the right-hand side of this equation 
YK) L1Dme = —AY Dax VEG - VG +k 4+ DIK +1. 
Kk k 


Replacing in the right-hand side the summation index k by k’ = k + 1, we obtain 
after a few simple transformations 


L,Di, = —hAV3G + OG —k + 1) Diet. (44.12) 
In the same way, we can obtain 
Liye = AVYG — DG 4K + D Dhaas (44.13) 


The operators £_,, Ly = Ly, and L, are called the spherical components of the 
operator L along the Enl-axes. Using (44.10) we find 


f, = —(L_, —_ L,), L, = —=(L_; + £,). (44,14) 
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Using (44.12), (4. 13), and (44.14), we can easily determine the rule for the action 
of the operators L, and L, upon the generalised spherical functions D/,. 
Operating with L_; and L, wpon (44.12) and (44.13), we get, respectively, 


L,L_,Dh, = -4G — kK) +k + 1) nD), (44.15) 
£_,L,Dh, = -3G + DG —k + DADA. (44.16) 
Subtracting (44.15) from (44.16), we find 
[£1, £_4]- Diy, = APkD},. 


Using (44.8) we find from this equation the commutation relation 


[£,,L£_,]_ = Aly. (44.17) 
Substituting into (44.17) the values (44.10), we find the commutation relation 
[L,, L,J- = —ihL,, ..., 


which differs in sign from the commutation relations (44.1) for the components of 
L along the xyz-axes. Adding (44.15) to (44.16), we get 


(L£,L_, + £_,L,) Di, = —UUG + 1) — kK?) Diy. 44.18) 
It follows from (44.10) that 
£,0_, + ££, = —(£7 + £7). 
We have thus from (44.8) and (44.18) 
L7Di, = (£3 + £2 + £2) Di, = WI + 1) Diy. (44.19) 


To derive the rule for the action of the components L,, L,, and L, of the operator L 
upon the generalised spherical functions, we assume that the auxiliary particle which 
we introduced to obtain equation (44.6) is rigidly fixed to the body; the operator J 
will then act only upon the functions <@p|jnt>. When the &n@-axes are in that case 
rotated around the unit vector m over an infinitesimal angle 6, the D-functions will 
transform as usual according to (44.3). However, 


<O'p' |jm>' = <O'g' | jm), (44.20) 
(Op |jmy’ = [ — i(n- n*| <Op| jm). (44.21) 


The minus sign in (44.21) is connected with the fact that the rotation of the body 
over an angle 6 is equivalent to the rotation of the xyz-axes over an angle —é. Sub- 
stituting (44.3), (44.20), and (44.21) into the equation 


(Op jm)’ = » (DiuloBy))’ <8'¢' Lik>' 
we find . = 
(n+ J) Og |jm> = 2, <6'9' lik (n- L) Dix. (44.22) 
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If n is along the z-axis and J,| jm) = hm| jm), it follows from (44.22) that 
» lik) LD. = hm| jm). 


Substituting (44.2) into the right-hand side of this equation, we verify that it is satis- 
fied, provided LD), = hmD),. (44.23) 


Let us now transform the operators 


; 1 os Ps 2 1 |: o 
= “i J, -i,), R= - a + iJ), (44.24) 


+ iL,). (44.25) 


“at 


po, = F (~, —iL,, [2 = 
Using (40.7) and (40.22) we have 


ilimy = FAVIG 4 mMGEm+ iim £1. (44.26) 
Substituting (44.26) into (44.22) and using (44.2) we find 


¥ Uk) £2 sD aViGEmGEm+)iim+) 
= De [2° Di, AVG tm) (Gt mt 1) Diss.) = 0. 


Hence ay ny nt pp rererrreeaee 
Eo Diy = FhVAG Fm) (Gm + 1) Dhsre- (44.27) 

Equations (44.8), (44. 19), and (44. 23) show that the generalised spherical functions 
are eigenfunctions of £7, L,, and Ly, and correspond to the eigenvalues A7/(j + 1) 
of the square of the angular momentum, fm of the z-component of the angular 
momentum, and Ak of the ¢-component of the angular momentum in the rotating 
system of coordinates. 

We can express the x-, y-, and z-components of the operator L in the coordinate 
representation in terms of the Euler angles through the equations 


a é 
L, = —ih sin «x — + cot B cos a 4 Se o 
, op dx sing dy|’ 
7 a @ sinew @ 
L, = —th| cosa — — cot 8 sina — — —— — 44.28 
” | op p dx sing mat ( ) 
L, = int, 
ba 


We have then for the operator of the square of the angular momentum 


erp ee ee 1 a 8 
L’ = —-h ‘a rr (sino) + oy |S 5 + 2cos 8 Baby +sh (44.29) 
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The €-component of the angular momentum operator L is of the form 


oy 


Equations (4. 8), (44.19), and (44.23) determine the eigenfunctions of the operators 
[?, L,, and Ly apart from a constant factor 


|jmk> = pna(*By) = N,DinloBy). (44.30) 


The factor N; follows from the normalisation of the wavefunctions (44.30): 
jm k'|jmk> = | vhaws x Sin B dB da dy = 84; O mm Ox. (44.31) 
Substituting (44.30) into (44,31) and using (43.23), we find 
aj+1 
N= J 8x? * 


Using (44.8), (44.12), and (44.13), we can easily evaluate the matrix elements—with 
m’ = m—of the spherical components of the angular momentum L: 





<jk| Loljk> = <jk| Lyljk> = hk, (44.32) 
Gk +L = —Gk Lk + D =AVAG-KG+k4+1). (44.33) 


From the matrix elements (44.33) and equation (44.14) we find the matrix elements 
of the Cartesian components of the angular momentum: 


ik + WED = Gk Edik +1 =VG-ODG+kK4+D, (44.34) 


i,k + WELK = —k Ek +> = aS G —-ODG +k + 2). (44.35) 


Using the values of the matrix elements (44.32), (44.34), and (44.35), we easily find 
the matrix elements of the squares of the operators: 


<jk| L?|ik> = Wk? (44.36) 
<jk| L3\jk> = <jk| L3ljk> = HPL + 1) — 7), (44.37) 
j,k + 2| L3lik> 


= —(j,k + 2| 2k) = we VG - OG —-k-DG+k+DU+FK4 2. 
(44.38) 


162 The Motion of a Particle in a Central Field of Force [V¥, 45] 
45. ROTATION OF A RIGID BODY. THE SYMMETRICAL Top 


The concept of a rigid body, that is a system the internal state of which—shape, 
equilibrium positions of particles, and so on—does not change, is an idealisation 
reflecting the property of some systems to behave as a rigid body under small exter- 
nal perturbations. This possibility is a consequence of the quantum properties of 
systems: if the energy of the external action is less than the energy necessary to excite 
the first excited internal state of the system, it will remain in the ground state. Mole- 
cules and atomic nuclei are such systems. 

There arises in this connexion the problem of studying the motion of such idealised 
systems: rigid bodies. The motion ofa rigid body can be split into the translational 
motion of the body as a whole and the rotation of the body around its centre of mass. 
In the present and the next section, we shall consider the motion of a rigid body 
around a fixed point, which is taken to be the centre of mass. 

We fix the &¢ system of coordinates in the rigid body, and the orientation of the 
body is determined by the Euler angles «fy which characterise the position of the 
£n¢-axes with respect to the laboratory xyz-system. If the coordinate axes are along 
the principal axes of the rigid body, the classical rotational energy of the rigid body 


is given by the equation 
2 2 2 
es Ere ea (45.1) 
IE oh & 


where J,, I,, and J, are the principal moments of inertia and L,, L, and L, are the 
components of the angular momentum along the y-axes. One obtains the Hamiltonian 
from (45.1) by replacing the classical angular momentum components by the corre- 
sponding operators £., L, and Ly. These operators are the same as the L., L, ,L, 
operators discussed in the previous section, which characterise the rotation of the 
fnt-system with respect to the xyz-axes. 

The calculation of the energy of the rotating rigid body reduces thus to the evalu- 
ation of the eigenvalues of the operator 


HA = 4(alj + bL; + cL?), (45.2) 


where a = Iz? »b=], * and c= I; * while the Ly, Ly I, operators satisfy the 
commutation relations. 
[L,, L,]_ = —ihLy, ... (45.3) 


A rigid body with three equal moments of inertia, a = b = c = I~" is called a 
spherical top. The Hamiltonian (45.2) is then simply 


H=—. (45.3a) 


The eigenfunctions of the energy operator are thus the same as the eigenfunctions 
of the square of the angular momentum L?, which were considered in the preceding 
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section. The eigenvalues of the Hamiltonian are equal to 


22ers 
£, = PIU) 5 201,... (45.4) 
2f 
There are (2j + 1)? eigenfunctions 
2j+1 


Lik> = Yru(aBy) = | Danny) (45.5) 





8707 
with 
k,m=0, +1,..., $/ 
for each eigenvalue (45.4). 
A rigid body with one axis of symmetry of higher than second order ‘has two 
moments of inertia equal. Such a body is called a symmetrical top. Let, for instance, 
a= b +c. In that case (45.2) becomes 


A = 3[al’ + (c — a) ij}. (45.6) 


The wavefunctions (45.5) are also eigenfunctions of the operator (45.6). The energy 
eigenvalues are 
Ej = 4? {aii + 1) + (ce — a) k?}. (45.7) 


There are 7 + 1 sublevels for each value of / with different energies and |k| 
= 0,1,...,7. The energy levels (45.7) are independent of the value of the quantum 
number m and of the sign of the quantum number k. If k + 0, each level is thus 
2(2j + 1)-fold degenerate. The two-fold degeneracy with respect to the sign of k, 
that is, with respect to the sign of the projection of the angular momentun, is con- 
nected with the fact that the Hamiltonian (45.2) is invariant under a reflexion in a 
plane through the axis of symmetry of the body—the axis of the top. Let us denote 
the operator corresponding to this reflexion by P,. As a two-fold application of the 
operator P, corresponds to the identical transformation, the eigenvalues of the 
operator P, are equal to +1. The wavefunctions (45.5) are not eigenfunctions of 
the operator P,, but one can easily construct linear combinations of the functions 
(45.5), which are simultaneously eigenfunctions of the operator (45.2) and the re- 
flexion operator P,. If k + 0, such functions are 


1 


Wk +> = “Lay + Lis -}, (45.8) 
V2 

Uk —> = -L (ip = 7, —}. (45.9) 
J2 


as one can easily check. The function | jk —> changes sign, and the function |jk +) 
does not change sign under a reflexion in a plane through the axis of the top. There 
is only one kind of function for k = 0: 


f0> = |fO +) = 





Dio. (45.10) 
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46*. ROTATION OF A RiGiIp Bopy. THE ASYMMETRICAL TOP 


If all three moments of inertia of the rigid body are different, thatis,a + b + c + a, 
we call this body an asymmetrical top. The stationary states of an asymmetrical top 
are characterised by the quantum number j, determining the total angular momentum. 
The functions (45.5) are, however, not eigenfunctions of the Hamiltonian (45.2), 
since it follows from (44.34) and (44.35) that the action of the operators L, and L, 
changes the quantum number k in the wavefunctions D/,,. The eigenfunctions of the 
Hamiltonian (45.2) corresponding to a total angular momentum with quantum 
number j can be written as linear combinations of the functions (45.5): 


y= Di &elik>. (46.1) 


Substituting this expression into the Schrédinger equation (H — E) y, = 0 with 
the operator (45.2) we get a set of 27 + 1 equations 


» {Gk Hljk’) — Edy} gy = 0. (46.2) 


The condition that this set have a solution leads to an equation of (27 + 1 —)th 
degree in E. The roots of that equation determine the energy levels of the asymme- 
trical top corresponding to the angular momentum j. 

Using the values of the matrix elements (44.36) to (44.38), we can easily evaluate 
the matrix elements of the operator (45.2) with respect to the wavefunctions (45.5): 


< jk| Hjk> = 4h? (a + b) iG + 1) — k?] + 2ck?}, (46.3) 
<j,k + 2) Aljk> (46.4) 
= Gk Alj,k +2) =20-DWVG -DG-kK-DG+K4DG4K4D. 


It follows from (46.4) that the off-diagonal matrix elements of the operator H connect 
only states with values of & differing by 2. The linear combination (46.1) splits thus 


TABLE 9, CHARACTERS OF THE IRREDUCIBLE REPRESENTATIONS OF THE D2-GROUP 





into two independent parts: one contains only | jk>-functions with even values of k, 
and the other only functions with odd values of &. We can further simplify the prob- 
lem, if we take into account the symmetry properties of the system. We get then 
apart from a simplification of the solution, also a possibility of classifying the rotational 
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states with respect to the irreducible representation of the appropriate symmetry 
groups (Section 20). 

The Hamiltonian (45.2) and the commutation relations (45.3) remains invariant 
under the transformations of the D, symmetry group which contains apart from the 
identical element three rotations over = around the three Cartesian coordinate 
axes (Table 9). For each of these rotations, two of the three operators Le, L, and L, 
change sign. 

The matrix elements of the operator (45.2) formed with functions belonging to 
different irreducible representations of the D, group vanish. A set of equations 
such as (46.2) can thus be split into a number of independent sets of equations re- 
ferring separately to each of the irreducible representations of the D, group. 

Under the transformations corresponding to the symmetry elements of the D, 
group the generalised spherical functions D/,, and thus the functions (45.5) transform 
as follows: 

CPD (ay) = Dino, y +m) = (—1)* Diulay). (46.5) 
Moreover, 
Cp Din(oBy) = (—1)°* Dn, (By). (46.6) 


This expression is obtained by using (43.12) and (43.15). Indeed, 
CrDmloBy) = Din(x, B + 2, —y) = em ding(B) dn) e 
= (—1)'™ Da, -e(oBy). 
Similarly we get 
Cz Di(By) = Diu —o, B + 2, y) = (—1)" Dn, Corby). (46.7) 


Using the transformation properties (46.5) to (46.7), we can construct from the 
functions (45.8) to (45.10) linear combinations which will transform with respect 
to the irreducible representations of the D, symmetry group. The simplest case 
corresponds to j = 1. In that case, the functions (45.8) to (45.10) transform with 
respect to the irreducible representations of the D,-group as follows: 


yi(1) = [10> B,-representation, 
p21) = 5 {[11> + [1, —1)} B,-representation, 
2 
—_ 


wys(1) = {j11> — ]1, —1>} Bs-representation. 


V2 
Since these three functions belong each to a different representation of the group, 


the rotational energies of the three possible states with spin 1—we forget for a 
Moment the degeneracy with respect to the quantum number m—are determined 
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by the average values of H. Using the values (46.3) and (46.4) of the matrix elements 
we find 
E,(1) = {1 0] H]1 0> = 44(a + 5), 


E,(Q1) = {11 #11) + (11) A], —l = 4a + 0), 
E,(1) = (11) #]11> — (11) A, -—1) = 46 + 0). 


The energy level £,(1) corresponds to the irreducible representation B,, the sym- 
metry of which with respect to the & and 7 axes is the same so that the energy is 
given by a formula which is symmetric in the inertial moments J, and J,. 

If the value of the angular momentum j is 2, we have five stationary states; their 
wavefunctions can be written as follows: 


yi(Q2) = z (22> — |2, —2)) B,-representation, 

2 
y2(2) = Fj (12 1) — |2, —1)) B,-representation, 

(46.8) 
y3(2) = — (12 1> + |2, —1)) B;-representation , 


V2 
Wa,s(2) = 8112 0> + a5 ([22) + |2, -2)) A-representation, 

2 
where g, and g, are coefficients to be determined presently. Only one function 
corresponds to each of the irreducible representations B,, B,, and B, and the energy 


of these states is thus immediately determined from the expressions (46.3) and (46.4) 
for the matrix elements: 


E,(Q2) = <22] H/22) = 4h7(a + b + 4c) B,-representation, 
E,(2) = 4#7(a + c + 4b) B,-representation, 
£,Q) = 4#(c + b + 4a) B;-representation, 


Two functions correspond to the irreducible representation A; they differ in the 
values of the coefficients g, and g,. Substituting the functions 4,5 of (46.8) into the 
Schrédinger equation, we get a set of two equations to determine these coefficients: 


{2 0| H|20) — E}g, + V2 (20| H[22) g, = 0, 
/2. 20] HI2 2) 2, + {(22| H]22) — E}g, = 0. 


Using the values of the matrix elements given in (46.3) and (46.4), we find from the 
condition that these equations can be solved the following quadratic equation for’ 
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the energy levels 


= (a+b) —E V3 ia — 5) 
i =0. (46.9) 
<= (@ + 8) = (a+b +40) - 


Solving this equation, we find 
Exs2)=#{a+b+o+V(at b +c) — Xab + ac+ be}. (46.10) 


Only one of the seven states corresponding to j = 3 belongs to the irreducible 
representation A. Its function is 


v3) = 53% — (3, -2)) 


and the corresponding energy 
E,(33) = 2#(a+b+c). (46.11) 


It is of interest to note that the energy of this state is equal to the sum of the energies 
of the two states with 7 = 2 belonging also to the irreducible representation A, that is, 


E,(3) = E4(2) + Es(2). 


There are two functions of states with 7 = 3 belonging to each of the three other 
irreducible representations—B, , B,, B;—. The energy of these states can be found by 
solving quadratic equations. 


PROBLEMS 


1. Use the semi-classical approximation to find the radial wavefunction of a particle moving in a 
spherically symmetric field. 


2. A spherically symmetric field gives rise to a discrete set of energy levels. Show that the minimum 
of the energy for a given / increases with /. 


3. The interaction between a proton and a neutron can be approximated by the potential U(r) 
= —Ae™l*, Find the ground state wave function. Find also the relation between the well depth 
A and the quantity @ which characterises the range of the forces, if the binding energy of the 
deuteron is 2.2 MeV. 


4, Find the linear combinations of the states given by (37.18) which correspond to the states classi- 
fied according to (37.13). 


5, Show why in the case of a finite nuclear mass, in (38.2) should be replaced by the reduced 
mass pt’. 


6. An electron in the Coulomb field of a nucleus of charge Z is in its ground state. Evaluate the 
average electrostatic potential due to the nucleus and the electron, and discuss the result ob- 
tained. 

7. Prove equations (38.17). 
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8. 


14. 


15. 


16. 


Calculate the mean square deviation of the distance of the electron from the nucleus for a hydrogen 
atom in an ni-state. 


. The wavefunction y(r) describes the relative motion of the proton and the electron. Assume 


that the centre of mass of the hydrogen atom is at the origin and find the probability density 
distribution for the proton. 


. Find the momentum distribution of the electron in the hydrogen atom in the Is-, 2s-, and 2p- 


states. 


. Show that in a state y with a well-defined valuex of J,, the average values of J, and J, vanish. 


12. 


What is the form of the eigenfunctions of the operators of the square of the orbital angular 
momentum and its z-component in the momentum representation. 


. A particle is in an eigenstate of the square of the angular momentum and its z-component 


corresponding to the quantum numbers j and m=/j. Determine the probability for different 
values of the angular momentum component along a direction which makes an angle @ with 
the z-axis. 


Prove by considering the transformation properties of a vector operator A under a rotation 
that such an operator satisfies the equation 


Lh, Ail. = ietimAms 
where é,;,, is the antisymmetric unit tensor of third rank: 
Cxtm = Cimk = mkt = —Ckmt = —mik = —Ctmm, C123 = 1, 
where k, /, m are either 1, 2, or 3 or x, y, or z. 
If A is a vector operator, prove the following relations: 
[F2, A]. =i{[4 A J—- [Fa Al}, 
[F?, [F2, A].]_ = 2 {774 + AF?} — 490 - A), 
<n'I\F- A)| n> 
JU +1) 


Use the results of the preceding problem to find the average value of the operator je = ew + Bod, 
in the state characterised by the quantum numbers J, M,, J,, and J. where j= J, + Jn. 


<n' I'M! |A| nIM> = <JM'|3| JM). 


CHAPTER VII 


APPROXIMATE METHODS FOR EVALUATING 
EIGENVALUES AND EIGENFUNCTIONS 


47, PERTURBATION THEORY FOR STATIONARY STATES OF A DISCRETE SPECTRUM 


One can solve the Schrédinger equation, which determines the energy of the 
stationary states of a system exactly only for a few very simple potential fields corre- 
sponding to idealised systems (see Chapters V and VI). We need have recourse to 
approximate methods for evaluating the eigenfunctions and eigenvalues of a Hamil- 
tonian when we are studying real atomic and nuclear systems, Recently, the advent 
of electronic computers has led to great interest in numerical methods for solving 
quantum mechanical problems. Such methods are discussed in special handbooks. 
We shall, in the present book, consider only analytical methods for approximately 
determining the eigenvalues and eigenfunctions of real systems, which do not differ 
too much from idealised systems for which we can find an exact solution. In such 
cases, we can reduce the approximate methods of solution to evaluating corrections 
to the exact solution, The general method of evaluating such corrections is called 
perturbation theory. 

In the present section we shall consider the perturbation theory for stationary 
problems with a discrete energy spectrum. We shall assume that the Hamiltonian of 
a quantum system can be split into two terms 


H=H,+ V, (47.1) 


one of which, Ho, is the Hamiltonian of an idealised problem which can be solved 
exactly, while V is a small extra term, which is called the perturbation operator. The 
perturbation operator may be part of the Hamiltonian, which is not taken into account 
in the idealised problem, or it may be the potential energy of an external effect (field). 
The problem of perturbation theory consists in finding formulae determining the 
energies and wavefunctions of the stationary states in terms of the known energy 
values, E’, and wavefunctions, y,, of the “unperturbed” system which is described 
by the Hamiltonian A. 

Let us now assume that there is no degeneracy in the unperturbed problem, that is, 


AoQn = Ex gn: (47.2) 
Moreover, let 


V=Aw (47.3) 
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where A is a small dimensionless parameter. The problem of finding the eigenvalues 
and eigenfunctions of the operator (47.1) reduces then to solving the equation 


(Hy + AW) y = Ey. (47.4) 


Let us change from the coordinate representation to the energy representation, 
choosing as our basis system the set of eigenfunctions, g,, of the operator of the 
unperturbed problem. We then have 


v= 2 ann» (47.5) 

and equation (47.4) reduces to the infinite set of algebraic equations 
(E — En) Om = AY. Winn > (47.6) 
where the Wan = (Qn W| Qn» are the matrix elements of the perturbation operator W. 


To determine the corrections to the energy and wavefunction of the stationary 
state with quantum number /, we put 


E, = Ep + WEY + VEP + +, 
Om = Smt + ay? + aD + 
Substituting these series into (47.6), we find the following set of equations: 
[Er — Ep + AE? + A7EY? + +] [bm + AAD + +] 
=A Wanldn + aay? + ++). 
Putting m = 71 and comparing terms of the same order in A we get the equations: 


EM= Wu, | 


EP + EP ay? = Yo Wan? | (47.7) 
If m + 1 we get similarly: 
an (Ey — En = ne m + l, | 
Ea () +4 (EP - a® = =z W. a, | (47.8) 


It follows from (47.7) that in first approximation the energy of the system is 
expressed by the formula 


E= Ep + akEf = EP + AWy = Ep + Vu. (47.9) 


The first-order correction to the energy is thus the average value of the perturbation 
operator V in the state corresponding to the zeroth order wavefunction y,. Using 
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the first of equations (47.8) and (47.3) and (47.5), we get for the first-order wave- 
function of the state / 
V, 
= gy + AaiPy, + —™ _ 9. 
wae tian+ & ae pe? 

The quantity 2a‘? is determined from the normalisation condition. The gy, are 
normalised and neglecting terms of order 4? or higher we get from the requirement 
that p, be normalised: 

ay + aj* = 0. (47.9) 
Since the wavefunctions are determined apart from a phase factor, and since from 
(47.9a) it follows that a‘? must be purely imaginary, it follows that we can put a{” 
equal to zero}. The first-order wavefunction is thus given by the equation 


a i ee Le (47.10) 


noe EP 
Substituting now the values of a‘ obtained from the first of equations (47.8) into 
the second of equations (47.7), we find the second-order correction to the energy: 
Win Wa 


EP = ¥ =. 
n(+t) Ep — E, 


The second-order expression for the energy is thus 


_ 0 [Vial 
E,= Ep + Vat ¥ (47.11) 


n(#t) E° — Eo 
It follows from (47.11) that the second-order correction to the energy of the ground 
state (when E~ < E°) is always negative. 

In practical applications of perturbation theory one usually considers the first 
approximation to the wavefunctions and the second approximation for the energies. 
Sometimes, however, it is necessary to go to higher approximations. 

The perturbation theory method discussed here is valid only if the series of suc- 
cessive approximations converges. A necessary condition for this is that each cor- 
rection is small compared to the preceding one. We can thus write the condition 
for the applicability of perturbation theory in the form 


\Viml <|EP — E8| for all m not equal to /. (47.12) 


The condition for the applicability of the perturbation theory method leads thus to 
the requirement that the off-diagonal matrix elements of the perturbation operator 
V are small compared to the absolute magnitude of the difference of the corre- 
sponding values of the unperturbed energy. 


t Note that neglecting terms of order 4? or higher p, + Aap, = —, exp [Aa{”]. Note also that 
we have tacitly assumed here that 4 is a real quantity. 
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To illustrate the use of perturbation theory, we shall evaluate the first-order change 
in energy of an electron in a Coulomb field — Ze?/r when the nuclear charge is in- 
creased by unity (nuclear f-decay). The perturbation operator is in that case 


2 
V=—-—= -f_.-, (47.13) 


where @ is the distance measured in atomic units. From (47.9), it follows that the 
first-order change in the energy of the n/-state is equal to the average value of (47.13) 
in that, state, that is, 


4 
AE = —* «all LD. 
h @ 


From (38.17c), it follows that the average value of g~/ is equal to Z/n’, and, there- 
fore, 





4E=- . 
wh 
We can compare this value with the exact value, if we bear in mind that the energy 
of an electron in a Coulomb field is given by equation (38.15), whence follows: 


4 
pe 1 
AE exact = ere: (z + ;) 


48*, CONDITIONS FOR THE APPLICABILITY OF PERTURBATION THEORY 


We showed in the preceding section that the perturbation theory method con- 
sists in splitting the Hamiltonian of a system into two parts, one of which (Ho) 
corresponds to a simplified (unperturbed) system while the other is considered to 
be a perturbation. If we split off from the second part a numerical factor A, the 
perturbation theory method enables us to obtain a solution in the form of a power 
series in A. If that series converges, we can solve the problem with any required 
accuracy. The proof of the convergence of the perturbation theory series is, for most 
cases of practical interest, very complicated. Sometimes the first perturbation theory 
approximation gives good results, even though the perturbation theory series diverges. 

We showed in Section 47 that a necessary condition for the applicability of per- 
turbation theory methods to considering the state with quantum number / is that 
inequality (47.12) is satisfied, that is, that the distance between the given level and 
all other energy levels of the unperturbed problem must be large compared to the 
change in the energy caused by the perturbation. This entails that the level / cannot 
be degenerate, since otherwise the energy level difference in the unperturbed problem 
would vanish. The applicability of equations (47.10) and (47.11) is not violated, 
however, if some of the states m with an energy EQ satisfying (47.12) are degenerate. 
These formulae can also be extended to the case where some of the states m belong 
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to a continuous spectrum; in that case the sums in (47.10) and (47.11) must be re- 
placed by integrals for those states. 

Perturbation theory is, strictly speaking, applicable only in the case when as 
4 — 0 both the eigenfunctions and the eigenvalues of H change continuously into 
the eigenfunctions and eigenvalues of the operator Hy. Sometimes this condition 
is not satisfied—for instance, the perturbation may change the character of the 
solution, turning a problem with a discrete spectrum into one with a continuous 
spectrum. Consider as an example a Hamiltonian with the potential energy 


U(x) = 4uw?x? + Ax?. (48.1) 


For A = 0 the Hamiltonian is that of a harmonic oscillator which has the discrete 
spectrum E° = (n + 4) hw. If A is small the condition 


AKKm| x°\n>| < [Em — En] = holm — n| 


is always satisfied. However, the Hamiltonian with the potential energy (48.1) has, 
for any non-vanishing value of A, a continuous spectrum of eigenvalues since for 
large negative values of x the potential energy becomes less that the total energy 
of the particle. The wavefunctions and energy levels obtained by the perturbation 
theory method describe in this case non-stationary states. The particle can pass 
through the potential barrier in the direction of x = —oo and go to infinity. For 
small values of A, however, the probability for such a process is extremely small 
and the solution found by the perturbation theory method will practically be a 
stationary state. Such a state is called a quasi-stationary state. 

We shall consider in Section 126 a case where forbidden energies appear in the 
continuous spectrum under the influence of a perturbation. 

When we use equation (47.11) to evaluate the correction to the energy of the /-th 
stationary state, we must know the energy levels E, and wavefunctions Py Of all 
stationary states of the unperturbed problem. Often, however, we have only ade- 
quate knowledge of the first few excited states of the unperturbed system. If we 
use in these cases (47.11) to evaluate the change in energy under the influence of the 
perturbation of even the lowest levels, the result will be a rough approximation. 
We can, however, transform the formula for calculating the second-order expression 
for the energy in such a way that the role of the higher excited states is appreciably 
diminished and that thus the accuracy of the calculations is enhanced. 

To obtain such a formula, we use the identity 


1 1, En 
Ep—Emn Ep Ep(EP — En) 
and the equation 
Ve = » Vint Pm = AED, + A » WP 
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to obtain for the wavefunction in the first perturbation theory approximation: 


V — AEE EnVimmn 
=9 + w+ Y Sn 
w= + ot De sao Bo) 


The energy of the /-th level is now obtained from the following second-approximation 
formula 
E= foto t+ VY) yd. 


Bearing in mind that AE{? = V,,, we find 


Nv EV mal? 
<I an [Viral 


E, = Ep + . 
, , EP mi#t) Ey(Ey — Ee) 


(48.2) 
Comparing this equation with (47.11), we see that (48.2) differs from (47.11) in that 
there is a factor E2/E? under the summation sign. Usually the energy is normalised 
in such a way that the discrete spectrum corresponds to negative values of the energy 
so that for higher excited states |EC/E;| < 1. 

The presence of the factor E,,/E; in (48.2) diminishes, therefore, the role of higher- 
excited states. 

To conclude this section, we derive yet another expression to determine the energy 
in second order of the perturbation. Let H = Hy) + V and Hog, + Evg,. If we 
substitute into the Schrédinger equation (H — E) y = 0 the expansion 


yp Y QnPr> 
we obtain an infinite set of homogeneous linear algebraic equations 
Y (inn _- Edn) a, = 0, (48.3) 
with 
Hymn = <mn| Hin) = Ep8mn + Vian: (48.4) 


The condition that this set of equations have a solution leads to the equations of 
infinite degree 
|Hinn — EOmn|l = 0, (48.5) 


the roots of which determine the exact eigenvalues of the operator H. 
Let us assume that we are interested in the change in the level EZ? under the in- 
fluence of the perturbation V. If for all m + 1 the inequality 


[Hinl << |E? — En 


is satisfied, we obtain by neglecting all off-diagonal matrix elements H,,, the energy 
in first approximation: 
E=Hy,=E}+ Vi. (48.6) 


in agreement with (47.9). To obtain the energy in second approximation, we neglect 
in (48.5) all off-diagonal matrix elements, except those in the first row and the first 
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column of the determinant. We get thus the determinant: 


Ay, -E Hy, Hy, Ai, 


Hy H,, —E 0 0 
Hs, 0 H;-E 0 =0 
Has 0 0 Hy—E 


Multiplying the second row by H,./(H2. — £) and subtracting it from the first 
row, we get a new determinant with the first element of the first row equal to 


[FZ 21” 


Ay, -E- , 
14 Ha —E 


and instead of H,, a zero. Multiplying then the third row by H,,/(H3, — Z) and 

subtracting it from the first row, we get rid of H,, and change again the first element 

of the row. Proceeding in this fashion we find 

— |. tml _ 8.6 

H,, —E- Y ——— | (Aa. — E)(Ha3 — EF) = 0. (48.6) 
m=2 Ham _- E 

If the level E? is non-degenerate, we can for E close to E} require that the first bracket 

in (48.6a) vanish. We get thus 


(48.7) 


This is an implicit equation for E. We can solve for E by the method of successive 
approximations. To a first approximation, we can put on the right-hand side of (48.7) 


E= Hy, = E, + Vy. 
Using (48.4) we get then 


E=E} + Vi, + y Fonl” 
_ 1 11 —o. ap y7snQ@. «=p \* 
m=2 Ey + Vin _ (En + Vinn) 
By the same method, we can obtain an expression in second approximation for 
the energy of any level corresponding to a non-degenerate, unperturbed state E;: 


Vil? 
E=E;p+Vnt+ ¥ Ln 


i en (48.8) 
m(+1) EP + Vu —_ (En + Vinm) 


49. PERTURBATION THEORY WHEN TWO LEVELS ARE CLOSE 


It follows from (47.10) and (47.11) that, if there are among the eigenvalues of Hy 
one or more with an energy close to E;, the corrections to the wavefunction and 
energy of the level / will be large because of small denominators, and these formulae 
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cannot be used. If, however, the number of eigenvalues of Hp close to the level / 
is small, we can alter the method of calculations in such a way that we can also, in 
this case, exclude the occurrence of large corrections. We shall illustrate this for the 
case of two close levels. 

Let the operator Ao have two close eigenvalues E? and E?, corresponding to the 
eigenfunctions y, and @,, while all other eigenvalues lie far from these two. When 
using (47.10) to evaluate the correction to the wavefunction gy, we see that the contri- 
bution from the function ¢, will be large, because of the small denominator E; — E>. 
It is, therefore, appropriate to look even in zeroth approximation for a solution in 
the form 

y = ag, + bez. (49.1) 


Substituting this expression for py into the equation 
(A-E)y=0, H=AL,+V, 
we get a set of equations 


(Ai; - E)a + Hb = 0, 
} (49.2) 


24a + (Ho, — E)b = 0, 


where the matrix elements H,, are given by (48.4). From the condition of solubility 
of this set of equations, we find two energy values: 


Exo = 4(Hyy + Hoo) + $V (Aas — Hoo)? + 41a, (49.3) 


where the plus sign refers to the level EZ, and the minus sign to the level Z,. If the 
condition for the applicability of the usual perturbation theory is satisfied, that is, 


[Hy — Hoo] > |Mi2l, (49.4) 
we find from (49.3) the energy values 
H. 2 V. 2 
Ey = His + | 12! = Ep + Via + - | 121 5 ; 
Ay, — A22 Ey + Vi, — (E2 + V2) 
A,,|? V2)? 
Ey = Hy, + —el eee Veg + ——— al 
Hz, — Hy, Ey + Vo2 — (Fi + V1) 


which are the same as the energies determined by the usual perturbation theory in 
second order (compare (48.8)). If the inequality 

lH, — Ho2| <« |Ai2| (49.4a) 
holds, it follows from (49.3) that 


_ Ay, + Hy 


H,, — Ho. 
E,. Te a {al +e | 


8) 72 
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We show in Fig. 9 the energies E, and E, as functions of the difference 6 = 
H,, — H22 for a fixed value of H,,., as given by equation (49.3). The second order 
correction to the energy values are shown in Fig. 9 by the difference between the full- 
drawn and the dotted lines. It is interesting to note that the second order corrections 
to the values H,, and H,, always increase the distance between the levels. In this 





Fic. 9. The energy levels E, and £2 as functions of the energy differenced = Hy, — H22 
of the unperturbed system. The values of H,, and M2 are shown by the dotted lines. 


connexion, one sometimes speaks of a “repulsion of the levels’’, meaning by this 
the increase in distance between two close levels when terms are taken into account 
in the Hamiltonian, which were dropped in a simpler problem. 

We find from (49.2) for the ratio of the coefficients 2 and 6 which determine the 


wavefunction (49.1) a Hip 

b E-Hy 
Substituting into this expression the values F, and E, from equation (49.3), and 
writing 2H, 
Hy, — Hp,’ 


@\ _cottg (2) = —tan! 
(=o (0 ~ mde 


The normalised wavefunctions of the states corresponding to the energies E, and E, 
are thus of the form 


tanB = (49.5) 


we get, respectively, 


Yr = Pi cos4hP + gq sin df, 
} (49.6) 


Yo = —, Sind8 + yp. cos 48. 


If inequality (49.4) is satisfied, it follows from (49.5) that 6 ~ 0 and thus that 
Y1 © V1, Yo © P2- On the other hand, if inequality (49.4a) holds, 8 = 4a and 
gy and gy, occur with equal weight in (49.6). 

If we now use in the evaluation of corrections to the energies FE, and E, and wave- 
functions p, and w. the energy levels 


Ey, E,, E3, E}, eee 
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and wavefunctions 
Yr. Ya> Par Paso 


found in zeroth approximation, the small difference E, — E, will not occur in the 
denominators of the sums determining the energies in second approximation, (47.11), 
or the wavefunction in first approximation, (47.10). This happens because the numer- 
ator, <y,| Hlp.), of the corresponding term vanishes by virtue of the fact that both 
functions y, and yw, are the solutions (49.1) of the Schrédinger equation with the 
total operator H. We can thus for the determination of higher-order corrections 
apply the normal perturbation theory method. 


50. PERTURBATION THEORY FOR DEGENERATE LEVELS 


The results of the preceding section remain valid also when the energies of two 
levels coincide, that is, when there is two-fold degeneracy. One can easily generalise 


these results to the case of multiple degeneracy. 
Let us assume that the level E? is f-fold degenerate. We must then take for the 


zeroth order function the linear combination 


f 
y= Yo avu, (50.1) 


k=1 
where the 9, satisfy the equation 
(Ho _ E;) Pu = 0. 
Substituting the function (50.1) into the Schrédinger equation with the operator 
H = H, + V we obtain a set of f linear, homogeneous equations: 


Sf 
Y (Hn — E:Sme) Gy = 0, m= 1,2,..,f. (50.2) 
k=1 


This set of equations has a non-vanishing solution, provided the determinant 
of the coefficients of the unknown a, vanishes, that is, 


Ny, -_ E, Hy, Ay, 
An, Hz, — £, Ha, 2) (50.3) 
Ay, A, Hz, — E, 


Writing out the determinant (50.3), we get an equation of f-th degree for the unknown 
value of E,. This equation is called the secular equation. It has f real roots. If all 
roots of (50.3) are different, the f-fold degenerate level E? of the unperturbed problem 
is split into f different levels E,,, and for each of them we can find the corresponding 


function 
Pu = Yam Pms (50.4) 
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the coefficients of which are determined from the equations (50.2) after we have 
substituted for E, the value E,,. We say in that case that the perturbation V has 
completely lifted the degeneracy. If one or more of the roots of equation (50.3) are 
multiple, the lifting of the degeneracy is incomplete. The wavefunctions corre- 
sponding to the multiple roots of equation (50.3) are not uniquely determined by 
the equations. One can, however, always choose a set of mutually orthogonal wave- 
functions. The wavefunctions belonging to different roots of equation (50.3) are 
mutually orthogonal. All off-diagonal elements of H involving the wavefunctions 
(50.4) vanish, therefore, and we can then use these functions together with the other 
functions corresponding to the other levels to find the corrections to the levels E,, 
in the higher approximations. For these corrections, we can use the equation (47.11). 

We shall apply perturbation theory in sections 72 and 73 of Chapter VIII to evalu- 
ate the change in the energy levels of an atom under the influence of an external 
electric or magnetic field. 


51. APPLICATIONS OF THE VARIATIONAL METHOD TO APPROXIMATE CALCULATIONS 


One can often use the variational method to evaluate the first few discrete states 
of a quantum system. The variational method of evaluating the first few eigen- 
values of the Hamiltonian does not use perturbation theory and does not require 
a knowledge of all solutions of simpler equations. 

The variational method for calculating the ground state energy E, of a system 
reduces to an application of the inequality 


Ey < f p*Hy dé, (51.1) 


where y is any normalised function: 
f vty dk =1, (51.2) 


and A is the total Hamiltonian of the system. 

One can easily prove inequality (51.1) by using the energy representation. If we 
denote the complete set of eigenfunctions of H by ¢,, any function y can be expanded 
in terms of the g,, that is, 


p= Yan x, la,” = 1. (51.3) 


n=0 


From (51.3), we find 
| y*Hy dé = ¥ lal? Ey = Eo Y. lal? = Eo- 
n=0 n=0 


This inequality is the same as (51.1). The calculation of the energy of the ground 
state of a system reduces thus to finding the minimum of the integral | p*Hy dé, 
when the normalised wavefunction yp is varied. Thus 

= i a Ay 
with y satisfying (51.2). Eo = Min J y*Hy dé, 61.4) 
qu 7 
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The practical evaluation of the ground state energy using (51.4) reduces to a 
choice of a “trial function” containing a number of unknown parameters, «, f, ... 


After evaluating the integral 
J yrE; «, B, ...) Hy; x, B, ...) dé 


we obtain an expression J(«, 8, ...} depending on these parameters. The determination 
of the required values of the parameters reduces by virtue of (51.4) to looking for 
the minimum of J(«, 8, ...), that is, to solving the equations 


If the choice of the form of the trial function has been felicitous, the value 
E= J(xo; Bos w+) 


obtained in the above manner will be close to the true value Ey, even for a relatively 
small number of parameters. The ground state wavefunction will be approximately 
given by the function yo(£; ao, Bo, ---). 

This method of finding the ground state energy is called the straightforward varia- 
tional method or the Ritz method. The choice of trial functions is based upon a 
qualitative analysis of the solutions, taking the symmetry of the problem into account. 
If the choice of the trial function has been an appropriate one, even with one para- 
meter one can obtain good results for the energy. 

If we denote by yo the wavefunction of the ground state, the evaluation of the 
energy E, of the first excited state reduces to solving the variational problem 


E, = Min f pty, dé, (51.5) 
under the conditions 
Sytyidé=1, Jytyo dé =0. (51.6) 


To prove this, we can proceed as for the case of the ground state bearing in mind 
that due to the orthogonality condition (51.6) in the expansion of y, in terms of 
the eigenfunctions of the operator H, there is no term with qo, that is, 


Y= yy biPns y |b, |? =]. 


The evaluation of the energy of the second excited level reduces to the solution 
of the variational problem 


a 


E, = Min J pity, dé, (51.7) 
with the conditions 
Jvip.dé=1, J pty. dé = J pip. dé = 0. (51.8) 


The evaluation of the energy of the third excited level reduces to the solution of a 
variational problem with four additional conditions. The variational problem be- 
comes thus increasingly complicated for the evaluation of higher excited levels. 
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Sometimes the necessary orthogonality conditions are satisfied by a suitable choice 
of the trial functions simply dictated by symmetry considerations. When studying 
the motion of a particle in a spherically symmetric field, for instance, the ortho- 
gonality of states corresponding to different values of the angular momentum is 
secured by the orthogonality of the corresponding spherical harmonics. 

Let us consider some examples to illustrate the application of the variational method 
to the evaluation of eigenvalues and eigenfunctions of the Hamiltonian. We shall 
use the variational method to calculate the ground state energy of a one-dimensional 
harmonic oscillator, that is, a system with Hamiltonian 

2 2 
ash £ + 1 cox? (51.9) 
2u dx 2 
We bear in mind when choosing the trial function that the wavefunction must vanish 
as x > + oo. Moreover, the ground state wavefunctions must not have nodes. We 


put, therefore, les a) = Ae 2, (51.10) 


From the normalisation condition, we find A = («/x)'!*. From (51.9) and (51.10) 


we find the integral 
~ 1 2 2 
I(x) = | viiy a = (3 4 “). 
4\u a 


The minimum of J(«) corresponds to he value «) = uw/h, and we get thus for the 
ground state energy Ey = Iae) = $hev, 


and for the corresponding wavefunction 


174 
po(x) = p(x; Xo) = (“") e BOxrs2h | 
ah 


In this case, both the energy and the wavefunction obtained by the variational 
method are the same as the exact ones found in Section 33. 

To find the energy and wavefunction of the first excited state, we must take a 
trial function y, orthogonal to yo. The simplest function satisfying this condition is 





w(x; B) = BxeW 28? | (51.10a) 
From the normalisation condition, we find 
Pe _ 2p 


Va 
We then evaluate the mtegral 


J,(8) = [ests dx =? [= + val (51.11) 
4L pu B 


From the condition that J,(8) be a minimum, we determine the value of the varia- 
tional parameter: By = w/t. Substituting this value into (51.11), we find the energy 
q* 
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of the first excited state of the oscillator 
E, = J,(Bo) = tho. 


From (51.10a), we find for the wavefunction of this state 


WE 3f4 
yilx) = (3) () xe BO l2h 
I, 


Our next example is the calculation of the energy and wavefunction of the hydrogen 
atom. The Hamiltonian in this case is 
H= _# v7 - e 


. 51.12 
Ys (51.12) 


The angular momentum has a well-defined value in a spherically symmetric field; 
it is equal to zero in the ground state. The wavefunction depends thus only on r 
and not on the angles. The wavefunction must vanish as r > oo and we can thus 


choose as our trial function 
yp = Ae Pr (51.13) 


From the normalisation condition follows that A? = B3/s. 
From (51.12) and (51.13), we find 





26°h? ° —pro2 Br 2 32 ° —2r 
J(p) = e'V'e ''r’ dr — 4B e e “''r dr. (51.14) 
B 


Qo 0 


To evaluate the first integral in (51.14) we write 


[- 0} [> e} g 2 1 
eye Fy? dr = — —e ®)\ Pdr = ——, 
0 o \@r 48 


The second integral in (51.14) is easily seen to give 


“ 1 
| er dr = —_., 
0 (28) 
Substituting these values into (51.14), we get 


Bh? _ 


On Be?. (51.15) 


J(B) = 





From the condition that J(6) be a minimum, we determine the variational parameter 
Bo = 1/a with a = h?/ue? the atomic unit of length. Substituting the value of fp 
into (51.15) and (51.13), we find the energy and wavefunction of the ground state 
of the atom 


—rfa 





e” 
E;, = J(Bo) =S—-—, Ys = e 
2a na> 
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Let us now calculate the energy of the first excited state, the 2s-state. We choose 
a trial function depending on two parameters, « and y; 


Yos = (i + *) ena (51.16) 
a 


From the orthogonality condition So Pass dE = 0 we find 


y= —41 +). 

Using this relation, we find from the normalisation condition 

B= 3a 
37 2 . 
na'(a” —oa« + 1) 

We can now evaluate the integral 
- e” ao Tox? a 
J(a) = Hy,, dé = —| —- — — — ———_—__—_ |. 51.17 
@) [ve Yas -|-2 6 won| (61-17) 


From the condition that /(«) be a minimum follows that «, = 4. Substituting this 
value into (51.17) and (51.16) 


2 
é 


1 r 
Ey; = —-—, = —=—(1 — —)e™"*. 
; 8a Yes 82a* ( xa) 


Apart from the straightforward variational method considered so far, where we 
chose as a trial function a function depending on a few parameters, we can also reduce 
the determination of the minimum of the integral 


J pt Ay dé (51.18) 
J pty dé (51.18a) 


to the problem of selecting the form itself of the wavefunction. We shall show that 
in that case the variational method is equivalent to solving the Schrédinger equation. 

Let dy be a variation of the function y. Requiring the integral (51.18) to be a mini- 
mum then reduces to the equation 


f op*Hy dé + J p*Hoy dé = 0. 
As Hi is Hermitean, we can transform this equation to 
fopH*p* dé + [dy*Hy dé = 0. (51.19) 





with the condition 


We must satisfy (51.19) for all variations dp* and dy satisfying the condition 


J dpp* dé + [ dp*p dé = 0, (51.20) 
following from (51.18 a). 
Using the method of Lagrangian multipliers, we can combine equations (51.19) 
and (51.20) into one equation 


[dp (A* — E)y* dé + [ dy*(H — E)y dé =0, (51.21) 


and consider dy* and dy to be independent. 
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Equation (51.21) is satisfied for all independent variations dy and éy* provided wy 
and y* satisfy the Schrédinger equation: 


(H-E)p=0, (#* — E)y* =0. 


52. THE METHOD OF CANONICAL TRANSFORMATIONS 


Recently the method of canonical transformations has become the centre of 
attention among the approximate methods for finding the eigenvalues of the Hamil- 
tonian. To note the importance of this method, it is sufficient to mention that Bogol- 
yubov was able in 1957 to use this method to elucidate superconductivity (see Sections 
141, 143, and 144). 

In the present section, we shall state the basic ideas of the method of canonical 
transformations as a method for approximately solving quantum mechanical pro- 
blems. First of all, we shall show that for problems, where one can apply pertur- 
bation theory, the method of canonical transformations leads to the same results 
as perturbation theory. 

Let us assume that we know the eigenvalues and eigenfunctions of the operator 
Hy, that is, Avg = Fg, (52.1) 
and that we need to find a solution of the equation 

(Ay + AW) yp = Ey, (52.2) 


where A is a small parameter. We shall assume that Hy has a discrete spectrum; 
equation (52.1) is then of the form 
Hog, = Ex Gn. (52.14) 
We can write equation (52.1a) as a matrix equation 
<n| Ho|m) = EnOnms (52.3) 
which shows that the matrix elements of Hy in terms of the functions |n> = 9, 
form a diagonal matrix. 
The solution of equation (52.2) by means of the method of canonical trans- 


formations reduces to finding such a unitary transformation matrix S of the wave- 
functions @ that these functions are transformed into the solutions of equation (52.2). 


We put p= So, St=$7, (52.4) 
Substituting (52.4) into (52.2) and multiplying from the left by St we find 
Sy + 4) Sp = Eo. 
In the representation with basis functions |”> = , this equation reads 
<n| Sty + 2W) S|m> = EnSam- (52.5) 


The transformation matrix 5 thus reduces the operator Hy + AW to diagonal form. 
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To determine the eigenvalues Z,, and the form of the transformation matrix, we 
write 


Eq = Eo + VED + VED 4 oe, (52.6) 
S=7+AS, +478, 4 --. (52.7) 


The condition that § be unitary then reduces to the equation 
T= SS = 1+ a8t + §,) + 47S + 8, + SIS) + -- (52.8) 


Substituting (52.6) and (52.7) into (52.5) and equating expressions with the same 
power of 2, we obtain the equations 


<n| Holm> = Endam (52.9) 
<n| SEH. + HoS, + Wim> = En? Oams (52.10) 
<n| SEH, + HS, + SEW + WS,|\m> = EO Sam, (52.11) 


Equation (52.9) corresponds to the zeroth approximation. 
Let us consider the corrections containing the first power of A. Up to terms in A, 
the unitarity condition (52.8) is satisfied, provided 


<n| St + S,|m> = 0.- (52.12) 
If n + m it follows from (52.12), (52.9), and (52.10) that 


<n| Wim> 


dal Salm = Fos 


m+n, (52.13) 


If n = m it follows from (52.10) and the condition (see (52.12)) 


<n| §,|n> = 0 (52.14) 
that 
E® = (n| Win>. (52.15) 


In first approximation, we have thus 
E, = Ep + d<n| Wind, (52.16) 


Cn| Sl) = bpm + ACL — Spy) SL Whe> 


Eo — Fo" 


(52.17) 


The wavefunction y = So is in first approximation determined by the equation 


Yn = On tA YX nl Wim 


. 52.18 
nein) ES — Bo (52.18) 


Equations (52.16) and (52.18) are the same as the formulae in Section 47 of first-order 
perturbation theory. 
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We can use (52.11) to find formulae taking the perturbation into account in second 
order, and so on. 

The application of the method of canonical transformations is in the general case 
not necessarily based upon a knowledge of the eigenfunctions and eigenvalues of a 
simpler operator, that is, it is not always connected with perturbation theory appli- 
cations. For instance, let us consider the determination of the eigenvalues of an 
operator F(p, q) which is a function of the coordinate and momentum operators q 
and p which satisfy the commutation relation 


(9, pl_ = ih. (52.19) 


We shall, for the sake of simplicity, consider a one-dimensional problem. One can 
easily generalise to the case of systems of many degrees of freedom. 

The evaluation of the eigenvalues of the operator F by the method of canonical 
transformations reduces to replacing the operators g and p by new operators 


0 = 898, P= Stes, St= 5", (52.20) 
satisfying the same commutation relations (52.19) and reducing the operator F(O, P) 


to diagonal form 


F(O, P) = F, (52.21) 
or, in more detail, alas 
<n FQ, P) |m> = FOamn- (52.22) 


According to the discussion in Sections 29 and 30, the values F, are also the eigen- 
values of the operator F. 

Using (52.20), we show easily that any powers of O and P transform according 
to the same rule, for instance, 


0? = StgSStgS = St7’S, ... 
If F(q, p) is a function which can be expanded in powers of g and p, we have 
F(O, P) = StFG, p)S. 
Substituting this value into (52.22), we find 
<n| StF, p) S|m> = Fban- (52.23) 


Equation (52.23) determining the eigenvalues of the operator F and the trans- 
formation function S can also be written as follows: 


(n| E(q, p) S|m> = <n S|m> Fn, (52.24) 
or 
py <n| FG, p)|D <|S|m> = <n|S|m) Fy. (52.24a) 


Ina representation with a continuous spectrum—for instance, the x-representation— 
equation (52.244) is replaced by an integral equation 


§ <x1 FG B)Ix’> <x" [SID dx’ = <x|SIE F. (52.25) 
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Using the results of Section 28, we can write down the explicit form of the coordinate 
and momentum operators in the x-representation 


a , , a ? . r) t 
«x|q|x"> = xd(x — x’), <xlp|x"> = ih — Oe — x’). 


We get then . . 
J <xlglx’> <x"| SIE dx’ = x<x| SIE, 


[ore &x'|SIE) dx! = —th > (xl3IE. 


We thus get for the operator F: 


mi fn ’ 1a ’ r . é c 
[oFaar > <x'1SIE> dx’ = (x ih s) GxISIE. (62.26) 
x 
Substituting (52.26) into (52.25) and using the simplified notation 
<x| SIE = Sx), (52.27) 
we get the equation 
(x —ih s) S(x) = F,S(x), (52.28) 
x 


which determines the transformation function S,(x) and the eigenvalues F, of the 
operator F. Equation (52.28) is the same as the familiar equation (see Section 8), 
which determines in the x-representation the eigenvalues and eigenfunctions of 
operators (or the functions S,(x) of (52.27)). The matrix elements of the transformation 
matrix S in the x-representation are thus the eigenfunctions of the operator F in the 
x-representation. 


PROBLEMS 


1. Derive expressions for the second-approximation wavefunction and the third-approximation 
energy for the case of the perturbation of a non-degenerate level. 


2. Discuss the higher-order perturbation theory approximations for a twofold degenerate level. 


3. Discuss the first—and second—order perturbation theory approximations when a one-dimen- 
sional harmonic oscillator is perturbed by (i) a term «x; (ii) a term $8x?; (iii) a term Syx?3; or 
(iv) a term 46x*, Use either the results obtained in Chapter V or use the fact that the Hermite 
polynomials can be defined in terms of a generating function: 

O° AE 
GEE, 5) = e128 = Hele) ) on 
nwo nn! 

4. Apply perturbation theory to determine qualitatively the change in the energy levels when the 
edges of the finite spherical potential well (U(r) = 0, r > a; U(r) = —Upo, 0 < r < a) are rounded 
off. 

5. Determine the shift of the energy levels of a single-electron atom due to the finite size of the 
nucleus, assuming the nuclear charge distribution to be spherically symmetric and the size of 
the nucleus to be small compared with the Bohr radius. 


QM Ta 
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6. 


10. 


11. 


12. 


13. 


14. 


15. 


Use the trial function 
(a, r) = Ae" 


to estimate the ground state energy of the hydrogen atom. 


. Use the trial function (51.13) to estimate the ground state energy of a spherically symmetric 


three-dimensional harmonic oscillator. 


. Prove equation (51.7). 


. Use the variational method to find the energy and wavefunction of the second excited state of 


a one-dimensional harmonic oscillator. 


Use the trial functions 


A Bx 
a, x) = ————— _ and x) = ———___— 
W1 (, x) 2 op v2 (8, x) Ge + 62 
to obtain estimates for the energies of the ground state and of the first excited state of one- 
dimensional harmonic oscillator. 


Use the trial function (51.13) to determine the ground state energy for the potential U(r) = —Ae7"/4 
and compare your result with the exact value. 


Use the variational method to evaluate the ground state energy of a two-electron atom with 
a nucleus of charge Z. Use as a trial function for the two electrons hydrogen atom ground state 
wave functions corresponding to a nuclear charge Z’, where Z’ occurs as the variational para- 
meter. 

Compare your result with the energy obtained by using first-order perturbation theory where 
the interaction between the two electrons is taken to be the perturbation. 


Use the variational method to evaluate the ground state energy of the lithium atom, using as a 
trial function for the two 1s-electrons (51.13) and as a trial function for the 2s-electron (51.16). 


Since 
foe) 
> VintPm = V— Vid 1, 
mCED 
we can approximately write for the first-order perturbation theory wavefunction 


V—Vi 
wero it+ EP 


where E’ can be considered to be some kind of average energy difference. This suggests a trial 
wavefunction of the form y = (1 + AV), to find the energy of an atom, perturbed by a potential 
V. Use this trial wavefunction to find the ground state energy of an atom perturbed by a poten- 
tial V. 


Use the result of the preceding problem to find the polarisability of the hydrogen and helium 
atoms in their ground state. 





CHAPTER VIII 


THE FOUNDATIONS OF A QUASI-RELATIVISTIC 
QUANTUM THEORY OF THE MOTION 
OF A PARTICLE IN AN EXTERNAL FIELD 


53. ELEMENTARY PARTICLES IN QUANTUM MECHANICS 


Nowadays, a relatively large number of particles, such as electrons, protons, 
neutrons, muons, pions, kaons, and so on, are known which are called ‘elementary 
particles” since, at the present stage of our knowledge, we can say little about the 
“structure” of these particles. These particles are characterised by well-defined 
values of their rest mass and can either be neutral or (positively or negatively) electri- 
cally charged. The absolute magnitude of the electrical charge is the same for all 
charged particles. 

One of the most characteristic properties of the elementary particles is the possi- 
bility of their creation, annihilation, or the transformation of one into another as 
the results of interactions. For instance, photons are created when the electrons in 
an atom or the protons in a nucleus change the character of their motion. Pions are 
created when high-energy nucleons collide. A neutron emits an electron and an anti- 
neutrino and turns into a proton. On the other hand, protons in a nucleus can emit 
a neutrino and a positron and turn into neutrons. The neutral pion turns into two 
photons; the charged pion into a muon and a neutrino. Photons in the field of a 
nucleus can change into an electron and a positron, and so on. 

The discovery of possibilities of creation, annihilation, or transformation of 
elementary particles and the connexion of these processes with energy and charge 
conservation laws is one of the most important clues in our understanding of the 
properties of our world and of the interconnexion of different natural phenomena. 
It is in this connexion becoming less and less well-defined what we mean by the 
“‘elementarity” or “isolation” of particles. According to our present ideas, particles 
of one type interact by means of particles of another type. For instance, charged 
and neutral pions transmit the nuclear interactions between nucleons. Figuratively 
speaking, protons and neutrons are surrounded by a meson cloud, which is respon- 
sible for their mutual interaction. This meson cloud is an essential part of protons 
and neutrons and, to a large extent, determines their properties. On the other hand, 
protons and neutrons in turn determine many properties of the pions. The concept 
of an isolated particle loses its meaning in this connexion. The idea of the free motion 
of a particle is thus only a rough idealisation of reality. 
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The concept of an invariant number of particles loses its meaning for phenomena 
involving the interaction of high-energy particles. A fast electron flying through 
the field of a nucleus produces, for instance, photons, and photons in the field of 
a nucleus produce pairs of particles: an electron and a positron, which in turn 
produce photons, and so on. Such an avalanche production of particles is observed 
when primary cosmic radiation is incident upon the earth’s atmosphere. 

The description of phenomena occurring at high energies must be based upon 
relativistic wave equations, that is, upon equations which are invariant under a 
Lorentz transformation. The transition from a non-relativistic description to a rela- 
tivistic one is connected with the necessity to reconsider a number of concepts of 
non-relativistic quantum theory. First of all, we must change our ideas of the co- 
ordinates of a separate particle. Non-relativistic quantum mechanics makes it possible 
to localise arbitrarily accurately a particle in space and time. In the relativistic 
quantum mechanics of one particle, a particle cannot be localised in space within 
a volume of linear dimensions less than h/4mc, where m is the rest mass of the par- 
ticle, since otherwise the energy of the particle p?/2m will by virtue of the Heisenberg 
relations (Section 13) be larger than 2mc?, which would suffice for the production 
of a pair of particles. The idea of a single particle can thus only be retained if there 
are no external influences leading to the localisation of the particle in a volume with 
linear dimensions less than the Compton wave-length, 4/mc, of the particle. For ultra- 
relativistic particles—such as light quanta for which m = 0, v = c—the concept of 
the coordinates of the particle in the usual sense of the word is completely 
meaningless. 

If the position is not well-defined, Ax > f#/mc, the time is inevitably also not 
well-defined, At ~ Ax/e > h/mc?. We must, therefore, review in the relativistic 
theory the concept of a probability density o(x, y, z,#) which gives the probability 
for the position of a particle at a well-defined moment. In the non-relativistic theory 
c > oo and At may be equal to zero. 

A second fundamental concept of the non-relativistic theory is that of the momen- 
tum of a particle. The indeterminacy in the value of the momentum is determined 
by the relation Ap ~ #/Ax. Since the indeterminacy of the velocity of a particle 
cannot exceed c in a relativistic theory, Ax ~ cAt, where At is the period during 
which the given state of motion is realised. Therefore, Ap ~ h/Ax ~ h/cAt. In the 
case of a stationary state of a free particle At ~ 00. Therefore, Ap = 0. In the case 
of the free motion of a particle when the momentum does not change in time, it is 
thus meaningful to talk, for states described by wave-packets, of the probability 
density in momentum space e (p) for well-defined values of the momentum. It is, in 
this connexion, very convenient in the relativistic theory to use the momentum re- 
presentation. 

In recent years, a consistent relativistic theory of elementary particles has been 
developed based upon the idea of different, interacting fields; the particles are the 
field quanta. Such considerations make it possible to elucidate relatively simply 
creation-, annihilation-, and transformation-processes at high energies. The theory 
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of elementary particles encounters, however, very considerable mathematical diffi- 
culties, which to some extent are surmounted only in quantum electrodynamics, 
where one studies the interaction between electrons and the electromagnetic field. 
The theory of the interaction of mesons with different mesons and other elementary 
particles, such as hyperons and also the theory of the elementary particles themselves, 
are at the moment only in the initial stages of development. Some aspects of the 
construction of field theories will be discussed in Chapters XIV and XV. 

Although the idea of systems consisting of a constant number of particles is also 
a rough idealisation—for phenomena occurring at high energies—this idea can be 
used as a first stage in the development of a more exact theory. Such a simplification 
of the problem is inevitably connected with the appearance of a number of difficulties 
caused by the artificial ignoring of the continuous connexion between different 
particles and the transformation of one set of particles into another. 

We shall study in the present chapter the limits of the applicability of a one-particle 
description for the study of the motion of electrons, mesons, and nucleons in not 
too strong external fields. We shall find approximate expressions for relativistic 
corrections—up to terms of order v?/c?—to the non-relativistic approximation. 
Incidentally, we shall meet with a number of new concepts, which are connected 
with the intrinsic degrees of freedom of elementary particles, such as their spin and 
charge variables. The results obtained will be applied to a study of the motion of 
an electron in a hydrogen atom, including relativistic corrections of order v?/c? and 
to a study of the change in the energy levels of an atomic system in an external 
electric or magnetic field. 


54. RELATIVISTIC EQUATION FOR A ZERO-SPIN PARTICLE 
We showed in Section 15 that the Schrédinger equation 
a h? 
in? = |- —_y? + u09 | y (54.1) 
corresponds to the non-relativistic connexion 
P 
E= ++ U(x (54.2) 
OM (x) 


between the energy and the momentum of a particle of mass M. We can obtain 
equation (54.1) formally from (54.2) by means of the transformation 


Eth, p= —iAV. (54.3) 
t 


If we want to obtain the wave equation for the motion of a particle with an energy 
appreciably exceeding its rest-mass energy, we must start from the relativistic relation 
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between energy and momentum. This connexion is for a free particle 

E? _ nZ M? 2 
Sap +Me’. (54.4) 
c 


Using (54.3) to replace in (54.4) the energy and momentum by operators, we obtain 
a relativistic wave equation for a free particle 


— M’c’]y. (54.5) 


This equation is usually called the Klein-Gordon equation. It was suggested in 
1926 by Klein, + Fock,+ and Gordon. tf 

The relativistic invariance of the relation (54.4) becomes more apparent if we 
introduce the momentum four-vector with its four components 


: a 
Pis P2s Pa, t—>?- 
c 


4 . 
Y Pp = — M’e?, 
p=1 


Pu 
Equation (54.4) then becomes 


The change (54.3) to operators can be written in the form 


. » @ 
Pu > Pu = —ih 2? 
OX, 
where 


X, = (x, y, Z, ict). 
We can use this notation to write (54.5) in a covariant form 


pea +M °c’) y =0. (54.6) 
7 


We call the form of an equation covariant, if all terms of the equation have the same tensor rank— 
scalar, vector, ..., that is, if they are all transformed in the same way under a coordinate transforma- 
tion, Equation (54.6) is covariant since M2c? and D Pi are scalars under an orthogonal transforma- 


tion—rotation or reflexion—in the four-dimensional Minkowski space, that is, the space where three 
dimensions are the three dimensions x,x2x3 of normal space and the fourth dimension is imaginary 
and proportional to the time: x4 = ict. The covariant form of the equation under an orthogonal 
transformation in Minkowski space automatically guarantees the invariance of the results obtained 
from the equation under a Lorentz transformation. 


If we multiply equation (54.5) by y* and subtract from the result its complex 
conjugate, we find the equation of continuity 


2 + divj = 0, (54.7) 
t 


+ O. Kiem, Zs. Phys. 37, 895 (1926). 
+ V. A. Fock, Zs. Phys. 38, 242 (1926); 39, 226 (1926). 
Tt W. Gorpon, Zs. Phys. 40, 117 (1926). 


(VIII, 54] Relativistic Equation for a Zero-spin Particle 193 





where A 
j = — (y* Vy — ypVy*), 54.8 
ary (p*Vyp — pVyp*) (54.8) 
ih oy oy* 
= * oF wy 5), 54.9 
e 2Mc? (» at ? ) (64.9) 


In covariant form, these equations are 


* 
ye =0, where jo yr Y _ yw) 
n OXy 2Mi OX, OX, 


Ju = (i jo. Js, ico). 


We can go over from the relativistic equation (54.5) to the non-relativistic Schré- 
dinger equation through the unitary transformation 


(r,t) = ofr, t) MO, (54.10) 
y y 


In the non-relativistic case, the total energy of the particle is little different from 
its rest-mass energy, that is, E’ = E + Mc? where E’ < Mc’ so that 


[a Z| ~ E'p < Mc’9. 
t 


We can thus write 





° 2 A 2 
* = (Z _ a )emen ye me pe Meth (54.11) 
oy 2iMc? oy M?c* —iMc2t/h 
ae ~ — fen a + eB gle " (54.12) 


Using (54.10) and (54.12), we get from (54.5) the non-relativistic Schrédinger 
equation for the function » 


Substituting now (54.10) into (54.8) and (54.9), we can verify that in the non-rela- 
tivistic limit we can use (54.11) so that (54.8) and (54.9) go over in the well-known 
expressions (see Section 15) of the non-relativistic quantum theory for the proba- 
bility density @ = g*g and the probability current density 


-_ hey 
= ——(9*Vop — oVo*). 
j suai? VY pVo*) 


The main special property of the relativistic equation (54.5) is that it is one equation 
of second order in the time. To determine the change of the wavefunction with time, 
we must, therefore, know the values of both the function and its first derivative with 
respect to time at a given moment. Since the values of y and dy/@t at a given time 
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can be arbitrary, @ as defined by (54.8) can be positive, negative, ‘or zero. It is thus 
impossible to interpret @ as the probability density for well-defined values of the 
particle coordinates. This difficulty was the reason why, for a long time, it was 
thought that the relativistic equation (54.5) did not describe real particles. 

A second feature of equation (54.5) is connected with the rules for the trans- 
formation of the wavefunctions y under orthogonal coordinate transformations 


Xp = > AyyXy > > Qyyayy’ = Ovyrs (54.13) 
v Bu 


with u,v = 1, 2,3, 4. The transformation (54.13) does not change the length of a 
four-vector and corresponds to a rotation in three-dimensional space, a proper 
Lorentz transformation, or an inversion (see Section 63). The relativistic wave 
equations must according to the special theory of relativity retain their form under 
the coordinate transformation (54.13). It is convenient for a study of the trans- 
formation properties of the wavefunction y to consider the Klein-Gordon equation 
in the covariant form (54.6). Since the length of a four-vector is invariant under the 
coordinate transformation (54.13), it follows from (54.6) that under those trans- 
formations the wavefunction can be multiplied only by a factor with modulus unity. 
Under the coordinate transformations (54.13), which we can formally write in the 
form x>x' = ax, (54.134) 
the wavefunction of equation (54.5) must thus transform as follows: 


yx) > y'(%’) = Ay(x), (54.14) 


with |A| = 1. If the transformation (54.13) refers to a continuous transformation— 
rotations over arbitrary angles in four-dimensional space—so that the transformation 
matrix depends on continuously changing parameters «,,«.,... we must have 
A= 1 for x, = «, = - = 0, if, = «2 = -++ = O corresponds to a,, = 6,,. 
The discontinuous transformation corresponding to a spatial reflexion is defined 
by the equations 
ror=-r, t'=t. 


Applying a spatial reflexion twice leads to the identical transformation. Therefore, 
A =1lordA= +1. Ifa = +1, that is 
yr’, t) = y'(-4,0) = 90,0), 
the function y is called a scalar; if 2 = —1, that is, 
y(-#,t) = —vr, 2), 


the function yp is called a pseudoscalar. 

The wavefunction y can, therefore, be either a scalar or a pseudoscalar, that is, 
it is a quantity which does not change under spatial rotations or proper Lorentz 
transformations. A scalar does not and a pseudoscalar does change sign under an 
inversion of the spatial coordinates. 
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The transformation rules for wavefunctions under the coordinate transformations 
(54.13) are an important mathematical characteristic of the properties of the particles 
described by the appropriate equation. These properties are characterised by the 
concept of the spin of a particle. Scalar and pseudoscalar wavefunctions describe 
particles with zero spin. It has now been established that among such particles we 
have the pions, that is, particles with a rest mass of about 270 electron masses and 
with zero, positive, or negative electrical charge. Pions are described by pseudoscalar 
wavefunctions (see Section 107). It is possible that kaons, that is, particles with a 
mass of about 966 electron masses have also zero spin. 

Because of the possibility of the creation and annihilation of pairs of particles, 
the number of particles is not conserved in the relativistic theory. It is thus impossible 
to trace at high energies the motion of a single particle. The total charge is, however, 
conserved and it is thus convenient to consider, instead of the probability distribution 
for the coordinates of a particle, the probability distribution for the electrical charge. 

Multiplying (54.8) and (54.9) by the electrical charge e of the particle, we get 





eh 
j = — (p"Vyp — pVp*), 54.15 
j oui” y — pvy*) (54.15) 
ieh oy oy* 
= #— _ yp), 54.16 
8 a ( at ) 04-16) 


The quantity defined by (54.16) is the time-component of the four-vector, whose 
spatial components are defined by (54.15). The quantities @ and j can now be con- 
sidered to be the charge density and the electrical current density. The possibility 
that @ can be either positive or negative is a consequence of the fact that particles of 
either charge may occur. From the equation of continuity (54.7) the conservation 
of the total charge follows, that is, 


J ed*r = constant. 


The charge density g@ determines the difference between the number of positive and 
the number of negative charges and is, therefore, not positive definite. If there is 
one particle, the density is either positive or negative depending on the sign of the 
charge of the particle. For neutral particles @ = 0. 

The presence or absence of an electrical charge for a particle manifests itself only 
in the interaction of the particle with the electromagnetic field. The quantities (54.15) 
and (54.16) introduced in the present section can thus only be justified when we 
study the interaction of particles with the electromagnetic field. 


55. FREE SPIN-ZERO PARTICLES| 


We showed in Section 53 that the idea of the free motion of a particle is an ideali- 
sation. This idealisation is particularly far removed from reality when we study zero- 
spin particles, since the known zero-spin particles, such as pions and kaons, interact 
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very strongly with other particles and fields. We shall, however, study the solutions 
of equation (54.5) describing the free motion of zero-spin particles since they are 
of great methodological interest. 

We shall look for a solution of equation (54.5) corresponding to a state with a 
well-defined value of the momentum. We have thus 


yp = Acton, (55.1) 
Substituting (55.1) into (54.5), we see that this equation is satisfied, provided 


e=+£,, where E, = cp? + M?c? (55.2) 
is the particle energy. 
The solutions of equation (54.5) corresponding to states with a well-defined value 
of the momentum can thus be of two kinds 


Poy = Apher FeM, (55.3) 
Peay = Agee teeter (55.4) 


Substituting (55.3) and (55.4) into (54.16) we find, respectively, 





eE 
O4) = Me Ver yPe4y> (55.5) 
eEy 
Qo-y>=- yW-)- (55.6 
(-) Me Yc=yYc-) ) 


Solutions of the type y,,) correspond to the free motion of a particle with momen- 
tum p and charge e while solutions of the type y_) correspond to the free motion 
of a particle with the opposite sign of the charge (—e). The general solution of 
equation (54.5) is a linear combination of the solutions »,,, and y_,. 

If we impose upon the free motion periodic boundary conditions with a large 
period Z along the three Cartesian coordinate axes, the components of the wave 
vector k = p/h will take on discrete values 

ky =n, n, = 0,4+1,42,..., i= 1,2,3. (55.7) 


In this case, the general solution of equation (54.5) for the free motion of a zero-spin 
particle with positive charge can be written in the form 
Wo4ry = Lo? 3 A, ellen athe 


with 
ho(k) = E,. 
For particles with negative charge 


-3 . 
Wu) = L by Bet r+ ocke) 
k 
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The change to a relativistic quantum equation has thus led to the appearance of 
additional degrees of freedom as compared to the non-relativistic equation. In the 
non-relativistic theory there is only one state of free motion with a well-defined 
value of the momentum. In the relativistic theory of charged zero-spin particles, 
there are for the free motion with a well-defined value of the momentum, three 
solutions corresponding to the three possible values of the particle charge. The 
new degree of freedom is thus connected with the electrical charge of the particle. 

In the present chapter, we shall consider the complex wavefunctions of zero- 
spin particles corresponding to the two signs of the charge, +e. 

To see more clearly the extra degrees of freedom, it is convenient to rewrite equa- 
tion (54.5) for the complex wavefunctions in the form of a set of two linear differential 
equations, of first order in the time, for two wavefunctions g and y. We put 


0 
p=opt+y in = Mc"(p — x). (55.8) 


We can easily check that then the set of equations 


-p O i? 2 2 
in—- = — —V + + Mc°o, 
OM (e+ x) P 


ot 
, (55.9) 
. ox h 2 2 
th = — V'(p + x) — Me’z, 
Ht OM (yp + x) x | 


is exactly equivalent to equation (54.5). 
To simplify the equations, we can consider and y as the two components of 
a function ¥ which can be written as a single-column matrix 


y (*). (55.10) 
x 


In the general case, when the particles have, apart from the three degrees of freedom connected 
with the spatial coordinates, additional degrees of freedom corresponding to discrete variables, one 
can write the wavefunction as a single-column matrix of several components. In the case of a spinless 
particle, the additional degree of freedom is connected with the charge variable. For charged particles, 
this variable has two values and the function has two components. We shall encounter in Section 61 
additional degrees of freedom connected not only with the charge variable, but also with the variable 
characterising the two possible values of the z-component of the particle spin. Such particles are 
described by four-component functions. 


We now introduce four matrices 


. (01\ . 0-i\ . 10 - /10 
™%= , 2= > 74 » l= ’ 55.11 
. (; 3) > (; 0 ) ; (, . (0 i) (55-11) 


satisfying the relations 
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where the indices k, /, and m take on the values 1, 2, and 3 in cyclic order. We can 
now write the set of equations (55.9) in the form of a single equation in the Hamil- 
tonian form 


(# 7 - fi, w =0. (55.12) 
t 


This equation we shall call the Klein-Gordon equation or K-G-equation. The Hamil- 


tonian of equation (55.12) is 
A2 


~ . .«, Pp 2A 
A, = (t3 + it.) — + Me'r>. 55.13 
r= (ts oer: 3 ( ) 


Acting upon (55.12) with the operator ih(d/dt) + H y and using the equation Hi} 
= c?p? + M?c*, we get the second order equation 


2 
G 5 + 7p? + wely = 0, 


from which follows that each component of the function (55.10) satisfies (54.5). 
Substituting (55.8) into (54.16) and using (55.10) and (55.11), we find the following 
expression for the electrical charge density 


e = e(p*p — x*4) = WT, (55.14) 
where 
wt = (9%, 7*) 


is the Hermitean conjugate of (55.10). We can similarly transform expression (54.15) 
for the current density to 


j= =. [Wit3(z5 + it.) VY — (AY) 75(z5 + it.) PF]. (55.15) 
I 


We noted earlier that the equation of continuity (54.7) leads to the conservation of 
the integral 
fod?r = e [ W'TW dr, 


if the integration is performed over all values of the arguments of the function. In 
the case of the free motion of one particle this quantity can be normalised either to 
+e or to —e depending on the sign of the charge of the particle. The normalisation 
condition for the function reduces thus to the equation 


fwitw dr = | (pty — x*x) dr = +1. (55.16) 


Let us now consider the free motion of a zero-spin particle within a volume V. Writing 


yw yo 1/2 (*°) ell (pr)— et 1/h | (55.17) 
Xo 
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and substituting this expression into (55.12), we get the set of equations 
Pp 
e — Mc? = 4 + 40); 
( ) Go 7 (Po + Xo) 


2 
(e + Mc’) x = — sy i + Xo). 


This set has non-vanishing solutions provided 
e=+8,, where E, = eV p? + M*c?. 


Ife = E,, the function ¥ 4) has the components 


E, + Mc? Mc’ — E, 
Pat) = =» Xoc+) = ————",, (55.18) 
2./McE, 2./Mc’E, 
and the nomnalisation corresponds to the equation 
Por) Port) — Xoc+Xoc+) = 1. (55.19) 


Solutions corresponding to « = E, determine thus the motion of a particle in a 
positive “charge state”. We shall call such solutions positive solutions. Positive solu- 
tions correspond to the positive normalisation in (55.16). 

Ife = —E,, the function ¥,_) has the components 


Mc’ — E, Mc +E 
Pa-) = = Xac-) = SS: (55.20) 
2 J Mc E, 2 J Me E, 
In that case @o¢_)Poc-) — Xoc—yXoc-) = —1, and the state corresponds to the motion 


of a particle with a negative charge. We shall call such solutions negative solutions. 
They correspond to the negative normalisation in (55.16). 

In the non-relativistic approximation E, ~ Mc? + p?/2M and the wave-functions 
have the following order of magnitude: 


2 2 
Pp 1) 
Pot) IXoc+ (=f) (2) | 


2 2 
Pp v 
_ ~ _—_ = _ < 1, _y ™ ]. 
IPoc—I (=F) (3) Hoc) 


We see thus that in the non-relativistic approximation for positive charge states 
Port) > Xoc+y) and for negative states mo.) < Yo-)- 
It follows from (55.17), (55.19), and (55.20) that if the function 


y= (*) (55.22) 


(55.21) 
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corresponds to a solution with the positive sign of the charge, the function 
* 
= ( ) (55.23) 


will correspond to a solution with the negative sign of the charge, and the other way 
round: if ¥ is a solution for the negative charge, WY, is a solution for the positive 
charge. The solution (55.23) is called the charge-conjugate solution with respect to 
(55.22). The connexion between these solutions is determined by the relation ¥, 
= T,%*, The transformation ¥ > ¥, is accompanied by the transformations 


Port) > Xor-)> Kort) > Pur-»» P> —P, and e> —e. 


If the state of motion of a particle is described by the function ¥’, the particles 
corresponding to the charge conjugate function ¥, are called antiparticles. For in- 
stance, if a 2~-meson is called the particle, the a*-meson will be the antiparticle. 
Charge conjugation changes particles to anti-particles and the other way round; 
charge conjugation is, therefore, sometimes called the particle-antiparticle conjugation. 

If a particle is identical with its antiparticle, it is called a neutral particle. Particles 
and antiparticles may differ not only in the sign of the electrical charge, but also in 
other properties—such as, magnetic moment or nucleon charge. All these quantities 
change sign under charge conjugation. Particles which do not have an electrical 
charge are not always truly neutral. For instance, the 2°-meson and the photon are 
truly neutral particles. The wavefunctions of truly neutral zero-spin particles must 
satisfy the equation 

Y= 7,8* =of, with a! = 1 (55.24) 


A two-fold application of charge-conjugation is equivalent to the identical trans- 
formation. The equation «? = 1, or « = +1, must thus be satisfied. There are then 
two possible kinds of truly neutral particles: a) neutral particles with positive charge 
parity for which « = 1; b) neutral particles with negative charge parity for which 


o« = —1. Wavefunctions of such particles satisfy the equations 
= TP* =, or p= x*5 (55.25) 
Y= 7+ = —-, or p= —z*. (55.26) 


Substituting (55.25) and (55.26) into (55.8), we can find the condition which the 
wavefunctions of the second-order equation (54.5) must satisfy for neutral particles. 
For particles with positive charge parity, we have 


Yoos = (p + *) = Phos. (55.27) 
and for particles with negative charge parity: 

Pres = (pv — 9*) = —Yhee- 
If in the last equation we write Wieg = iPneg, it changes to 


Pres = ip — v*) = Yee: (55.28) 
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We see thus that neutral particles are described by real wavefunctions (see Sec- 
tion 139). 

The charge parity of neutral particles is determined experimentally by studying 
their interaction with other particles. For instance, neutral pions—z°-mesons—are 
particles with positive charge parity. Photons—the quanta of the electromagnetic 
field—have negative charge parity. The negative charge parity of the photons follows 
from the fact that the potentials of the electromagnetic field change sign under charge 
conjugation—which changes the sign of the electrical charges. The positive charge 
parity of 2°-mesons follows from the experimental fact that the 2°-meson decays 
into two photons. 


56*. FREE ZERO-SPIN PARTICLES IN THE FESHBACH-VILLARS REPRESENTATION 


It follows from equations (55.18) and (55.20) that states corresponding to a well- 
defined sign of charge are described by the two components 9 and y satisfying the 
equations (55.9) which are first-order in the time. In the non-relativistic approxi- 
mation in each charge state there is one of these components which is appreciably 
larger than the other one and the wavefunction reduces approximately to only one 
component. For the positive charge state, for instance, gor+) > Yoc+): 

We can, however, change to a different representation} where in the case of free 
motion with a well-defined momentum for any absolute magnitude of the particle 
momentum only one function will correspond to each charge state. The change to 
the new representation—the ®-representation—, in which the wavefunctions are de- 
noted by ®, is realised by the matrix 


i= (E, + Mc’) + 7,(E, + Me") (56.1) 
2 JME, 
where E, = c J. p? + M?’c?. The matrix U is not unitary in the usual sense, since 


- a _& + Me") — #:(E, — Me’) 


U7 = 7,07 0 Sue E (56.2) 
However, the transformation of the functions 
®=U0W and ot =wtot (56.3) 
leaves the normalisation (55.16) of the K-G-equations unchanged, that is, 
[wit w dr = [ Otr,@ dr. (56.4) 


We can in accordance with (56.4) call the integral 


Pg = [WIT ar 


fT H. FesHpacu and F. Vittars, Rev. Mod. Phys. 30, 24 (1958). 
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the generalised scalar product or ®-product of the two functions YW and ¥'. We also 
call any operator A which leaves the S-product unchanged, that is, which satisfies 


the equation 
CP Pg = (AP [AP Ys 
a ®-unitary operator. An operator A is ©-unitary, if it satisfies the operator equation 
A* =7,Ati, = Am. (56.4a) 
If a ®-unitary operator commutes with 7, it is also unitary in the usual sense. 
The average charge in the state ¥ is determined by the integral 
Q=e[Pti¥ dr. 
We shall show in Section 139 that the average energy in the state W is given by the 


integral 
E= Lh aah dr. 


This rule can be extended to the evaluation of the average value of any operator: 
<L> = [WLW dr. 
The condition that the average value must be real, requires that the equation 
fWtrsLY d°r = [[ wte,L¥ dry 
must be satisfied. This is the case if 
[* = t3L't3 = L. 
We can call this last equation the generalised Hermiteicity condition for an operator. 
If an operator is Hermitean in the usual sense and commutes with 73, it is also 
Hermitean in the generalised sense. The Hamiltonian (55.13) satisfies the generalised 
Hermiticity condition, that is, Hf = H,. 


Under the transformation (56.3) of functions all operators change according to 
the rule 


Lg = ULU™. (56.5) 
Using the rule (56.3), we can transform the function 
Poy = Vor (7) et On Bell! (56.6) 
Xoc+) 


describing a positive charge state and using (55.18), we find the function in the 
@-representation 

Py) = V'? (;) ae (56.7) 
The transformation of the function 


Yo. = your (7) eller) tEptyh 
Xoc-) 
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describing a negative charge state leads to the ®-representation function 


Py) = V'P () oe (56.8) 


If V = L3, the momenta in (56.7) and (56.8) go through the discrete values 


pp en = 0,41, £203 1=1,2,3. (56.9) 


L 
The Hamiltonian (55.13) is in the Feshbach-Villars representation for the free motion 
of a zero-spin particle with a well-defined value of the momentum p given simply 


by the diagonal matrix 
Hg = UH,U~* = 73E,. (56.10) 


Equation (55.12) becomes thus in the Feshbach-Villars representation 





ih OP px _ T3E,P,,; (56.11) 
ot 
where A = + for the positive charge states (56.7) and 4 = — for the negative charge 


states (56.8). 
The functions ®,, form a complete orthonormal set 


[ Bt. ,.7,®,, d°r = 20,0y15 (56.12) 


where /’,A = +, — and p’ and p take on the values defined by (56.9). 

In a free motion state a single particle has a well-defined value of the electrical 
charge. However, equation (56.11) also allows states where at the same time particles 
with both kinds of charge occur (A = +, —). Such states will be described by wave- 
functions ® which are linear superpositions of the states ®,,, that is, 


@ => Y Sp Pon = Y [a,4Pp+ + a,-P,_]. (56.13) 
Dr P 


Using the orthogonality condition (56.12), we can easily show that 
Ap, = A[ BTW dr. (56.14) 
We then get from the normalisation condition for ® 


ef B'7,@ d°r = ey) {\a,|" — |a,_|"} = +Ne, 
PB 


where + Ne is the total charge of the system (N can be equal to 1), e > |a,4 |? is the 


|? 


P 
total charge of all positive charge particles and e 2 |a,_{~ is the total charge of alf 


negative charge particles. 
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57*, INTEGRALS OF MOTION AND EIGENVALUES OF OPERATORS 
IN A RELATIVISTIC THEORY OF A ZERO-SPIN PARTICLE 


In the relativistic theory of spin-zero particles as in the non-relativistic theory (see 
Section 31) the change in the state with time is characterised by the wavefunctions 


we y= (7 >) 57,1 
© ("e t) en) 


the time dependence is determined by the equation 
tho P(E, 1) = HYG, 1, (57.2) 
t 


where H, is the Hamiltonian. 

We defined the Hamiltonian for the free motion by equation (55.13) in the usual 
representation. In the next section we shall discuss the Hamiltonian for a particle 
moving in an external field. Equation (57.2) enables us to calculate the value of the 
function (57.1) at any time #, if we know its value at t = 0. We can describe the change 
with time in the state also through the transformation 


P(E, t) = S() PE, 0), (57.3) 
where the transformation operator 
S(t) = ert (57.4) 
is ®-unitary: a a Bac ~ 
S*() = 7,510) 7, = S7 (1). (57.5) 


Apart from the above-mentioned Schrédinger representation for the change of 
state with time, we have also in the relativistic theory another representation: the 
Heisenberg representation where the wavefunction remains unchanged, while the 
operators change with time. We change from the Schrédinger to the Heisenberg 
representation through a generalised unitary transformation 


Py) = S10) PE 2), (57.6) 
Falt) = S7@) FS), (57.7) 
where the operator S(t) is defined by (57.4) and 
s() _ efit 
We get from (57.7)—compare the derivation of (31.8)—the operator equation 
inv (F Ay], (57.8) 
dt 


which is formally the same as equation (31.8) in non-relativistic mechanics. A conse- 
quence of (57.8) is the statement that physical quantities F, the operators F of which 
commute with the operator H y, are integrals of motion, that is, the average values 
of such quantities do not change in time in any state of the system. 
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One of the basic postulates of non-relativistic quantum mechanics is the statement 
(see Section 8) that the eigenvalues of operators characterise the results of possible 
measurements of the corresponding physical quantities in some state of the system. 
To retain this statement in the relativistic theory, we must change the definition of 
some operators. We shall show this using the free particle as an example. The eigen- 
values and eigenfunctions of the operator H, for the case of a motion with a well- 
defined value of the momentum are evaluated from the equation 


AW =P, (57.9) 
where 7? 
A, = (t3 + ta) + Mc’73. 


One sees easily that equation (57.9) has two solutions 


1 
WF (r) = a (") Orr Az +,-, (57.10) 
V \Xoa 


corresponding to the eigenvalues 
&, = AE), (57.11) 


if mo, and yo, are given by (55.18) and (55.20). One of these eigenvalues is negative: 
é_= ~er/p? + M’c?; 


it can, therefore, not correspond to the energy of a free particle which is always 
positive. 

The eigenvalues of the Hamiltonian played a dual role in the non-relativistic 
theory: they determine energies of the stationary states and the time-dependence of 
the wavefunctions. The eigenfunctions of the Hamiltonian determine also in the rela- 
tivistic theory the time-dependence of the wavefunctions. From (57.3) we have, for 
instance, 

W (r,t) = eo Asti (pn) = HAE ot MY Up), 


The energy of stationary states is, however, always positive, that is, the energy is 
determined by the eigenvalues of the operator ,, if we disregard the sign, Indeed, 
the energy of the system in a stationary state is the same as the average value of the 
energy, that is, 
E, = (E> = JWirsH Wh, dr. 
Using the equations 
AY, = 6,8, = iE; 
and 
[with , dr =A, 
we find 
E, = Ae, = |e,| = E,. 


The energy of the stationary states is thus positive both for 4 = 1 and fora = —1. 
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In the non-relativistic theory, the connexion between the operators corresponded 
to the connexion between the classical quantities. From (17.5) it followed, for instance, 
that the relation between the velocity and momentum operators corresponded to the 
connexion between velocity and momentum found in non-relativistic mechanics. 
This correspondence is violated in relativistic quantum theory. To show this, we con- 
sider the example of the velocity operator. From (57.8) and (55.13) we find 


dr li. = , ~. p 
— =—[(r, A,|]_ = (t3 + it.) —. $7.12 
” a sl- = (3 + ita) 77, (57.12) 
On the other hand, classical relativity theory leads to the well-known relation 
2 
dr oP (57.13) 
dt seo:£E 


As the eigenvalues of the matrix 


t+ it -( : i) 
3 27 
-1-1 


are zero, the eigenvalues of the velocity operator (57.12) are also equal to zero. We 
see again that the eigenvalues of an operator in the relativistic theory do not always 
correspond to possible results of measurements. If all measurements of the velocity 
led to a zero value, the average velocity would be zero in all states. Therefore, not all 
operators of the non-relativistic theory can directly be taken over in the relativistic 
theory of the motion of a single particle. We showed already in Section 53 that some 
operators—for instance, the operator of the particle coordinates—must be modified. 
The eigenfunction of the coordinate operator r = r of a particle in the non-relativistic 
theory is 6(r — r’) which makes it possible to localise a particle near the point r’ in 
an arbitrarily small volume. The possibility of a consistent single-particle description 
is limited in relativistic quantum theory, The concept of a single particle can be 
retained only when we exclude the possibility that it can be localised—by external 
fields—in volumes of linear dimensions smaller that 4/Mc. 


Mathematically speaking, the possibility to retain the single-particle concept in the relativistic 
theory reduces to the requirement of retaining only those operators which do not mix different charge 
states. We shall call such operators even or single-particle operators. An operator [F] is called an 
even operator, if 


FI% =P, FIY = 2. (57.14) 
An operator {F } is called an odd operator, if 

{fey =%o, [AMG = Pu. (57.14 a) 
The Hamiltonian y and the momentum operator p = —ihV are even operators, that is, 


A, = Lay], p= ipl. 
In general, any operator can be split into an even and an odd part: 
F = [F) + {F}, 


or, in other words, we can split off from any operator F a single-particle part [F]. 
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To simplify the study of even and odd operators, we use the Feshbach-Villars- or }-representation 
with wavefunctions with the momentum as independent variable (p-representation). 

The wavefunctions corresponding to the two possible signs of the charge are in the ®-representation 
determined by equations (56.7) and (56.8). The even operators must thus in the ®-representation be 
given by diagonal matrices, From (56.10) it follows that, for instance, the Hamilton has the form 


R n 1 0 
fg = 18a (, ee (57.15) 


The momentum operator —p = p — commutes with the transformation matrix v, so that 
DPo= OpU-! =p = [pl. (57.16) 


As an even operator is a diagonal matrix in the ®-representation, the splitting into an even and an 
odd part is easily performed: if 


4 Fis Fiz a Pus 0 a 0 Fie 
Fe=(~° 27), then [Fg] = ~ |, {Fob =( . (57.17) 
° (7 Poa T=(o aa) Famla, o 


Let us now consider the coordinate operator r = iV. Using the explicit form (56.1) of the trans- 
formation matrix U we get the coordinate operator in the ®-representation 


ihpt, 
2(p? + M2c?)° 
The operator t, is odd and the even, or single-particle, part of the coordinate operator in the ©-re- 
presentation will thus be 


Po = O0ihV,) 0-1 = inv, — (57.18) 


[ro] = thVp. (57.19) 


It follows directly from (57.19) that this operator is the canonical conjugate of the momentum 
operator. Using the explicit form of the even part (57.19) of the coordinate operator in the p-represen- 
tation, we can use (57,8) and (56.10) to calculate its time derivative 


d. A ~ cp 
— [Fe] = Hs) =t3—. 57.20 
a [¥ o] = [Vp, Ho] = Ts E, ¢ ) 
The eigenvalues of the operator (57.20) are equal to 
c2; 2. 
cP and — <P ; 
Ey E, 


respectively, 
In the state with ¢ = E, the connexion between the operator of the time-derivative of [7] and the 
momentum operator is thus the same as the connexion between the velocity and the momentum of 
a particle in the classical theory. We can thus call the operator [7] the single-particle coordinate 
operator. 
The functions 


® 4p) = Qnh)-2 (;) en Kpnyh (57.21) 


in the ®-representation are eigenfunctions of the operator (57.19) corresponding to a state index r, 
a representation index p and a positive particle charge. 
We go over from the ®-representation to the usual representation by the transformation 


Pp) = 0-@,4)(p). 


Using the explicit form (56.1) of the transformation matrix, we find the eigenfunction of the operator 
(57.19) in the usual p-representation 


3 

2nh)-2 [ Mc* + E, 

PD) = en —— 2 P eter (57.22) 
2./Mc?E, \Mc? — Ep 
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The transition from the p- to the r-representation is made in the usual way (see Section 27): 


P(t’) = ah) 7/2 | era W,. (p) dp. 


Substituting (57.22) into this expression, we find the eigenfunction of the even part (57.19) of the 
coordinate operator in the r-representation 








A+B 
Prot’) = (‘ _ >) > (57.23) 
where 
Kf” a [@ 
A 2 qq? + 1)-*/4singzdg, B= = q(q? + 1)'/4 sin gz dq, 
d “Jo 2Jo 
ani 
M 
omy z= hole — 1 


Using Bassett’s formulat 


[ cos gz dg t/a LNT ry 


° (q? +4 1th I'v + 4) 


where K,(z) is a modified Bessel function of the second kind—or Bassett function—, we can express 
the integrals occurring in the equations for A and B in terms of derivatives of Bessel functions: 


°° d (d? 2la s/n 
-1/4 ot =—f——_ ——“— K; 
| q(q? + 1)-"/4 sin qz dg a (¢ 5 ) ! Té) Ka; oh : 


0 


co d{d giles Jn 
"/4 — 1 , 
{ q(q? + 1)'/4 sin qz dq = a e- ) ee T@) Ki; oh 


o 
Using then the asymptotic expansion of the Bassett functions f for large z 


xy [e*{14 May 
Zz = —e oon > 
” 2z 8z 


we find the asymptotic values of A and B for large values of z 





Me|r —r'| 
; . 


—7 - -9 = 
Anz l4e*, Bez lse®, z= 


The eigenfunctions of the average position of a particle are, therefore, not 6-functions but are non- 
vanishing in a region of space with linear dimensions—z ~ 1—of the order of the Compton wave- 
length of the particle, #/Mc +. 


58. INTERACTION OF A SPIN-ZERO PARTICLE WITH AN ELECTROMAGNETIC FIELD 


It is known from classical electrodynamics that we can change from the Hamil- 
tonian function—the energy expressed in terms of the momentum—for a free particle. 
E=~/M?ct 4+ prc? 
to the Hamiltonian function for a particle of charge e moving in an electro-magnetic 
field, determined by the potentials 
uw = (Ai, Ap, Az, iAo) (58.1) 


t G.N. Watson, Treatise on the Theory of Bessel Functions, Cambridge University Press, 1944. 
+ T. D. NEwTon and E, P. WIGNER, Rev. Med. Phys. 21, 400 (1949). 
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through the transformation 
[* >» E- eAg, 


e 
—-A, or 
Pu Pu oe |p>p- <4. (58.2) 
Cc 


The change-over from the quantum equation (54.6) for free motion to a quantum 
equation for the motion of a charged particle can be obtained by analogy with classical 
physics from (54.6) through the transformation 


By By ~ Ay = ~ih 2-24, (58.3) 


ox, ¢ 


We thus find the relativistic wave equation 


» (4, - <4,) + wel y =0, (58.4) 


BL 


1 rs] 2 a e ? 22 
aka? - eo y= I(? - =A) + Mc lv. (58.44) 
c ot c 


The function y in (58.4) is complex, since charged particles can only be described by 


complex functions. 

If we multiply equation (58.4a) from the left by y* and subtract from the resultant 
equation its complex conjugate, we get again the equation of continuity (54.7); the 
electrical charge and current densities in the presence of an electromagnetic field are 
now given by the expressions 


or 


ieh 4 OY oy* eA « 
= Py) 240 ay 58.5 
8 ae ( at at me’ * 68.5) 
jo fw — pV yt) - 24 * (58.6) 
ami © Me’ 


It follows from the covariant form of (58.4) that the presence of electromagnetic 
potentials does not violate the invariance of the equation under Lorentz transfor- 
mations. It is well known that the same electromagnetic field can be described by 
different potentials which follow one from the other by a gauge transformation 


where G is arbitrary function. It follows from the equation 


(4, _ <4,) efeGihyy! = eleGihe (4, _ <1) y' 
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that if the gauge transformation of the potentials is accompanied by the unitary 
phase transformation of the functions 

y= p'eleaire 
the form of equation (58.4) remains unchanged. Since a unitary transformation does 
not change the physical properties of a system, we can state that equation (58.4) is 
invariant under a gauge transformation of the potentials. We can also by a gauge 
transformation get potentials such that 


1 @Ao +(V-A)=0. (58.7) 
c dat 


Performing the transformation 


lr, t) = g(r, t) rr (58.8) 
under the conditions 


fa 
nce <|Mc"gl, leAog| <|Mc’gl, 





we find 





a 


. 7) , —iMc2tih 24 2 2. 0 : 0Ag . 
ih Ay — eAg) lr, 1) ¥ e Mc" — 2Mc"eAg + 2Mc ih— — ieh Q3 
t t at 


and 


2 -D 2 ; 
(i - <4) y(r, t) w even Gi AP oe Bey. 4| 0. 


Substituting this equation into (58.4a) and using (58.7) ,we find the non-relativistic 
Schrédinger equation describing the motion of a spin-less particle in an electromag- 
netic field: 





. OP P e . ev 4 
ih -- = |— — —(A: + A“ + eA . 58.9 
| i+ ole (58.9) 


When studying the stationary states of a particle in an electromagnetic field, we 
must put in (58.4a) 
wr, t) = p(r)e **", (58.10) 


The function y(r) will then satisfy the equation 
1 2 a2 2€ a e” 2 22 
ca & — edo) pr) =| p ~7Apt+ a4 + Mee" }y(r). (68.11) 


In the stationary states (58.10), the electrical charge density becomes 


_ ele — eAo] 


Me pty. 
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When ¢ = E > eA, the sign of the charge density is the same as the sign of the 
charge — e — of the particle. However, where the potential has large values, so that 
& < eAg, the sign of g is the opposite of that of e. We can thus not retain the single- 
particle interpretation in the regions of very strong fields. The physical meaning of 
the change in sign of o in strong fields can only be understood from a theory describing 
the behaviour of systems with a variable number of particles and taking the creation 
and annihilation of particles with positive and negative charge into account (see 
Section 145). To illustrate the use of equation (58.11), we shall consider the motion 
of a negatively charged spin-zero particle in the Coulomb field of a nucleus. This 
problem arises when we study the motion of pions in the field of atomic nuclei. Such 
a system is called a 2-mesonic atom. If we neglect the finite size of the nucleus, we 
have 


2 
cdg = 2, A=0, 
r 


and for e = E > 0 we get from equation (58.11) 
Ze’\’ 24 2 202 _ 
E+—) —-Me" +f c°V" | pr) = 0. 
r 
Changing to spherical polars and considering solutions corresponding to a well- 
defined value of the angular momentum of the particle, we can write 


y(r) = RG) Yin(@y), 72 = 0,1, 2,... (58.12) 
r 


The radial function R,(r) satisfies the equation 


a ld 1 _ 2.2 2,4 2 
q (i + ) Za 4 220k _ Mic! = RA) = 0, 
dr r cr h°e 
where « = e?/hc is the so-called fine-structure constant. 
If we write 








2 4(M’c* — E’) 
and use a new variable g@ = fr, we can transform the equation for R,(r) to 
2 _ 72,2 
a yh Mey Zze 1 R, = 0, (58.14) 
doe @ 4 
where 
g = DOE Sg. (58.15) 
hcp 
Substituting 
R, = @°** We) e ' 
into (58.14), we get an equation determining W(e): 
2 
of We st2-9 M4 a-s-yw=o, (58.16) 
dg do 


qu 8 
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where 
S(s + 1) = 10 4+ 1) — Z?x?. (58.17) 


The solution of (58.16) is the confluent hypergeometric function (see Mathematical 
Appendix D) 

We) = F(-A + 5 + 1, 2s + 2, 0). (58.18) 
If R, is to decrease as g — 0, it is necessary that the power series which is given by 


the confluent hypergeometric function (58.18) is a finite polynomial. This condition 
is satisfied, provided A -—s— 1=¥y=0,1,2,..., or 


A=v4+s41. 


Solving (58.17) for s and choosing the root 


s= -44 V0 4 9? — 20? (58.19) 
which guarantees that A is positive (see (58.15)), we find 
Aavth4V 4b? — 2x2, »,1=0,1,2,... (58.20) 
From (58.13) and (58.15), we find by eliminating , 
E= ___ Mer (58.21) 
V1 + 2707A-? 


As the fine-structure constant is small—a« ~ z};—the parameter Za will be small 
compared to unity for all atoms, except the heaviest ones. Substituting (58.20) into 
(58.21) and expanding in a power series in Zax we find 


2.2 4.4 
B= Me [: _ Zia! _ Zio" (4 _ ;) + ~| (58.22) 


where nm = » + / + 1 is the principal quantum number. 
Substituting (58.22) into (58.13), we have 


2 
p= ee , if Za <1. (58.23) 





The first term in (58.22) corresponds to the rest energy of the particle. The second 
term 


is the same as the energy of a particle of mass M in a Coulomb field in the non-rela- 
tivistic approximation (see Section 38). The third term 


O52. 2 
Ay = —Z E - = (58.24) 
n 
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determines the relativistic correction to the energy. We see that the correction (58.24) 
to the energy depends on the quantum number /; this leads to a lifting of the degeneracy 
occurring in the non-relativistic approximation. The relative magnitude of the 
splitting in the ns and the np levels is given by the formula 

Enp — Ens — 4270.” 


E° 3n 





The splitting increases thus with increasing Z and decreases with increasing principal 
quantum number n. Ifn = 1, there is only one value / = 0 and there is no degeneracy. 
The splitting is largest for n = 2. 

The system of levels corresponding to different values of 4Z,, for the same value 
of n is called the fine structure. For a given n the “total width of the fine structure”, 
that is, the distance between the extreme levels (J = n — 1 and / = 0) is equal to 


_ 2MZ*e* 2 n—-1 


wa (58.24a) 





Let us now consider the behaviour of the wavefunctions (58.12) as @ 0. For 
/ + O and small values of the nuclear charge, Z*x? < 1, we have s ~ J and the wave- 
functions (58.12) vanish as g > 0 in the same way as the wavefunctions of the non- 
relativistic theory (Section 38). If / = 0, the wavefunctions (58.12) are singular at 
the origin. However, for small values of Z« this is a very weak singularity. For atoms 
with large values of Z this singularity is appreciable and there is a considerable diffe- 
rence between the relativistic and the non-relativistic functions. 

It follows from (58.12), that for small Z« the most probable value of o in the 1s-state 
is equal to 2, Using (58.23), we then find for the most probable value of the radius 


where the Bohr radius a = 0-5.10~® cm and y is the electronic mass, Since for 
a a~-meson M = 270 pu, we have 
2x 107%? 
Vprop © — cm 

Even for atoms with small Z there is an appreciable probability that the 7~-meson 
penetrates inside the nucleus. Taking the finite size of the nucleus into account, 
that is, the difference between the electrical field of the nucleus and the Coulomb 
field, is thus very important for the evaluation of the wave-functions and energies 
of z-mesonic atoms. 


ft D. D. IvANenxo and G. E. PustovaLov, Usp. Fiz. Nauk 61, 27 (1957). G. E. PusTovaLov, 
J. Exp. Theoret. Phys. (USSR) 27, 758 (1954); Soviet Phys. JETP 5, 1234 (1957); 9, 1288 (1959). 
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59*, MOTION OF A ZERO-SPIN PARTICLE IN AN ELECTROMAGNETIC FIELD. 
FESHBACH-VILLARS REPRESENTATION 


If we use the Hamiltonian form (55.12) of the KG equation for the free motion 
of a spin-zero particle, the change-over by means of the rule (58.3) to an equation 
describing the motion of a particle in an electromagnetic field with potentials A, Ao 
reduces to replacing the free particle Hamiltonian 

50 ty ty Pe 2A 
Ay = (t3 + ta) + Me‘; 
by the operator 
a aA aA A 
Hi, = Hi + edy ~ SEA Gp. 4) 4 ERD g?. (59.1) 
We used the gauge condition 
(V- A) = 0, (59.1a) 
when writing down equation (59.1) 


If the function ¥ = (") satisfies the equation 


X. 
a a. 274 A 
in = {BP + ed ~ Gs OR aly, (59.2) 
the charge conjugated function (55.23), 
* 
ya. (“") = 7,8 (59.3) 
Y 


satisfies the equation 


a WA a4 7A 
in oe - {8 — ey + te) Fa) (g. 4) 4 (ea + Ha) at w., 
t c 





2Mc 


which is obtained from (59.2) by changing the sign of the momentum and the charge. 
We can easily check this by multiplying the equation, which is the complex conjugate 
of equation (59.2) from the left by the matrix 7, and using the definition (59.3). If, 
moreover, 0 = ef tt,, the electrical charge density in the charge conjugate state 
(59.3) will be equal to 

0, = WttW, = —P t= -0. 


The electrical current density vector (55.15), however, does not change its direction 
when we change to the charge conjugate state: 


je = J: 
This follows from the fact that the charge conjugate state ¥", differs from the state ¥ 
by a change in the sign of the charge and a change in the direction of the momentum. 


To change to the ®-representation using the transformation matrix (56.1), it is 
necessary to write beforehand the Hamiltonian in the momentum representation. 
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We write - 
A,(r) = J ao(9) ela dq, 


A(r) = f a(q) eX" dq, 
Ar) = faq) el@" ag, 
The transition from the coordinate to the momentum representation can be made 
by the replacement pop, #— +ity, 
in (59.2). We get thus the equation 


in) _ S72 + edgcinv,) — 2+) (y. acinv,)) 
ot Mc 


e7(t3 + it) 2 
+ ——_—  A(iAV,)$ Pp, t), 59.4 
ED) 4% ob (p. 1) (59.4) 


where 
Ag(ihV,) = § ao(g) eV? dq. (59.5) 


Using the fact that 
e TVW (p) = ¥(p — 4), 


we can express the result of the action of the operator (59.5) upon the function ¥(p, 1) 
by means of the relation 


Ao(ihV,) = J ao(q)¥(p — 4,1) d°q = J ao(p — q) Pq, t) d*q. 
Through the same transformation, we get 
A(ihV,) ¥ = J a(p — 9) Pg, t) d°q, 
A?(ihV,) % = J a?(p — g)¥(q, t) d7q. 


Equation (59.4) now becomes 


in AP) — Few (p, 1 
t 


_ a Sati) ets + itz) 2 ; 
te | [ext a) — 2 *D (pat — g) + SAE) arp a)" 1) dq. 


Multiplying both sides of this equation from the left by the matrix U(p) defined by 
equation (56.1) and using the fact that it follows from (59.1a) that (p — q-a(p — q)) 
= 0, we find 


in PCP.) T3E,P(p, t) + U(p) | jeaste — q) — — (és +) @- a(p — 9) 
et Me 


2Mc? 


e*(t3 + it, 


a(p — a} O-'(q) ©, 1) d°q. (59.6) 
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When writing down (59.6) we used the relations 

O(p) Hr O-“(p) = t3E,, P(p, t) = O(p) Pp, 2). 
Using the fact that 


O(p) U~*(q) = {E, + E, + t,(E, _- Ey}, 








1 
2/E,E, 


UO Gs +H) @ = (|), 


®(p, t) = (“P >) 








and putting 


v(p, t) 


we get a set of two equations for the functions w(p, £) and v(p, 2): 





(me - z,) we, =te | ae ((E, + E,) wa, t) + Ey — E,) vq, 1)} dq 


- wee [w(q, t) + v(g, 1] d°q +5 ! e?|- “eos — — ba, t) + og, )]d°q, 





(59.7) 


wnt 2 


(és +E, ) v(p,t) =} 2 (Ey + BO a + Ey ~ BD aD) 





ec | opp [w(g, t) + v(q, t)] d°q — 1 e (tae (p= 1 (PD) ty(q, t) + 0(, t)] d°q. 
J E,Eq 2 VE,Eq 





(59.8) 
When studying stationary states, we put 
_ w(p) iEt/h 
Pp, 1) (“Pe 
and we get the equations 
E - B) mp) = =| {ao(p — 4) [(E, + E,) w(q) + Ep — Ey) (4)] 
— [2e(q- a(p — q)) — ea’(p — g)] [w(q) + og} 4 a, (59.9) 


(E + E,) o(p) = — 9) [(E, + £,) oq) + (E, — E.)w(Q)l 








+ [2c(q- a(p — 4)) — ea*(p — gq) [w(q) + r(4)]} . (59.10) 
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When there is no external field (4 = Ay = 0) the set of equations (59.9) and 
(59.10) goes over to a set of two independent equations. The solution of this set corre- 
sponding to a particle with charge e is of the form 


®,(p, t) = ("?) e7 Eetlh 


When there is an external field, both functions w(p) and v(p) are non-vanishing and 
there is no basis for talking about the motion of a single particle. 

Let us consider a weak electromagnetic field. We can then apply to the set of 
equations (59.9) and (59.10) the method of successive approximations. In the zeroth 
approximation we put v(p) = Oand then get for w(p) the first-approximation equation 


(E — E,) wp) = 
{ [ao(p — 9) (Ep + E,) — 20(g- ap 











on73 5 


(59.11) 


If we put v(p) = 0 in the right-hand side of (59.10), we can express in first approxi- 
mation vp) in terms of w(p): 


(E + E,) 0p) = 








= WE { [ao(p — 9) (E, — E,) + 2c(q- a(p — 9)) — ea*(p — g)] w(g) a. 


(59.12) 


Substituting (59.12) into the right-hand side of equation (59.9), we get the second- 
approximation equation for w(p). 

Let us consider a weak electrostatic field (4 = 0, Ap + 0). _ (59.11) then 
becomes 





(E - E,) w(p) = 











o(p — E, + E, —, 
rahe 4) a 


Expanding here E, in a power series and retaining terms up to order (p/Mc)*, we can 
write 








2 
E, % Mc? + 2_(1 —-? Fy +. 
2M 


, ite 2. 
4M°c* /E,Eq 


Putting E = E’ + Mc?, we get the equation 


je -5(- ; saa) |m@ =e | ate — a) wea’ 


It follows from this equation that the first correction to the non-relativistic motion 
of a spinless particle in an external electrical field is of the order (p/Mc)? and 
corresponds to the increase of the particle mass with velocity. 
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In the particular case of a Coulomb field, 4g = — Ze/r, we get 
Ze 


ao(p — 9) = — —3-——5.- 
2n7|p — qi? 


We solved in Section 58 the corresponding equation in the x-representation. 
In the case of the motion of a particle of charge e in a weak uniform magnetic 
field, we have Ay = 0, A =1[# a r] and thus 


ao =0, alp — q) = tih[# ~n V,] Op — 4). 


Substituting these values into (59.12) and neglecting the last integral which gives a 
correction of the next order of magnitude, we find 


iehc e Me 
v(p) = (p-(# A V,)) wp) ¥ —— - 
with ¢ = ihV,. 


E+E, 2Mc E, 
Introducing the operator of the magnetic moment of a zero-spin particle, 








(# - [r A p]) w(p), (59.13) 


2 
M = L, (59.14) 





where L = [F A p]is the angular momentum operator, we can write (59.13) as follows 
v(p) = (# - @) w(p). 


In the non-relativistic approximation Mc?/E, ~ 1 and (59.14) is the same as the 
orbital magnetic moment of a spinless particle. When the particle energy increases, 
Mc?/E, < 1 and the value of the orbital magnetic moment operator decreases. 


60. DiRAC’S RELATIVISTIC EQUATION 


Dirac succeeded in 1928 to construct a relativistic equation, which was suitable 
for a description of the properties of electrons and other spin-} particles. Dirac 
started from the requirement that the equation of motion should lead to an equation 
of continuity with a positive-definite probability density. Dirac introduced instead 
of the single function used in the non-relativistic theory a set of functions y,(r, £), 
vy = 1,2,... which determined the electrical charge density by the relation 





0.= e) vrYy. (60.1) 
It then follows from the law of conservation of electrical charge that 
d oy* Oyy\ 43 
—ladr=e yp, + pt 2 \d*r =0. (60.2) 
«fe r|(* were *) 


To satisfy equation (60.2) it is necessary that the values of the derivations dy,/dt are 
determined by the values of the functions at a given time. The functions y, must 
thus satisfy equations which contain first derivatives with respect to the time. 
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Without losing generality, we can write such a set of equations in the form 


~ et Ya ee + EY yyy = 0, (60.3) 
c at Bk Ox, Xk 
where m is the particle mass, c the velocity of light, and where the ot) and B,, are 
constant coefficients which are, in general, complex. Here and in the ‘following the 
summation sign indicates a summation over indices occurring twice. Roman indices 
k,1, ... take on the values 1, 2,3 and Greek indices », u, ... positive integral values 
from 1 to some value x to be determined. 
The constant coefficients on and £,, in the equations (60.3) are determined from 
the following two conditions: 
(a) the equations must lead to an equation of continuity for 0; 
(b) each of the functions y must separately satisfy the relativistic second-order equa- 
tion (54.5). 


Similar requirements are met with in classical electrodynamics where the six quantities £,, &, 
62, %,, #,, and #, which determine the electromagnetic field in vacuo satisfy the—first-order— 
Maxwell equations 


0é OM 
clV A #\=7 dVAéI=——TP, (V°&)=(V:'#)=0, 


while each of them satisfies a wave equation; for instance, 


To obtain the equation of continuity, we write down the equations which are the 
complex conjugate of (60.3): 


1 dy* (k) oy* .me 
= Py 4 ge Pu _ 7 MES ge ye = 0, 
c at »o ia ax, A » ByT 


Multiplying these equations from the left by y, and (60.3) by y*, adding the equations 
and summing over y, we get 


4 ~ oy pty, + y. Gace ae + po oe 2) 


Ni 


+ >) (VB nu — VrBept) = 0. (60.4) 


One sees easily that, provided we have 


on) = oe, Bvu = BE (60.5) 
equation (60.4) reduces to the equation of continuity 
a 
+(V-j) =0, (60.6) 


QM 8a 
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if @ is defined by (60.1) and the components of the current density vector by 
je = ec) pon Pn: (60.7) 
To simplify the formulae we use a matrix notation. We form four matrices from 
the coefficients oy and f,,: 
Oot = (oye), B = (Bvu)- 
Condition (60.5) reduces thus to the requirement that these four matrices are Hermi- 
tean, that is 


& = at, B = Bt. (60.8) 
We then combine the functions y, into a one-column matrix: 
Y1 
yp | 2) (60.9) 


If the matrices «, or B operate upon the function ¥ we get a new function 
Ww = xP 
The components of ¥’ are defined by the rules of matrix multiplication: 
Wy = (iP), = Don vas 
the matrices (60.5) are thus linear Hermitean operators acting upon the indices of 
the functions y, which can thus be considered to be new—internal—variables going 


through discrete values. 
The matrix which is the Hermitean conjugate of (60.9) will be a one-row matrix: 


Yt = (pt, yf, ...). (60.10) 

Using (60.9), (60.10) and the matrices «,, we can write (60.1) and (60.7) in the form 
eo = TW = ey yty,, (60.11a) 

Te = ecWO WP = ec Y phon py. (60.11b) 


We can combine the three «,-matrices into a single vector matrix &, the three com- 
ponents of which are the «,. In that case, we have for the current density vector 


j= ee. (60.11¢) 
Equations (60.3) can now be written as one equation in matrix notation: 
1 @ ~ @ ime = 
-~-—+)%,—+—B|¥P =0. 60.12 
E ot da ox, oh A] ( ) 


Acting upon (60.12) with the operator 
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we get the equation 





1@ low. 2a, @ me a ima... g.. 0 
=) (Om, + xe, + —— B* — — ) («8 + Bau,) — | = 0. 
E at? 2 & m ) ion h? P h LGB + Bou) <] 


This equation reduces to the second-order equation 
1 @ ae mc? 
=—->Y——5+— |" =0 
E ét” Lae h? | 
for each component of ¥, provided 
B? => I, OB + Bay = 0, 4.064 + Oy = 26,1. (60.13) 


The matrix equation (60.12) satisfies thus our conditions (a) and (b) if the B- and 
o,-matrices are Hermitean matrices satisfying the (anti-)commutator relations (60.13). 

The four independent Hermitean matrices «, and B can satisfy the conditions 
(60.5) and (60.13) only, if they have at least four rows and columns. 

One possible form of the &, and f is the following one: 


& =(° %) b= 1,23, p= roy (60.14) 
o;, 9 —I 


where the matrix elements are the 2 x 2 Pauli matrices or spin matrices: 


- 01 - 0 -i A 1 0 
o,= 5 Oo,= > Co, = ’ 60.15 
(ro) BCC) a a) 


and 


The Pauli matrices satisfy the simple relations 
G=T1, 66; = —6)5, = in, (60.16) 


where the indices k, /, m take on the values 1, 2, 3 in cyclic order. Any 2 x 2 matrix 
can be written as a linear combination of the Pauli spin matrices and the unit matrix. 
The choice of the matrices (60.16) is not unique. One sees easily that the matrices 


Oy = 5a,5°", B = SBS", (60.17) 


obtained from (60.14) through an arbitrary unitary matrix S (unitary to retain Hermi- 
teicity) also satisfy the relations (60.13). 

All physical consequences of the matrix equation (60.12), the so-called Dirac 
equation, are independent of the actual choice of the Hermitean matrices B and «, 
satisfying (60.13). 

Since the 8 and &, are 4 x 4 matrices, the wavefunctions Y will have only four 
components. The indices » and 4 in equations (60.3) will thus go through the values 
1, 2, 3, 4. 


8a* 
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61. FREE MOTION OF PARTICLES DESCRIBED BY THE DIRAC EQUATION 


We can write the matrix equation (60.12) in the form of the Schrédinger equation: 
in = Hv (61.1) 
t 


with a Hamiltonian containing Dirac matrices: 
Hy = cla: p) + me’B. (61.2) 


When using the form (61.1) for the equation, the time has been split off explicitly 
and the main operator is the Hamiltonian H,. Such a form is called the Hamiltonian 
form. It is particularly convenient for studying the stationary states of quantum 


systems. 
Let us study the stationary states of the free motion of a particle. In stationary 
states, the time-dependence of the wavefunctions is given by the formula 


Wir, t) = P(r) et", (61.3) 

Substituting (61.3) into (61.1), we find the equation 
eP(r) = Hp (r) (61.4) 
The quantity « in (61.4) determines the time-dependence of the complete wave- 


function (61.3) in the stationary states. It is for many applications convenient to 
express the four-component function (60.9) in terms of two-component functions 


7g = (”’) x= (”*) (61.5) 
2) Pa, 


Yr) = (?). (61.6) 
x 


Using (60.14) and (60.15), we can write (61.4) in the form of two matrix equations 


through the equation 


ep = cop) x + meg, 
(61.7) 


ex = (G+ p)y — mex. 
States with a well-defined value of the momentum will be described by the equations 
(mc? — &)p + cd: p)x = 0, 
. 2 } (61.8) 
co +p) yp — (mc +8) x = 0. 


These equations have non-vanishing solutions only if the determinant of the coeffi- 
cients vanishes, that is, 
me’ —e  c(o-p) 


=0. 61.9 
—c(é:p) mc +e (61.9) 
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Writing out the determinant (61.9) and using the operator identity 
(d+ A)(o- B) = (A- B) + i(6- [A ~ B)), (61.10) 


which follows easily from the properties (60.16) of the Pauli matrices and which is 
valid for any two operators A and B commuting with 6, we find 


m?c* — 6? + c2p? = 0, 
e= +E, (61.11) 


= cp? + mc? (61.12) 


being the particle energy. The two signs in (61.11) correspond to two kinds of solution 
of the Dirac equation for states with a different sign in front of the energy in the index 
of the exponent determining the time-dependece of the wave-function. We call the 
solutions with « = E, the positive solutions of the Dirac equation of a free particle 
and the solutions with e = — E, the negative solutions. Sometimes the positive solu- 
tions are called the solutions corresponding to “states with positive energies” and 
the negative states solutions corresponding to ‘states with negative energies”. This 
nomenclature was introduced byDirac. Ithas a circumscribed meaning and is convenient 
to describe in terms of single-particle quantum transition processes involving the 
creation and annihilation of pairs of particles, such as electrons and positrons (see 
Section 68). 
Let us introduce the sign operator 


or 


with 


Hy = p) + c(at p) + rnc” 


Ji Vp” + mc? 





A= (61.13) 
which commutes with the free motion Hamiltonian. The operator A is Hermitean 
and unitary, that is, 
A=At=A~’. 
In the momentum representation, this operator has a simple form: 
A= cla: p) + Bc? 
E, 


PB 


(61.13a) 


As A? = 1, the eigenvalues of A are equal to A = ¢/E, = 

The eigenvalue A = +1 refers to positive states, corresponding to e = E, and the 
eigenvalue A = —1 to negative states for which e = —E,. 

The energy E,, momentum p, and the eigenvalues A of the operator A are integrals 
of motion and can simultaneously have well-defined values for a free particle. 

If ¢ is determined by (61.11), we can use (61.8) to express one two-component 
function in terms of the other; for instance: 


= 2°?) g (61.14) 
me +e 


224 Quasi-relativistic Quantum Theory [VIU, 61] 


The coordinate-dependence of the function @ is for the states with a well-defined 
value of the momentum given by the expression exp [i(p - r)/A]. Hence 





y= N’ welPr (61.15) 


u= (*) (61.15a) 
U2 


is a two-component spin function, which does not depend on the coordinates and 
which can be acted upon by the matrix operators¢. This function is usually normalised 
as follows: 


where 


uu = utu, + utu, = 1 


while the factor N ensures the normalisation of the wavefunction as a whole. 
The Dirac functions corresponding to well-defined values of the momentum p, the 
energy E,, and the sign in front of the energy 4 can thus be written as follows 


u el(e-r/h 
Pir) = N{ clo: p) ——., 
—_——— 3/2 
mc’ + AE, (zh) 


(61.16) 


In order that the function (61.16) be normalised by the relation 
[EW a d*r = 6,,-0(p - P’); (61.17) 


N= [eee 
QE, 


In the non-relativistic approximation, we have for positive solutions 


we must put in (61.16) 


e= E, = mc? + E’, where E' < mc’; (61.18) 
it then follows from (61.14) that 
c(d : p) (op) 
= —_**- px —~“@ <<. 61.19 
2mc? + E' ame ( ) 


If the particle velocity is small compared to the velocity of light, it follows thus 
from (61.19) and (61.5) that two of the four components of the wavefunction are 
small compared to the other two. In this connexion p, and pz are often called the 
large components, and 3 and ‘pq the small components. For states with e = —E, 
corresponding to negative solutions, on the other hand, the functions y, and , are 
small and the functions 3 and w, large. 

If in a given state the particle does not have a well-defined value of the 
momentum, the connexion between the small and the large components can accord- 
ing to (61.7) in the non-relativistic approximation be written in the form 


w Pg i, EVE 


x 2mc 2mc 


[VHI, 61] Free Motion of Particles Described by the Dirac Equation 225 


We get from (60.11a) an approximate expression for the electrical charge density 
in that state: 





a2 
e = egy + xtx) = egt (: + cn =) 9. (61.20) 


If we bear in mind that a = (¢ °) we get from (60.11c) for the current density the 
equation a0 


. a - ieh apa aa 
j=cel(gidy + x'éq) ~ —S [pto(d - V) p + (V¢t- d) dg] 


= 2 ive — (Vet) y) + fy yn gtdgl. (61.21) 
2mi 2m 


In deriving (61.21) we used the relations 
do V)p=Vye—IVaAc]ly, (Vet: o)d =Vot—- [Va a] qt, 


which are easily obtained using equations (60.16). The first term in (61.21) is the 
as the same non-relativistic expression of the current density of a spinless particle, 
and the second term takes the particle spin into account. 

We shall now show that states of free motion of a particle with a well-defined 
value of the momentum can differ not only in the sign of ¢/£,, but also in the value 
of another physical quantity, which will be shown to be connected with the presence 
of particle spin. For this purpose, we introduce the operator 


4h (Z-p) (61.22) 


z-(5 5) 
0¢6 


The operator (61.22) commutes with the free motion Hamiltonian (61.2) and, 
therefore, the physical quantity corresponding to this operator is an integral of 
motion. Since the momentum p is an integral of motion for the free motion, the 
physical quantity corresponding to the operator 


where 


1 00 0 

1,4 _1,[/0-10 0 

5 hls 5h 0 01 O (61.23) 
0 00-1 


will also be an integral of motion, if we take the z-axis along the direction of the 
momentum. 

We shall, in the following, use the letter o both for the 2 x 2 matrices and for the 
4 x 4 matrix Z, which is constructed from the 2 x 2 matrices a. 

We noted in Section 29 that the eigenvalues of operators, which are given as 
diagonal matrices, are the same as the values of the diagonal elements. The eigen- 
values of the operator (61.23) are thus equal to +44. The eigenvalues of this operator 
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corresponding to the eigenvalues 4# and —4/ can thus be written in the form (61.16) 
with the spin functions 1 0 
un (;) and uz = ()) (61.24) 


One says that in the state u, the particle spin is parallel to the momentum, that is, 
(o : p) = p. In the state u,, the particle spin is antiparallel to the momentum, that is, 
(o - p) = —p. The z-component of the spin has, therefore, well-defined values in the 
states described by the wavefunctions (61.24). States in which the z-component of 
the spin does not have a well-defined value are, of course, also possible. The spin 
functions corresponding to those states are 


i= @,u, + agU,. 


The spin functions are, in the general case, described by two-component single- 
column matrices, that is, by functions of a variable which can take on only two 
values. 

We are thus from an analysis of the Dirac equation for a free particle with a well- 
defined momentum led to the conclusion that this equation describes particles 
characterised by a quantity—the spin, the component of which along the direction 
of the momentum can only have two values, +44. One says that such particles 
have spin 4. Examples of such particles are electrons, muons, protons, neutrons, 
and neutrinos (see Section 69). We shall discuss in Section 64 the physical meaning 
of the spin of these particles. 

The wavefunctions of states with a well-defined value of the momentum, which 
is taken to be along the z-axis, a well-defined sign of A(+1 or —1) and a well-defined 
value of the z-component of the spin, s,, (+4 or —4) can be written in the simple 

















form W ase: (61.25) 
Here 
1 
2 ipzjh 
mc +6 0 e “ 
Y a, = . ——, e=AE,, (o°p)=p, (61.25a 
pal, | 26 c(o - p) (nh)? p> (G°p)=p, ( ) 
mc’ +e 
0 
0 
mc? + 1 ip2/h 
VP ya—t/, -/ 0 ——{, &=4E,, (6-p)= —p. (61.25b) 
2 oa (2xhy! 
c(o - p) 
mc? + € 
The functions (61.25) satisfy the orthonormality condition 
joa Poas, d*r= 6419s,s,'0(P' — P)- (61.26) 


Any state with a well-defined sign of A can be written in the form 
Fi = LAP) VP pas, dD. (61.27) 
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Bearing in mind that Ay? = AE,P,,, one determines easily the results of acting 
with the operator A upon the function (61.27): 


as,4 P = AW. (61.28) 


We can use the operator A to form the projection operators 


IT, = 401 + A), 
- . } (61.29) 
H_ = 301 — 4), 


which have the simple properties 
IT, =, IT. - = 0, 
W’,=0, TP = 8_. 


The action of the operator IT UI _) on an arbitrary Dirac function thus splits off 
from it the corresponding positive (negative) state. 

One can easily split the operators acting upon Dirac functions into an “‘even” 
and an “odd” part. We call an operator which transforms any positive (negative) 
function again into a positive (negative) function an even operator. An operator is 
called odd if it transforms a positive (negative) function into a negative (positive) 
function. The product of two even or two odd operators is always an even operator. 
The product of an even and an odd operator is an odd operator. Since all positive 
functions are orthogonal to all negative functions, the average value of all odd 
operators in states corresponding to a well-defined sign of A will always vanish. A 
consistent single-particle theory must always use either solutions corresponding to 
positive states (A = +1) or solutions corresponding to negative states (A = —1). 
In a consistent single-particle theory, all physical quantities must thus be expressed 
in terms of even (“single-particle”) operators.f We shall see in the following that if 
this condition is satisfied, the relations between operators—and averages of physical 
quantities—in the relativistic quantum theory of a single particle will be analogous 
to the relations between the corresponding quantities of the classical theory. 

Let us determine the rule to split the operators of the Dirac theory into an even 
and an odd part. We shall assume that any operator @ can be written in the form 


a = [4] + {4}, (61.30) 


T One must, however, bear in mind that due to interaction effects with other fields and the vacuum, 
the idea of the relativistic motion of a single particle cannot be retained. In this connexion, it is clear 
that a consistent quantum theory of the motion of a single particle can give an approximate descrip- 
tion only of such phenomena for which the effects of the creation of real and virtual particles is not 
very important, that is, phenomena not involving high energies or strong external fields. 
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where [a] is the even and {a} the odd part of the operator a. From the property 
(61.28) of the sign operator A and the definition of even and odd operators, we have 


av, = [a|P, + {a ¥,, 
aP_ = [a] ¥_ + {ay v_, 
AGdA¥ , = Ad? , = [a]¥. - {BY ,, 


AGAP _ = —A@P_ = [a)¥_ - {fa ¥_. 
From these equations it follows that 
[4] = 444 + AaA), (61.31) 
{a} = 144 — Aad). (61.32) 


We see easily that the free particle Hamiltonian Hp and the momentum operator 
are even operators. Using (61.31) and the explicit form (61.13) of the operator A 
we can, for instance, find the even part of the matrix «: 





[a] = Pip = Pj. (61.33) 
£5 Dp 


Similarly, we find for the even part of the matrix 8 


[l= A. 
E, 

We noted in Section 53 that the concept of a “single-particle”? coordinate and 
the corresponding operator r must be changed in the relativistic theory of a 
single particle. We can reach this conclusion by evaluating the velocity operator of 
a spin-$ particle. According to Section 18, we can use the explicit form (61.2) of 
the Hamiltonian of the Dirac equation to find 


© = ff, Hpl_ = ce. (61.34) 
1 


Since the eigenvalues of the operator a are +1, we are led to the paradoxical result 
that the eigenvalues of the absolute magnitude of the velocity of a spin-} particle 
are always equal to the velocity of light. Moreover, since the matrices «,, «2, «3 do 
not commute with one another, the components of the velocity (61.34) also do not 
commute with one another. One sees, however, easily, that the even part of the 
operator (61.34) for positive states can be expressed in terms of the momentum 
operator through the equation corresponding to the relation between the velocity 
and the momentum in the classical relativistic theory. Indeed, we have from (61.33) 


a 24 4 
S| = efeey — SPA. (61.35) 
dt E, 
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The velocity operator is thus equal to c?p/E, for positive solutions and to —c?p/E, 
for negative solutions. 

Equation (61.35) leads to the idea that one might use as a “‘single-particle”’ co- 
ordinate operator in the quasi-relativistic quantum theory of a single spin-4 particle 
the even part of the operator r = if 0/dp. To find the even part of the operator r 
we use the relation 


We then get easily 
.  theAe  ihe’p 
r + —_——_— 


2E, 2E2- 





[Ff] = AG + ArA) = (61.36) 


The last term in (61.36) does not change with time. The change in the first term is 


given by the operator equation (61.34). One can easily find the change of the second 
term in (61.36) using the relation 


Hp + &Hy = 2cp, (61.37) 
and we then get 


ih ° = [¢, Hp]_ = 2(cp — Hp&) = 2(¢Hp — cp) = 2mc’af + 2ic[o A p]. (61.38) 
t 


The amplitude of the change of [r] caused by the second fast oscillating term—the 
frequency is 2mc?/i—is of the order of magnitude of the Compton wavelength of 
the particle, since 

ihcA 
E, 


h 


_v—,. 


mc 











The eigenfunctions of the particle-coordinate operator [r] are no longer 6-functions 
as in the case for the operator r of the non-vanishing theory, but they are “‘smeared 
out” over a region with linear dimensions of the order of the Compton wavelength 
of the particle. 

Using (61.34) and (61.38) we find 





a. aaq 45 a Qaaq 
dr} _ 1 (ll, Hp]. = cot + cpA  cAHye _ pA 
dt ih E, E, E, 


which is the same as (61.35). 

Therefore, if we wish to retain approximately the idea of the motion of a single 
particle, we must take as the particle-coordinate operator the operator [r] which is 
sometimes called the operator of the average position of the particle—the average 
being taken over a volume with linear dimensions of the order of the Compton 
wavelength of the particle. 
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62*. FREE MOTION IN THE FOLDY-WOUTHUYSEN REPRESENTATION 


We showed in the preceding section that for a study of a free spin-4 particle, that 
as p — 0 two of the four Dirac functions tend to zero. We can, however, change 
to a new representation such that each of the two signs of A corresponds to only 
two components for any value of the momentum. This representation was intro- 
duced by Foldy and Wouthuysen.f The change from the usual representation to the 
Foldy-Wouthuysen representation which we shall call simply the ®-representation is 
performed in the Dirac theory through the unitary transformation 


BHp + E, 


V2E,(me? + E,) 


U= 


The functions of the ®-representation are now obtained from the functions of the 
usual momentum representation through the transformation 


® = UW. (62.2) 


Performing the transformation (62.2) on the functions (61.25a) and (61.25b) we get 
for e = E, (positive state): 


1 
0) ee?" . 
PA - 0 (2ahy?” a P) = ?P; 
0 
0 (62.2a) 
1) e?* , 
Pp y= ——, = 
pel,—t/2 0 (22h)°!? P) P 
0 
For negative states when « = —E,, we get 
0 
0) e?* s 
®, 1,1), -= 1 (2h)? (: -p) =D); 
0 
(62.2b) 
0 
0 elPzih 
@p a : = — 
p,—-1,-4Y/2 0 (20h)! P) p 
1 


The transformation (62.2) of functions must be accompanied by a transformation 
of all operators according to the rule 


Ag = UAT, (62.3) 


f L. Fotpy and S. A. WoutuuysEn, Phys. Rev. 78, 29 (1958). 
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The momentum operator p commutes with the operator U and the form of this 
operator is thus retained also in the ®-representation, that is pp = p. 
The Hamiltonian H, of a free particle has a very simple form in the ®- represen- 


tation: Hp = 0, Ut = E,f. (62.4) 
We easily obtain this equation, by bearing in mind that 

Hp = E>, BApB = 2mc’B — Ay. 
The Dirac equation (61.4) is thus in the ®-representation 


- @ = fo. (62.5) 
Pp 
The two kinds of solution of this equation corresponding to « = +, can be ex- 
pressed in terms of the two-component functions 


w(p) = (*") v(p) = (*) 
W V2 


®.(p) = tf = (") ®_(p)= fo = (on): (62.6) 


The functions (62.2a) and (62.2b) are particular instances of these expressions for 
states with well-defined values of the momentum and the spin-component along 
the direction of the momentum. 

It follows from equation (62.5) that the matrix # is the sign operator in the ©- 
fepresentation. We can see this also directly by transforming the sign operator 
(61.13) to the ®-representation: 

Ag = UAUt = B. (62.7) 
It follows from (62.7) that the transformation (62.6) of the functions corresponds 
in the ®-representation to the division into positive and negative states by means of 
the projection operators (61.29). 

Let us now determine the form of the coordinate operator in the ®-representation. 
We showed in Section 61 that in the usual representation we must take for the 
“single-particle” coordinate operator the operator of the average position, 

pe = eg eA g_ ed, 
2E, 2E> 


through the relations 


(62.8) 


Let us transform this operator to the ®-representation. To do this, we must first 
find the form of the operators rf and & in the ®-representation. The operator a, can 
be evaluated directly: 

Qrazpaioa a+ 
,= Uett=a— _ © P(e p) _ chp (62.9) 


E,{E,+mc’?) E, 
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To find the operator rz we use the relation 

fo = UrUt =F + iht(V,Ut), where fF = ihV,. (62.10) 
Substituting (62.9) and (62.10) into the expression [rf], = U[r] Ut and using (62.7), 
we find for the operator of the average position of the particle in the ®-representation 
he7[o A p] 


——_—~. 62.11 
2E,(Ep + mc’) ( ) 


[fle = - 


The total particle-coordinate operator (62.10) can in the ®-representation be 
written in the form 


where fo = [Fle + {f}o, (62.10a) 
A ihe [ .7 Bla: p)p 
He = —|( «B+ ——— > 62.12 
{Fe me (# en) (62.12) 


is the odd part of the same operator. 

As we mentioned earlier, it is impossible to construct a consistent relativistic 
quantum theory of the motion of a single particle in strong fields—we need a field- 
theoretical discussion (see Section 145)—because of the interaction with external 
fields (and the vacuum) which leads to the creation and annihilation of real and 
virtual particles. The results obtained in the present chapter can be used only for a 
study of motion in the non-relativistic limit and of the first relativistic corrections 
to it. We can in this connexion use instead of expressions (62.11) and (62.12) the 
approximate expressions (when E, ~ mc’): 





[Flo © th (", + oo), (62.13) 
{Ry x 66 - (62.14) 


The particle-coordinate operator will to this approximation in the ®-representation 
be of the form 


fo = F + OF, (62.15) 
with h 1d A pl 
o6 = | ef HOA PTY, (62.16) 
2mc 2mc 


In the p-representation p = p, f = iAV,, and we must thus have in the x-represen- 
tation a a 
: p= —ifiV,, r=r. 

It follows from (62.13) that in the quasi-relativistic approximation the operator 
of the average position of the particle—the even of part the coordinate operator 
r¢—in the Foldy-Wouthuysen representation reduces to the operator F = iAV,: 


[Flo ® ihV, =F. (62.17) 


This is one of the important advantages of the Foldy-Wouthuysen representation. 
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As Hp = E,B, the rate of change of the operators ¢ = ifV, and dr are determined 
by the equations 


dF 1... cp » 

—=—[r, H,|_ = — 62.18 
, va o] E, B, (62.18) 
d oy. 1. ¢ . 

— (6r) = — [ér, Hg]_ = ce. : (62.19) 
dt ih 


The operator dr/dt ~ (d/dt) [r]p is thus an even operator and the relation between 
this operator and the operator p corresponds for positive solutions to the classical 
relation between the velocity and the momentum of a particle. The operator dér/dt 
is an odd operator and its average value vanishes for all states with a well-defined 
value of A. 


63*. COVARIANT FORM OF THE DIRAC EQUATION 


When we want to study the transformation properties of the Dirac wavefunctions 
and bilinear combinations constructed from these functions, it is convenient to re- 
write equation (60.12) in a more symmetrical form with respect to the space—and 
time—coordinates. We introduce thereto the four coordinates x, = (r, ict) and new 
matrices 7, = (7,74) which are expressed in terms of the matrices «& and # by the 


equations 0-6 
j= — ipa = ( ) jaa. (63.1) 
ao 0 


The new matrices 7, are Hermitean. They satisfy the (anti)commutation relations 
Pudy +P p = ys ov = 1,2, 3,4. (63.2) 


Multiplying (60.12) by —np and using these 7,-matrices we can write (60.12) in the 


covariant form a 
[Y y,2, — imc] W =0, p, = —ih—. (63.3) 
OX, 

The actual form of the y,-matrices occurring in (63.3) is not important. They 
only need to satisfy the commutation relations (63.2). Let us suppose that there is, 
apart from the matrices y, another set of matrices y;, which also satisfy the commu- 
tation relations (63.2). Paulit has shown that one can, in that case, always find a 
non-singular unitary matrix S, such that it transforms the one set of matrices into 
the other one, that is, 

y, = Sp,S7*. (63.4) 


It follows from the general theory of unitary transformations (see Section 31) that 
if we transform the functions according to 


yr Sy 


t W. PauLi, Handbuch d. Phys., 244, 83 (1933). 
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at the same time as the matrices are transformed according to (63.4), the Dirac 
equation will remain unchanged. We can verify this directly by substituting the 
values of the primed matrices and functions into the Dirac equation, 


(S5'B, — ime)" = 0. 


and multiplying this equation from the left by S71, 
We re-write equation (63.3), separating off the time derivative, 


|i." a + ING W) + ime |W = 0. 
c Ot 


The equation, which is the Hermitean conjugate of this equation, can then be 

written as follows Aa 

yt [#2 — —ih(y:V) — ime =0, 
c ot 


if we bear in mind that operators acting upon ¥" will stand to the right of it. Multi- 
plying this equation from the right by the matrix y, and “taking it through” the 
expression within the square brackets using the commutation relations (63.2), we 
get the equation Aa 
pry, [*." — + ih(y-V) — ime =0. 
c at 
Introducing the function 
P = vy, (63.5) 

the so-called adjoint function of ¥, we can write this equation in the form 

IY yb, + imc] = 0. (63.6) 


Equation (63.6) is called the adjoint equation of equation (63.3). 
In the new notation, we get for the expression of the electrical charge and current 
densities, which were considered in Section 60, 
o = PTW = LWP, 
j= cePtaP = ice yh. 
We can combine these expressions into a single four-vector 
ju = Gi, ico) = iecPy W . (63.7) 


The equation of continuity—law of conservation of electrical charge—reduces then 
to the equation aj 

y H=0. (63.74) 
ox 


i 


Let us now study the transformation properties of the wavefunctions of the Dirac 
equation under orthogonal coordinate transformations 


Xu = » AyyXy > » Quydyy: = Oyyrs (63.8) 
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or, in simplified form: x' = ax, aa = 1, where a is the transposed of the matrix a. 
The transformation (63.8) leaves the absolute magnitude of a four-vector unchanged 
and corresponds to a proper Lorentz transformation, a rotation in three-dimensional 
space, an inversion of the spatial coordinates, or a time reversal. The inversion of 
the spatial coordinates corresponds to the transformation matrix 


-1 0 00 

>, _ | 0-1 00 

G@mw={ 9 9-10}: (63.9) 
0 0 01 


Time reversal corresponds to the matrix 


0 0 
0 0 
1 9 (63.10) 
0-1 


10 
01 
@)=15 6 
00 


Both these transformations are discontinuous transformations with a transformation 
determinant equal to —1. 

The proper Lorentz transformations and all three-dimensional rotations in space 
are continuous transformations, that is, transformations which can be obtained from 
the identical transformation by changing it continuously. The determinants of the 
coefficient matrices of such transformations are equal to 1. We give as an example 
two matrices of continuous transformations. 

(a) The transformation matrix 


cosy 00 siny 


0 10 0 


@=[( 5 o10 , tany=ie (63.11) 


¢ 
—siny 0 0 cosy 


corresponds to a Lorentz transformation, that is, a transition to a system of co- 
ordinates moving with respect to the initial system with a velocity v along the x-axis. 
(b) The transformation matrix 


cosm sing 00 
(a?) = —sin gcosy 00 
“1 0 0 10 


0 0 01 


(63.12) 


corresponds to a rotation over an angle @ around the z-axis. 

We shall, in the present section, merely consider transformations with a,, > 0, 
that is, transformations not involving time reversal. Time reversal will be studied 
in Section 68. If we bear in mind that the Dirac matrices y, are numbers and do 
not change under the coordinate transformation (63.8), while the four-momentum 
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operator changes according to the rule 


Pa = DAP, (63.13) 
we find that under the transformation (63.8) the Dirac equation changes to 
[LY Pn — imc) ¥'(x’) = 0, (63.14) 


where ’ is a new function of the new independent variables x,,. We shall now deter- 
mine a unitary transformation of wavefunctions, 


W(x’) = SY (x), (63.15) 
such that equation (63.14) becomes again equation (63.3). After substituting (63.13) 
and (63.15) into (63.14), we get 

[Y ¥,4yyP, — ime] SP = 0. 
Multiplying this equation from the left by S~1, we get 
[y, S'p,Sa,,p, — imc] ¥ = 0. 

Comparing this equation with equation (63.3), we see that they are the same, provided 

LS Say = Hr 
Using the orthogonality properties of the transformation matrix (63.8), we can write 
this equation as follows: 


S79,8 = ¥ ayy. (63.16) 


The set (63.16) of four equations determines the matrix of the transformation of the 
wavefunctions of the Dirac equation under the coordinate transformation (63.8). 

One can prove that under coordinate transformations, which do not change the 
sign of the time, a,, > 0, the adjoint function transforms as follows: 


yp — ps-', (63.17) 


The matrix § of the transformation of functions is not unitary because the coordinate x4 = ict 
is an imaginary one, Of the matrix elements of the coordinate transformation (63.8) only a4, and 
Gy, (k, 1 = 1, 2, 3) are real, but the a4, are imaginary. We find thus from (63.16) by using the Hermi- 
tean character of the },: 


3 
(S-17458)t = aaaPa — DY Gare: 
kad 


Multiplying this equation from the left by 74 and using the commutation relations of the Pus we find 
(S748) 94 = s 748 yp = Pa > aya 
# 
The right-hand side of this equation can be transformed, using (63.16). We then get 
IS HS) P4 = $-19,8 . 
Since 74 = 7! we can change this equation to 


KY 14) Vas tD4)- 1 §- 19,8 . 
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From this last equation, it Follows that 
D,Stp, = AS-1, (63.16a) 
where 4 = 1, —1. ' 
To find out when A = 1 and when A = —1, we consider the identity StS = St},y,S. Using (63.16) 
and (63.16a) to transform the right-hand side of this equation, we find 


3 
sts = AS F748 => A E + > AL 
k=l 
Taking the trace, that is, the sum of the diagonal elements, of both sides of this matrix equation and 
using the fact that Tr), = 0, we find 
Tr 5 tS = Ada4- 
From the condition that Tr $tS > 0, it follows immediately that A = 1 for transformations leaving 
the sign of the time unchanged, a44 > 0, and A = —1 for transformations changing the sign of the 


time, a44 < 0. 


We have thus §-1, if agg >0, 


MStH,= sO 63.166 
Yas Ya jee if deg <0. ( ) 


Let us now change from equation (63.15) to its Hermitean conjugate, 
(ryt = wtst, 


After multiplying this equation from the right by 7, and using the definition (63.5), 


we have 8 
yy’ = Py Sty. 
From this relation and (63.16b), we get immediately 
—- 1 ; 
pa {PS » Waa > 03 (63.174) 
—PS”, if ay, <0. 


The transformation matrix S operates only upon the spin-variables of the function 
¥ according to the rule (63.15), which in more detail reads 


P(x’) = Y Supp) = Y Saplg(@ x’). (63.15a) 
8 B 
In other words, if we write the wavefunction ¥ in the form 
uy 
Y =uf(r,t), with u= |“), 
ug 
Ug. 


where the spin-function does not depend on r and f¢, the transformation matrix 
operates only upon the spin-function. 

We considered in Section 43 the rules for transforming functions of the coordi- 
nates under a coordinate transformation. For instance, when the system of coordinate 
“axes is rotated over an angle » around the direction of a unit vector m, the trans- 
formation of a function of the coordinates is determined by the angular momentum 
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operator L, which commutes with the matrix S: 
F(t) = elmer’, t). 


Since the right-hand and left-hand side of this equation refer to the same indepen- 
dent variables, we can drop the primes. Under a rotation of the coordinate axes the 
complete function ¥ will thus transform as follows: 


W(x.) = oP EmS(o) W(x,), 


We shall determine the matrix S(y) presently—see (63.20). 

We can find for any orthogonal transformation (63.8) the matrix S which trans- 
forms the spin wavefunctions of the Dirac equation and which satisfies equation 
(63.16). The existence of such a matrix follows from the fact that the 4 x 4 matrices 
y, form an irreducible group. One can also prove directly the existence of the matrix Ss 
by constructing explicitly the matrix S for spatial reflexions, rotations and trans- 
lations in three-dimensional space, since one can construct any other finite trans- 
formation from these elementary transformations. 

Let us, for instance, consider the transformation corresponding to a spatial in- 
version. Multiplying equation (63.16) from the left by S, we get from it 


PS = » iySPy 
Using the form of the transformation coefficients given by (63.9), we have now 
iS = - S$, 725 = — SH, v8 = — SPs, yaS = Sha. 

These relations are satisfied, if S = 4), with A a factor of absolute magnitude 
unity which commutes with all 7,-matrices. We determine the explicit form of 4 
presently. 

Let us now determine the explicit form of the operator § for a continuous trans- 
formation of the space-time coordinates. Any continuous transformation can be 
obtained through successive applications of infinitesimal transformations. It is thus 


sufficient to determine the form of the matrix § for the infinitesimal transformations. 
Infinitesimal orthogonal transformations of the form (63.8) correspond to matrices 


Any = Opy + Eqys (63.18) 


where ¢,, is an infinitesimal second-rank tensor. 
If the transformation (63.18) is to conserve the length of a four-vector, it is neces- 
sary that the following equation holds: 


Suv = Y Bp = Suv + (Ey + Eyy)- 
a 


The infinitesimal second-rank tensor in (63.18) must thus be antisymmetric. It 
follows, for instance, from (63.11) that the Lorentz transformation for an infinitesimal 
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value of y = iv/e corresponds to 


0 00% 
0 000 .v 

tw=( 9 cool? n= i-. (63.11a) 
—-y¥000 


A rotation around the z-axis over an infinitesimal angle dg corresponds according 
to (63.12) to 


0 dp 00 
_ | -dp 0 00 
t= (9 o ool: (63.12a) 
0 000 


The elements of the matrix § will under an infinitesimal transformation 
Xn = Y Ow + Suv) Xy 
y 


differ from those of the unit matrix by infinitesimal amounts, proportional to ¢,,, 
that is, 
S=14+4})0%,,, 
BY 


or, in more detail: 
Sup = xp + 4 y CxpEnv 
BY 


We can thus write equation (63.15a) in the form 
Pi(x) = » [°xs +4> Cast] (a 'x). 
HY 


To find the explicit form of the Ci; which generate the transformation, we use 
equation (63.16) and write it, using (63.18), in the form 


[L-8 ECM] fe ft FE CMa = I + Leet 
Vv v yv 
or 
4 » (y,c” ~ C’y,) Eny = > Ew )y . 
¥ v 

We can change this equation, by using the transformation 

Y Ew? = 2 eavDau = y Eqy(OayPy _ Oya)» 

vy Vv Vv 
into the form 


LO,c” ~ Cy, ~ Oy + Oyu) fa = 0. 


This equation is satisfied if C’” = 4),p,. The matrix transforming the Dirac functions 
under an infinitesimal transformation of the space-time coordinates is thus given by 


the equation 
S=14+ 4) enpy- (63.19) 
uv 
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For spatial rotations 7,7, = i¢, where mu, v, and A are cyclic indices taking on the 
values 1, 2, and 3. In particular, for a rotation around the 3-axis around an infini- 
tesimal angle dg, the values ¢,, are determined by the matrix (63.12a) and 7172 = ios 
so that 

S;(6y) = [1 + 4 idges]. (63.19a) 


Replacing in (63.19a) the index 3 by 1 or 2, we get the operators for infinitesimal 
rotations around the 1- or 2-axes. Successive applications of the operator of an 
infinitesimal rotation around the j-axis leads to the operator of a finite rotation 
around an angle ¢: 

Sg) = e249, (63.20) 


Bearing in mind that dic is the angular momentum operator of a spin-4 particle, we can find a 
connexion between the rotation matrix (63.20) and the generalised spherical functions d a 2(8) intro- 
duced in Section 43, which determine the transformation of the spin wavefunctions 41 /om under a 
rotation around the y-axis over an angle 8. According to (43.13) we can write 


dyi2(B) = DnlZ(0, B, 0) = <4 kle*/2!%> |5. m> 


with k, m= 4, —4. 
To evaluate the matrix elements, we perform the transformation 


ten S11, \ 1/1 ,\ 71 ° 
om lbs) [50] f-5) J 


1 a 1 
= cos- £ + io, sin-f. 
2 B+ io, 38 
: os 2A 0-i . 
Using the explicit form of the matrix o, = ( 0 ) we find, finally the matrix 
i 


(63.20a) 


a'(8) = (AZ) = (s 38 —sin a: 


sin} 6 cos$B 


An interesting feature of the transformation matrix (63.20) is that this matrix 
does not return to its initial value under a complete rotation, y = 27, but becomes 
—TI, that is, 

$0) =1, 5,2) = —T. 


We showed earlier that the transformation of the functions satisfying the Dirac 
equation under a spatial reflexion (P) is determined by the matrix 


Sp = Aya, with |aj =1. 


A two-fold reflexion can be considered to be either the identical transformation or 
a rotation over 27. The last leads, as we have just seen, to a change in the sign of 
the function; a two-fold reflexion can thus correspond to the operator 


§2 = 922 = 9? = 41. 
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The number A can thus be equal to one of the following four values 
A= i, -i,1, -1. 


The possible values of A determine the so-called intrinsic properties of the par- 
ticles—their intrinsic parity—which are described by the functions ¥. It is usually 
said that the functions ¥%—the spinor fields—can belong to four classes: A, B, C, 
or D, corresponding to the values of A = i, —i, 1, —1 which determine the trans- 
formation properties of the functions under a spatial reflexion. One sometimes calls 
the function transforming according to the rule PW = ¥’ = iy, a polar spinor field 
and the others pseudo spinor fields. At the moment it is not yet possible to establish 
to which of these classes the spinor fields occurring in nature belong (see Section 68). 

Using (63.15), (63.16) and (63.17), we can easily establish the transformation 
properties of some bilinear expressions involving Dirac functions. It follows, for in- 
stance, from (63.15) and (63.17) that under orthogonal transformations 

Pe = Ss Sw = PY. 
The quantity 
C= PP = Pty we (63.21) 
is thus a scalar. 
From (63.7) and (63.7a) it follows that 


V, = iy (63.22) 


is a four-vector, that is, a quantity, the four components of which transform as the 
coordinates x,. We can see this also directly by using (63.15), (63.16), and (63.17), 
since Py! = P55 SY = a, PW. 
We can prove in the same way that the quantities ST transform as the product 
of two coordinates, that is, that they are the components of a tensor of the second 
rank. It is well-known that any second-rank tensor a, can be written as the sum of 
a symmetric, 4(a,, + 4,,), and an antisymmetric tensor, 4(a,, — @,,). Using (63.2) 
we can easily show that the symmetrical part of the second-rank tensor #y,9,W 
reduces to the scalar _ 

IPC.)y + i) P = PV,,. 
The quantity 


terse” 


i 
ny 2 
is an antisymmetric second-rank tensor—with six independent components. The 
factor i in front of this expression is chosen in this way in order that the spatial 
components of the tensor would be real. 

The quantities ¥7,7,7,Y transform as the components of a third-rank tensor. The 
components of this tensor which are symmetric in any two indices reduce to a second- 
rank tensor. The third rank tensor, which is antisymmetric in any two indices reduces 
to an axial vector—with four components. 
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The product of all four y,, matrices is often used in the theory and we shall, there- 
fore, give it a special symbol: 
Ys = ViY2V37a- (63.24) 
From the fact that the y, (u = 1, 2, 3, 4) are Hermitean and from (63.2) it follows 
that the y, matrix is a Hermitean matrix 


v = (PrPovayva)" = Yayay 271 = VipoVava = Ys. 
The »,-matrix anti-commutes with all four ?,-matrices, that is, 
Vs¥, t+ Vs =0, w= 1,2,3,4. 
One sees easily that 3 = 1. In the particular representation (60.14) of the Dirac 


matrices we have 
A oT 
=—{.- ). 63.24a 
Ys (; 3) ( ) 


Under orthogonal transformations the quantity Py transforms as the product 
X4X2%3%X4, that is, as a four-dimensional volume. This quantity is thus invariant 
under spatial rotations and changes sign under an inversion, that is, it is a pseudo- 
scalar. If we use the fact that the 7, and 4 matrices are Hermitean, we can prove 
that 

P=iPy¥. (63.25) 


is a Hermitean pseudo-scalar quantity. Indeed (i¥7,¥)' = —it),7,8 = iP W. 


The quantity P has one independent component. 
Using the definition of ~,, we have 


Viys = Y2VaPa> Vays = —ViPaPas oe 
The antisymmetric third-rank tensor can thus be written in the form 
A, = Pp,750. (63.26) 


The five quantities C, V,, T,,, P, and A, introduced by (63.21), (63.22), (63.23), 
(63.25), and (63.26) exhaust all possible bilinear combinations which we can con- 
struct from the wavefunctions ¥ and ¥. Any other bilinear combination of these 
functions can be expressed in terms of these quantities, which have 16 independent 
components. 

In applications, one sometimes needs transformations of products of the 7,-matri- 
ces. Such calculations can easily be performed if we can use the basic commutation 
properties (63.2) of the matrices. For instance, 


Vea = 4, | 
LP = LA + WD P a — WHat = 2 — Wy = — 2, 
LPP Pn = DAO wy + Pu) PAP — PoP uP aad | (63.27) 
= 2D Own + Pvadl = Wady + Prva) = Aya. 
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A simplification of a product of matrices containing two matrices with a repeated 
index, over which a summation is carried out, reduces to a transformation of the 
product by means of (63.2) to products which contain a number of pairs of matrices 
with the same index and to a subsequent summation, using (63.27). 

It follows from the definition (63.1) of the Yu matrices that the trace, that is, the 
sum of the diagonal elements, of each of these matrices vanishes, that is, 


Try, = Y Ow = 0, b= 1, 2, 3, 4. 


The trace of the y,-matrix vanishes also, and the trace of any product of an odd 
number of y, matrices, independent of whether there are among them some which 
are the same, that is, 


Tr (PusPur ee Yun) = 0, if m= odd. 


When evaluating the trace of a product of an even number of y,-matrices, we must 
bear in mind that the trace of a product of two matrices is independent of the order 
of the factors 

Tr AB = Tr BA. 
The trace of the 4 x 4 unit matrix is four, that is, Tr J = 4. The evaluation of the 
trace of the product of two y,-matrices is elementary: 


Tr (Puy) = Tr CA) = 4 Tr On + Yury) = Oyy lt I = 46uy- 


In the general case, we can express the trace of the product of 2/ 7,-matrices as a 
linear combination of products of Kronecker-delta-functions: 


4 Tr PPP in es ) = > (- 1)’ Suan see) (63.28) 


where the value of p is determined presently. 

Each term on the right-hand side of (63.28) is a product of / 6,, with indices cor- 
responding to the possible splitting up into pairs of all the matrices occurring on the 
left-hand side of (63.28). We can find the sign of the different terms as followsf. 
We assign on a circle a point with index mu to each matrix y,. The points are distri- 
buted clockwise in the order in which the matrices occur on the left-hand side of 
(63.28). Each term in the sum in (63.28) will then correspond to the possible ways 
of connected pairs of points by straight lines. Each line connecting two points u 
and » leads to a factor 6,,. The number p corresponds to the number of intersections 
of the straight lines. The following example illustrates this rule: 


at ® 
” , T » w » 
t Tr Yuvan = SuvOna + Sun Ova ~ Sur9nv- (63.29) 


T E.R. CamANELLO and S. Fusini, Nuovo Cim. 9, 1218 (1952). R. PoLovin, Soviet Phys. JETP 4, 
385 (1957). 


Qu 9 
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64. THE ANGULAR MOMENTUM OF THE ELECTRON IN THE DrrRAC THEORY 


When studying the motion of a free particle satisfying the Dirac equation (see 
Section 61), we showed that a state of free motion with a well-defined momentum 
can be characterised by the sign of e/E and the z-component of the spin, the operator 
of which is given by the matrix 


$3 = Fids. (64.1) 
By analogy with (64.1), we introduce two more operators 
S$; = 4h6,, 8s. = the, 
and determine the physical meaning of the vector corresponding to the operator 
$ = (51, 52, 53). 
Using the properties (60.16) of the o, matrices, we find the commutation relations 
[s,, 5]- = 0, [s;, 5,]_ = ths, (j,k, 1 = 1, 2,3 or cyclic), (64.2) 


The operators S, satisfy thus commutation relations which are analogous to the 
commutation relations (7.13) of the operators of the components of the angular 
momentum [, . We can say that § is the operator of some kind of angular momentum. 
This angular momentum is called the intrinsic angular momentum or spin angular 
momentum. 

We can obtain the definition of the spin angular momentum of a particle also 
from the transformation properties of the spin part of the wavefunctions of the 
Dirac equation under spatial rotations, which were considered in the preceding 
section. It follows from (63.20) that if the system of coordinates is rotated over an 
angle g around the z-axis—from the x-axis to the y-axis—the spin part of the wave- 
functions is transformed by means of the transformation matrix (63.20) and when 
the vectors determining the position of points of the system are rotated, the function 
is transformed through the matrix 


~* 
S = eo /2ipos 
z . 


The infinitesimal rotation operator (see Section 19) for spin functions is thus given 
by the equation 


Recalling the connexion (19.12) between the angular momentum component operator 
and the infinitesimal operator 


we see that 4/0, is the z-component of the angular momentum connected with the 
spin variable. The square of the spin angular momentum operator reduces to the 
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ve ayeelvyeaiv(!). 
4 4 \o1 


The eigenvalues of the square of the spin angular momentum have thus one magnitude 


s? = 3h’. 


diagonal matrix 


The operator s, commutes with s? and its eigenfunctions, 


G0 


are at the same time eigenfunctions of the operator s?. 

The z-component of the orbital angular momentum L, commutes with the Hamil- 
tonian of a free non-relativistic spinless particle. We shall show that this is not true 
for a spin-} particle, the behaviour of which is described by the Hamiltonian of the 
Dirac equation. It follows from (61.2) and the definition of the operator L, that 


[L., Hpl_ = c[L,, (@- p)|- = ihe(%,p, — a,p,). (64.3) 


The z-component of the orbital angular momentum L, is thus not an integral of the 
free motion in the Dirac theory. One can, however, show that the sum L, + 5, is 
conserved. To find the commutation relation for §, and Hp we use the commutation 
relations for the operators ¢, and «, following from the definition (60.14) of the 
Dirac matrices and equations (60.16), 


We finally get 
[Ss Ap) = the[e,, (o  p)- = ich(&, Ds _ Ox Py). (64.4) 


It follows from (64.4) that, in general, the z-component of the spin angular momentum 
is not an integral of motion. It is only an integral of motion for states with a well- 
defined momentum which is in the z-direction, so that (a - p) = «,p. 

Adding (64.3) and (64.4), we have 


(ZL, + §,), Hp|_ = 0. (64.5) 


The quantity which is conserved is thus, in the general case, the sum of the z-com- 
ponents of the orbital and the spin angular momenta. This sum is called the z-com- 
ponent of the total angular momentum of the particle. This z-component corresponds 
to the operato * = a 
ome operator J, =L, + tie,. 
We can similarly show that the other two components, 
J,=L, + 4hé,, J, =L, + trey, 
9* 
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also commute with the operator Hp. We can form from the components J,, J,, 
and J, the total angular momentum operator of a spin-4 particle 


J=L + the. (64.6) 


In states with a well-defined total angular momentum J, the total wavefunctions 
depending both on the spatial and on the spin variables—the indices of the spin 
functions—transform under a rotation of the system of coordinates over an angle @ 
around a direction defined by a unit vector m through the operator 


S(@) = exp E (é + - hé- ") | (64.7) 


The operators L and o act upon different variables and commute thus. Equation 
(64.6) must be interpreted as a vector addition of two angular momentum operators 
to which we can apply the rules established in Section 41. In this connexion, we 
find that the square of the total angular momentum will be given by 


P=ARWij+1), wit jolt. (64.8) 
The z-component of the total angular momentum of the particle is 
J,=mh, with m=m,+4. 


Let us introduce a new notation for the two-component spin functions (61.24) con- 
sidered in Section 61: 


1 0 
Mtn = Wr = (;) K1p,—3f) = U2 = (:) (04-9) 


$7 x1) :m, =? 44 + VD) x1) ,m5° ! 


S2X1/oms = AMSX1)m,> 


We can then write 


(64.10) 


with 
m, = 4, —4. 


The spin functions y3,,, can be considered not as being the matrices (64.9), but as being functions 
depending on a spin variable ms which can have two values +4, so that 
toaQD =1, xy.4-—D=9; xy -1Q=0, xy,-4(-) = 1. 
We can then express the orthonormality condition for these functions in the form 


> HLim,'(ms) Lam,’(ms) = Omg!" m,'* 
ms 


It follows from the rules of vector addition that the wavefunctions corresponding 
to states with a total angular momentum determined according to (64.8) by the 
quantum number j and a z-component of the total angular momentum determined 
by the quantum number m can be expressed in terms of spherical harmonics and 
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spin functions as follows: 
®,;/, im(OQ) = YX (i, 3, m— Ms, m,|jm) Yim—m, (6¢) X1/om,> (64.11) 


where the vector addition coefficients for 7 = / + 4 and m, = + 4 are given by the 
expressions 


(4,m — 4,4|1 + 4,m) = (14,m + 3, -4]1- 4,m) 
= itm 
V 241 
—(14,m — 4,3|1— 4, m) 
[ams 
“Vo 4) | 
The wavefunctions (64.11) are simultaneously eigenfunctions of the square of 
the total, the orbital, and the spin angular momentum with the following eigenvalues: 


J =RjG+1), j=l+h, | 
L? = Wil + 1), (64.12) 
gs? = 2h’. | 


(/4,m + 4, —3|1 + 4, m) 


The functions (64.11) depending on the angles 6, gy and the spin variable m3 are 
called the spin-angle functions or the spherical functions with spin. 


65. RELATIVISTIC CORRECTIONS TO THE MOTION OF AN ELECTRON 
IN AN ELECTROMAGNETIC FIELD 


We saw in Section 58, that the general rule to go from the equations for a free 
particle to the equations describing the motion of a particle in an electromagnetic 
field (A, Ao) is to use the transformation 


pop—<A, ese —eAp. (65.1) 
c 
In the case of the electron e < 0. Performing the transformation (65.1) in the equa- 
tions (61.8), we get 
(e — eAy — me’) @ = (4-3 - <A)z, | 
c 
(65.2) 


(© edo + me") x = e(4-8~ £4). 
c 





Let us study this set of equations for the case of non-relativistic motion in a weak 
field, so that the following inequality is valid 


e= E’+mc?, |E’ — eAo| < mc’. 
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The equations (65.2) then change to 


Bp =0(a-p-£4)x + eho, 
c 


(ap £4 
c 


x= <x (a-p-£4)¢ 
E' + 2mc? — eAg 2me c , 
Substituting the value of x from the second of equations (65.2a) into the first 
one, we find an equation containing only the spin function g, 


) (65.2a) 


2 

aa 

E'p = )\S—_—_* 4 + edo 9. (65.3) 
2m 


Using the identity (61.10), we find 
2 2 
(4-8 -£4) = (#-£4) — HIV A AD. 
c c 


c 
Substituting that equation into (65.3) and introducing the magnetic field strength 
H = ccurlA we get the non-relativistic equation for the motion of a spin-} particle 
in an electromagnetic field: 


2 
(24) 
E'g= Af / 4 eg, _ 3. my Q. (65.4) 

2m 2mc 
Pauli suggested equation (65.4) in 1927, and it is thus called the Pauli equation. 
Comparing this equation with the non-relativistic equation (58.9) for a spinless 
particle—and putting in (58.9) g(r, f) = y(r) e7 #*/*—we see that (65.4) contains an 


extra term, A A 
—(i- H) = —po(6 -H) (65.5) 


in the Hamiltonian, where 49 = eh/2mc is the Bohr magneton. 
We can interpret expression (65.5) as the energy of the interaction of the magnetic 
moment of the particle, corresponding to an operator 


i = 108, (65.6) 
with the magnetic field. This magnetic moment is called the spin magnetic moment, 
since it occurs only for particles with spin. The Hamiltonian of the Dirac equation 
contains thus in the non-relativistic approximation a term which takes the intrinsic 
magnetic properties of the electron into account. The magnitude of this magnetic 
moment and its properties are unambiguously determined by the Dirac equation. 
This consequence of the theory is in excellent agreement with experiments for elec- 
trons and underlines strongly the applicability of the Dirac equation for a description 
of the non-relativistic motion of an electron. 
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Let us take the z-axis along the magnetic field; the z-component of the operator 
of the spin magnetic moment of the electron is equal to 


The eigenvalues of this operator are + ef/2mc. Bearing in mind that the eigenvalues 
of the operator §, = 44¢,—the z-component of the intrinsic angular momentum—are 
equal to +4, we see that the ratio of the spin magnetic momentum to the spin 
angular momentum is equal to e/mc, that is, twice the value obtaining for the orbital 
motion. 

We note that the introduction of the interaction of the electromagnetic field with 
spin-} particles through the transformation (65.1) is not only possible way. To con- 
sider the more general case, it is convenient to start from the covariant form (63.3) 
of the Dirac equation for a free particle. We considered earlier in this section the 
change to the equation of motion in an electromagnetic field, described by the four- 
potential 
= (4,14), Ye =0, 

OX, 
which was realised by the transformation 
Pu > Pu - “Aw Py = ~in ©. (65.7) 
OX y 


The equation we obtained in this way, 
b Va (4, - <4) - ime| Y = 0, (65.8) 
c 
is relativistically invariant. It is also invariant under the gauge transformation 


= 4,42, (65.9) 
ax,’ 
where fis an arbitrary function, satisfying the condition 5/,07f/0,;, 2 = 0. The relati- 
vistic invariance follows immediately from the covariant form of (65.8). The invari- 
ance under the gauge transformation (65.9) can easily be established, if we perform 
in (65.8) the unitary transformation of the wavefunction 


yp = yp eles {he 
at the same time as the gauge transformation (65.9) of the potentials. One sees, 


however, easily that the requirements of relativistic invariance and of invariance 
under the gauge transformation (65.9) will also be satisfied, if we replace (65.8) by 


the equation 2 
b Vu (4, - = 4,) - ime| v= ~ige LE Y, (65.10) 


Fy, = OAy _ OAy (65.11) 
Oxy Gx 


where 





250 Quasi-relativistic Quantum Theory [VIU, 65] 


g is a dimensionless parameter, and 


If we take into account that the electrical and magnetic field strengths are connected 
with the components of the tensor (65.11) through the relations 


6, = 1F 4, 2; = Fy (jkl = 123 or cyclic), 


and use the relations 
iG; =Yipi, ie = Pas 
we find 
YF yy = 2[i(e - #) — (@-€)). 


Equation (65.10) can thus be put in the form 


bz (%. - <4.) _ ime |v = gO! 16- H)+i(2- |. (65.12) 
c c 
Good agreement with experiments is obtained for electrons, if we put g = 0. For 
nucleons, we use the equation with g # 0 (see Section 67). 
To conclude this section, we shall evaluate the expression for the electrical current 
density of a spin-4 particle in an electromagnetic field. Using (60.14) we can express 
this current density in terms of the two-component functions: 


j= cePtaw = ec(picy + x'éq). 


If we substitute into this expression the value (65.2a) of the function x we get in the 
non-relativistic approximation after a few simple transformations 


eA 





. eh s 
i=s [etVe — (Ve) g] —- — g'p + cIV A otug], (65.13) 


mc 


where #2 = (eh/2mc) o is the operator of the spin magnetic moment of the particle. 
Comparing (65.13) with the corresponding expression (58.6) for the current density 
of a spinless particle, we see that the spin magnetic moment introduces into the 
electrical current density an additional term, equal to c[V ~ (ytuq)]. 


66. SPIN-ORBIT INTERACTION 


Let us consider the motion of a spin-4 particle in an electrostatic field retaining 
terms up to those of order v?/c?. Putting in equations (65.2) A = 0, eAg = Vir), 
we find—with e = E’ + mc?—the equations 


[E’ — Vir) = c(6-p)x, (66.1) 
[2mc? + E’ — Vir)] x = c(6 <p) gy. (66.2) 
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We calculate from equation (66.2) the function x up to terms of first order in 
(E’ — V)/2mc?. Substituting the value 


into equation (66.1), we find an equation containing only one two-component function: 


(E - Yo =FP(1 - Far) @-de. (66.3) 
2m 2mc 
To transform the right-hand side of equation (66.3) we use (61.10) and the equation 
(6 - p) f(r) (6 - p) = SY) (6 - p) (6 « p) — iK(G - VA) (6 - B) 
=f) Bp’ — ih {(Vf- p) + (G+ [VS A p)}. 
Equation (66.3) then changes to 








E'p = H'o, (66.4) 
with 
a, E'—-V|p’ h(o - [VV a p)) ih . 
MW=}1— — +V+——,; - VV p). 
| 2mce* IE 4m’¢? 4m’? ( ) 
(66.5) 


If we wish consistently to take into account all terms of order v*/c?, we must 
remember that it follows from (61.20) that the function g—up to that order—is 
normalised by the equation 





a2 
fear=[ot(i+ Pe z)odral. (66.6) 
4mc 
It is convenient to use instead of gy another function: 
v = 89, (66.7) 
such that 
Suty dr = f pigigg dr = 1. (66.8) 


Comparing (66.8) and (66.6), we can find the explicit form of the transformation 
operator—apart from an inessential phase factor—: 


42 fo a2 

“ P P 
g=/1+—-—~- zx1+-—-—. 
| | 8m7c* 


The—non-unitary—transformation (66.7) of the functions must be accompanied by 
a transformation of the Hamiltonian. We can see this easily by writing equation 
(66.4) in the form 
E's = (gH'g"’) gy. 
The Hamiltonian of the equation 
E'y = Hy (66.9) 
QM 9a 


252 Quasi-relativistic Quantum Theory [VIII, 66] 


is thus, up to terms of order v?/c?, equal to 








a2 42 
ry p ryt p 
H={1+ A’{1l— 66.9a 
( 2) ( =) ( ) 
“2 , 2 “ “ 2 
P [E’— Vir)J° , ho: [VV a p)) h 2 
=P 4 yn-Sae 4 AS At VM. 
2m ©) 2mc? 4m’? 8m?c? © 


In deriving (66.9a) we used the equations 
PV) — Vr) p? = —#V?V(r) — 2iK(VV- p), 


E'-V\ 2. 2. [E'-VY 
1- 7 )P YP . 
2mc c 


The first two terms in (66.9a) correspond to the non-relativistic Hamiltonian. The 
next three terms are relativistic corrections of order v?/c?. One see this easily by 
noting that 








2 


avy] ~ =" ~ py and wVPY w AT ~ pV, 


where a is a characteristic length in the system. 
We can thus write the relativistic correction to the Hamiltonian for the non- 
relativistic motion of a spin-} particle in the form 





W=W,+ W.+ Ws, (66.10) 
where 2 
7 2 
W,= amc VV (66.11) 


is a correction, first introduced by Darwin.t 
In a Coulomb field, V = —Ze/r. As V7r7-1 = —4z6(r), we have in that case 


wh? e* Z ; 
W, = Smee OW: (66.11 a) 
? 2 
W.= mean (66.12) 
2mce 


is a correction to the kinetic energy operator arising from the change of particle mass 
i ity. Finall , s 
with velocity. Finally i. = Ad « [VV A By) 


3 


att ( 6.13) 


is the so-called spin-orbit interaction operator. 


We can find the form of the spin-orbit interaction operator from general considerations. This 
operator must in the non-relativistic theory be a scalar with respect to rotations and spatial reflexions, 
constructed from the spin operator 5, the momentum operator p, and the scalar potential energy. 


+t C.G. Darwin, Proc. Roy. Soc. A 118, 634 (1928). 
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As p is a polar vector and $ an axial vector, the only possible scalar will be 
Ws = AG: [AVA dD 
where A is a constant. We just showed that it follows from the Dirac equation that A = h/4m?c?. 


In a spherically symmetric field 


Substituting this expression into (66.13) we find the spin-orbit interaction operator 
for the motion of a spin-4 particle in a spherically symmetric field: 
> s°L 
W, = a (s : ) , 
dr 2m'e'r 
where L = [r A pl] is the orbital angular momentum operator and § = 4fe the spin 
angular momentum operator. 
Sometimes it is convenient to express in (66.13) the scalar potential A, directly in 
terms of the electrical field strength & 


VV = eVAy = —e€, 


=, _ _eh(d-[8 a pl) 
W,=- 4 . 
° 4m’? 


(66.14) 





whence 
(66.15) 


67*. MOTION OF A SPIN-} PARTICLE IN AN EXTERNAL FIELD. 
FOLDY-WOUTHUYSEN REPRESENTATION 


If we write in (65.8) the time-derivative separately, we can write that equation 
in the Hamiltonian form 


4 Oe - aw, (67.1) 
at 
where SS 7 . 
H= Hy — el(«: A(r)) — Ao(r)], (67.2) 
Hy = c(&- p) + me’B. | 


We noted in Section 62 that if there is no external field—A = A, = 0—the 
change to the Foldy-Wouthuysen representation enables us to express positive 
solutions corresponding to a charge state e in terms of a two-component function w, 
only. When there is an external field, this probability does not exist, since the ope- 
rator A contains also an odd part and together with solutions of the kind w there 
are also present solutions of the kind y. It is in this connexion impossible to give 
a consistent single-particle description—we must introduce a field description (see 
Section 145). For weak fields and low particle energies, however, the odd part of 
the operator (67.2) will not play an important role and we can introduce an approxi- 
mate single-particle description in which the relativistic effects are taken into account 
as corrections (see Sections 65 and 66). We shall show in the present section that 
such an approximate description is very simply realised by using the Foldy—-Wout- 
9a* 
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huysen representation. Equation (62.1) gives the matrix for the transformation to 
the ®-representation. Using (62.4), we have the following expression for the Hamil- 
tonian of equation (67.1) in the ®-representation 

oP te 


ih — = H,®, (67.3) 
Ot 
with 
Ag = BE, — ¢ {((@g- UA(r) Ut) — UA,(r) Ut}. (67.4) 
The matrix &, is determined by equation (62.9): 
a4 Zara . a 
tg =e + FR _CP@ PD (67.5) 


E, EE, + me’) 

By using a power series expansion in r we can show that for any entire rational 
function of the coordinate operator F = ifV,, the following relation holds: 

O(p) f@) O'(p) = (OFT) = f(Fo). 
We get thus 
Hg = BE, — e {(@° A(fo)) — Ao(fe)}- (6 .6) 

We shall, in the following, be interested only in corrections to the non-relativistic 

approximation and we shall, therefore, replace (67.6) by the approximate expression 


Hg = BE, — (2 + — A + *) + eAg(? + dF), (67.7) 
D 
where, according to (62.16), we have 
op = 2A [HO APL gal. (67.8) 
2mc 2mc 


Discarding the solutions of the states corresponding to v means taking only the 
even part of the Hamiltonian (67.7) into account. Let us now study the explicit 
form of the even part of the Hamiltonian (67.7) for the case of a magnetic and of 
an electric field. 


(a) Uniform magnetic field. In that case 

Af) =3[# ar], Ao = 0. (67.9) 

Substituting (67.9) into (67.7) and using (67.8) and the equation [& A &] = 2ie 

and L = [ihV, A p] we get for the even part of the Hamiltonian in the ©-represen- 
tation the following expression: 

e me’ 


lel » BY By ~ == E 


Dp 





(#-L)—- eh (# - | (67.10) 
2mc 


The second term in (67.10) corresponds to the energy of the interaction of the mag- 


netic field and a magnetic moment; the operator of this magnetic moment, 
2 
fa tm 
2mc E, 





(67.11) 
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reduces as E, + mc” to the operator of the magnetic moment produced by the 
orbital angular momentum of the particle (Z is the orbital angular momentum 
operator). The operator (67.11) is exactly the same as the orbital magnetic moment 
operator (59.14) of a spinless particle. 

The third term in (67.10) corresponds to an operator of the energy of the inter- 
action between the magnetic field and the spin magnetic moment 


We can interpret the two operators in (67.10) which determine the interaction of 
a particle with a magnetic field in a simple way in the ®-representation. To see this, 
we use (62.18) and (62.19) to write them in the form 





2 “ 

2 mM fy. ty = —(a# ler“ ]\, (67.12) 
me E, c dt 

~ wv. 6) = —2( 9 -| gory 0 SCY). (67.13) 
2me c dt 


The interaction operator (67.12) is thus determined by the vector product of rf that 
is, the operator (62.17) of the average position of the particle and its time derivative. 
The interaction operator (67.13) corresponding to the interaction with the spin 
magnetic moment is determined by the vector product of the odd part of the co- 
ordinate operator rg (see (62.15) and (62.16)) and the odd operator d 6r/dt. 


(b) Electrostatic field. In this case, 4d = 0, A,(r) # 0. In the ®-representation the 
Hamiltonian has thus the simple form 
Ho = BE, + eAo(? + 6F). (67.14) 
Expanding the last term in a power series, we have 
Ao(? + 6r) = Ao(r) + (Or: V,) Ao(F) + 4(6r- V,)? Ao(f) + + 
We are only interested in the even part of this operator up to terms of order v?/c?, 
and we have thus 
[Ao(F + d)] = Ao(#) + ([6F] - V,) Aol) + 4({5F} - V,)? Ao(F). 
Using (62.16), we get 


[Ao(# + 6r)] = Ad(r) — WIG pl: VAo(r)) 


V’AQ(r). 
(2mc)* 8mm?” oft) 
Up to terms of order v?/c? the even part of the operator (67.7) is thus of the form 


a2 A4 


H = Blmc? +2 — P + eA,(r 
[Hel a( ee 











eh a A eh? A 
(me (a -[VAo A p]) — me V’Ad(f). 
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We have thus for the two-component function w, with eA4o(r) = V(r) and dropping 
the constant term mc?, the equation 


a a2 a4 os A 2 
OW fp P Ao -[VV(r) Ap) 
A — = Jf - + V(r) + ~——_—- F — ———_ vir) 67.15 
\e 8m>c? © (2mc)’ 8m" c” ”) ( ) 





It follows from the equation E’ — V(r) ~ p?/2m that the Hamiltonian of equation 
(67.15) is the same as the Hamiltonian (66.9a). 


(c) The general case of a spin-} particle in an external field. In the foregoing, we 
considered the motion of a spin-} particle in an electromagnetic field. The inter- 
action is, in this case, characterised by the electrical charge e of the particle. Inter- 
actions between elementary particles can, however, occur also through forces which 
do not depend on the electrical charge. Examples are nuclear interactions between 
nucleons which are caused by the interaction of the nucleons with the meson field 
or the interactions of nucleons with the electron-neutrino field, which lead to the 
transformations of nucleons in nuclei, and so on. It is thus of some interest to study 
the more general case of the motion of a particle in an arbitrary external field. 

In the most general form, the motion of a spin-4 particle in an arbitrary external 
field is determined by the equation 


aa ] - 
[iv ypP, + me] ¥ = = OF , (67.16) 


where the QO, are the operators corresponding to the possible types of interactions 
of a particle in an external field: 


(a) In the case of the interactions with an external scalar field, the operator of the 
interaction energy is equal to 


Os = V. 
(b) In the case of the interaction with an external vector field 
Ov => 7,B,, B, = (B, iBo). (67.17) 


A particular case of the interaction (67.17) is the interaction, considered earlier, 
with an electromagnetic field, determined by the potentials 


A, = (A, iAg), When B, = ieA,. 
(c) In the case of the interaction with a tensor field 
Or = Y. VP vCuy 
A particular case of this interaction is the interaction of a magnetic moment with 


a field (see (65.10)) when 
Cyy = Fguok yy. 


Let us consider the case when a particle interacts simultaneously with a scalar 
and a vector field. Separating off the time-derivative in (67.16), we can now write 
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that equation in the form 


nt E (« -_ ‘ a) + Bm? — Vio} + Bate] v. 
c 


Changing to the Foldy-Wouthuysen representation, we obtain the Hamiltonian 


fe’ EP) Vira) + Bo(to). (67.18) 


Ho = BE, — (+ Blrg)) — 
We can in the non-relativistic approximation split off in (67.18) that part of the 
Hamiltonian which corresponds to the spin-orbit interaction, 


Wi, w HG IWBo A pl) _ AG IVY A Bl) 671.19) 
(2mc)* (2mc)* 

The Dirac equation should describe the behaviour of any “free” spin-4 particle. 
The concept of a “‘free’’ particle is, however, an approximate one. Every particle 
interacts with the ‘“‘vacuum”’, that is, with the virtual fields of other particles. When 
we take into consideration the interaction of a particle with an external field—in 
particular, with the electromagnetic field—we must also take into account the in- 
fluence of the virtual fields. Such inevitable additional interactions lead to correction 
terms in the equations describing the behaviour of a particle in an external field. 
These corrections are small for electrons. Quantum electrodynamics shows* that 
these corrections can partially be taken into account by an effective change in the mag- 
netic moment and the charge of theelectron. As aconsequence of the interaction with 
the vacuum the electron acquires thus, apart from the magnetic moment yw = eh/2mc 
an additional magnetic moment du = «p:/(27)* where « is the fine-structure constant. 

Muons apparently also interact weakly with the vacuum and the Dirac equation 
is thus with relatively great accuracy applicable to describe their interaction with an 
external electromagnetic field. 

Nucleons (protons and neutrons) are also spin-} particles. The interaction with 
virtual pions plays a very essential role for nucleons. When we study their motion in 
an external field, we must take into account their interaction with this field and through 
the virtual meson field. If such an interaction were not present, the magnetic moment 
of the proton would be equal to the nuclear magneton 4,4. = eh/2Mc, where M@ 
is the proton mass, while the neutron magnetic moment should vanish. Experiment 
shows, however, that in reality the proton magnetic moment is equal to 4, © 2°79. nue 
and the neutron magnetic moment uw, = —1:91-4,y.,. There is, as yet, no rigorous 
theory for the taking influence of the pion field on the interaction of the nucleons 
with the electromagnetic field into account and we must, therefore, take such an inter- 


T A. I. Axmezer and V. B. BeresTETsKu, Quantum Electrodynamics, Moscow 1959. (English trans- 
lation to be published by Interscience, New York.) N. N. BoGoLyusov and D. V. Sumkov, Intro- 
duction to the Theory of Quantized Fields, Interscience, 1959. 
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action into account phenomenologically by formally introducing the experimental 
values of the magnetic moments into a Dirac-type non-relativistic equation and into 
the operators determining the spin-orbit interaction of the nucleons with an electric 
field. 

The nuclear interactions are appreciably larger than the electromagnetic ones at 
small distances and in the spin-orbit interaction (67.19) the main contribution will 
come from the second term, if V characterises the scalar nuclear field acting upon the 
nucleon. Such a field is determined by the nuclear interactions between nucleons. The 
spin-orbit interaction 
_ (6 -IVV A pI) 


Wouc = 
uc] ( om c) 2 


(67.20) 
caused by the nuclear field V plays an important role in the explanation of the 
polarisation of nucleons when they are scattered by nuclei. The energy spectrum of 
nucleons in nuclei depends also strongly on the spin-orbit interaction (67.20) (see 
Section 94). 


68*. CHARGE CONJUGATION. PARTICLES AND ANTIPARTICLES 


We studied in Section 59 charge conjugation for a spin-zero particle. This enabled 
us to obtain from the solutions ¥ describing a particle of charge e the solutions ¥, 
describing the motion of a particle of charge —e in the same field. We shall define 
here charge conjugation for spin-} particles, that is, we shall find a transformation 
of the function ¥ satisfying equation (65.8) for a particle of charge e such that the 
new function ¥, satisfies an equation such as (65.8) but with the opposite sign in 
front of the electrical charge. 

By definition, if the function ¥ satisfies equation (65.8), the charge conjugated 
function must thus satisfy the equation 


b Vu (* + <4) ime | w= 0. (68.1) 


We shall determine the transformation providing the change from the function '¥ to 
the function ¥,. To do this, we consider the equation which is the complex conjugate 
of (65.8) after we have written the term with u = 4 separately: 


|- yi (6. + <4.) + (* pte 4) ~ime| ye — 0, (68.2) 
c c 
If we perform in (68.2) the transformation of the functions, 
we = CW,, or PB, = Coe, (68.3) 
which involves the unitary symmetric matrix C satisfying the relations 
p= CP, 4 = —C UVC? (68.4) 


equation (68.2) changes to equation (68.1). 
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The symmetry and unitarity of the matrix C is expressed by the equation 
Ct= C=C. (68.4a) 


Let us determine the properties of the charge conjugated states ¥%, under a spatial reflexion. We 
showed in Section 63 that ¥ transforms under a spatial reflexion as follows 
BY — 15,8 with A=+i,+41. 
Thus, PY* = A*p{¥"*, Using this relation and (68.3) we find 
Pw, = C-1 Pw = y*C-19 8". 
Using now (68.4) and (68.3) we get the law for the transformation of the spin wavefunctions of diffe- 
Tent classes under a spatial inversion: 
PW, = —189,07W4 = —198,. 


We see thus that if A = +/ the charge conjugated state ¥, transforms in the same way as Y under 
a spatial reflexion. If A= +1, the parity of the functions YW and Y, under a spatial reflexion will be 
different. 

It has as yet not been possible to decide for spin-4 particles which of these possibilities is realised 
in nature. In processes involving strong or electromagnetic interactions which are invariant under 
spatial reflexions, such particles are always created or annihilated in pairs, such as an electron and 
a positron, a proton and an antiproton, and so on. In these processes only the intrinsic parity of a 
product of ¥ and ¥Y, with respect to spatial reflexion will thus be of importance. One sees, however, 
easily that the intrinsic parity of a product of functions ¥ and ¥, referring to one class of spinor 
fields is always negative independent of the value of A, as long as |A|? = 1. Indeed, PY) = 
= (Ap P)(—-A*p, = —(¥Y ,). In this sense, the intrinsic parity of a fermion is always the opposite 
of the intrinsic parity of the antifermion, that is, the particle described by the function ¥,. 


When studying the transformations of bilinear combinations of Dirac functions 
under charge conjugation we must still know the law for transforming the adjoint 
functions ¥ (see Section 63). When there is an electromagnetic field, the functions ¥ 
satisfy the equation 


¥ [x Yu (3. - a) + ime =0, (68.5) 
c 
and the charge conjugate function ¥, must satisfy the equation 
oe [z Vy (3, + <4.) + ime| =0. (68.6) 
c 


Comparing (68.5) with the equation which is the complex conjugate of (68.6), we 
find that _— 
y= *C. (68.7) 


The equation which is the complex conjugate of (68.3) is of the form 
P= cwF., 
Using now (68.4a), we see that 


w= Cw, 
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The charge conjugation (68.3) is thus reciprocal in the sense that if the function ¥, 
is the charge conjugate of the function 7, W will be the charge conjugate of ¥,. 
In the particular case when the y, are given by the representation (63.1), that is, 


when gai 78), g,-(79 
60) *"\oF 


the charge conjugation matrix C satisfying (68.4) is the same as 72, that is, 


C= po. (68.8) 
In that case, charge conjugation reduces to the transformation 
Y= 7,8. (68.3 a) 


Let us now study the relation between charge conjugated currents, From (63.7) 


h —, 
we have Ju = iecPy,? . 


The components of the current-density four-vector in the charge conjugate state will 


be Ge = ie 0. (68.9) 
Substituting the values (68.3) and (68.7) into (68.9) and using (68.4), we find 
Je = iec(PYW)* = ieclP YW, 
Ge = —iec(WPW)* = —iec¥p,¥. 
The electrical charge density in the charge conjugate state has thus the opposite sign, 
while the current density has the same sign: 


Gale = Jas Fe = J. (68.10) 
We shall now show that if the time-dependence of the states ¥,_, (see Section 61) 
corresponds to the negative solutions of the time-dependent Dirac equation 


OF (-) 
ot 


ih = —-EW _.), E>0, (68.11) 
the time-dependence of the charge conjugated states 
Pp, = CW) (68.12) 
corresponds to a positive solution. 
Indeed, we have from (68.12) and (68.11) 


~ * a CG * a 
pove — 63 pore — 671 (poy — EC Wt , = EW,. 
ot ot ot 


If we express the function ¥ in terms of the two-component functions (*), the 


charge conjugate state will be expressed by the function x 


V, = (**) 
Xe 
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where 
%. = —i6.x*, yx. = i62.9*. (68.13) 
We can study charge conjugate states particularly simply for a special choice of 
the Dirac matrices 7,,. We see that easily if we rewrite (65.8) as follows: 


ALi + me |v = i DHA. (68.14) 


a 


Let us choose the Dirac matrices in such a way that the matrix y, is imaginary: 


4 0 6,\ . 7 O\ . 0 63\ « 0 op 
= > => alo = a 3 = A “ . 68.15 
v1 ( 3) 2 (( _ 3) V3 (;. ) Va (. 0 ) (68.15) 


In the so-called Majorana representation, when the matrices are chosen in the form 
(68.15), the quantities y, 6/dx, and y,A, are real. Comparing (68.14) with the com- 
plex conjugate equation 


a + me| ye = i= DV y,AM*, (68.16) 
X yy c 


we see that ¥* describes the charge conjugate state, that is, 
yo= P*, 


In other words, in the Majorana representation of the y,-matrices, the charge con- 
jugation matrix C reduces to the unit matrix. 

If the function ¥ describes the state of a particle with charge e, the charge con- 
jugate function ¥, will thus describe a state of motion of a particle of the same 
mass and spin but a different sign of the charge (—e), a different sign of the magnetic 
moment and of the momentum. For instance, if ¥ describes a state of an electron 
(e < 0), W, will describe a positron state (—e > 0). In present-day theoretical 
physics, we call the electron a particle and the positron an antiparticle. Charge 
conjugation corresponds thus to a change from particles to antiparticles. This ter- 
minology is retained for any other pair of particles, whose wavefunctions transform 
into each other under charge conjugation. 

We have several times noted in the preceding sections that we can only speak 
about a single particle in relativistic quantum mechanics, when we study a free 
particle. If there is an external field, the functions v appear together with the functions 
w in the ®-representation (the Hamiltonian Hy contains an odd part when there is 
an external field). This reflects the creation of particle pairs (a particle and an anti- 
particle). In view of the charge conservation law, new particles can only be created 
in pairs. An actual process of the creation of a pair of particles is possible only if 
the energy of an external agent—for instance, the energy of a photon—exceeds 
twice the rest mass energy (mc?) of a particle. If the energy is insufficient for the 
formation of a pair of particles, the states which occur may be considered as states 
with virtual particle pairs. One says, in that case, that we are dealing with the polari- 
Sation of the vacuum. The theoretical explanation of the vacuum polarisation and 
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of the creation (and annihilation) of pairs of particles can only be given by a theory 
which is adapted to describe processes involving a change in the number of particles 
in the system (see Sections 145 and 146). 

In his original theory, Dirac considered negative solutions of the relativistic 
equation of a single particle as solutions corresponding to a negative energy. A 
physical interpretation of such states encountered unsurmountable difficulties. A 
particle with a negative energy must have a negative mass; its acceleration must be 
in a direction opposite to that of the force. States with arbitrarily large negative 
energies would mean the possibility of an unlimited release of energy by a particle, 
when it changes to much lower states. To circumvent these difficulties, Dirac ad- 
vanced in 1930 the suggestion that empty space—the vacuum— would be space 
in which all negative energy states—of which there are infinitely many—would be 
occupied by electrons, while the positive energy states would be empty. In each 
point of such an “empty” space, there would be infinitely many electrons with a 
negative energy which would form a peculiar “background”, which serves as a 
starting point for all physical quantities. A deviation of the number of electrons from 
the normal, “background”, number, leads to the presence of a particle with an 
electrical charge, producing an electric field, and a mass, producing a gravitational 
field. If there is one electron with a positive energy, it can not go over to a negative 
energy state, since they are all occupied (Pauli principle; see Section 87). If one of 
the “background” states is empty—-a “‘hole in the background”, this state must 
correspond to a particle with a positive mass and a positive charge. Such particles 
were not known in 1930, and Dirac tried to identify the “hole” states with protons. 
In 1932, positrons—particles with the mass of an electron and a positive charge— 
were discovered. The discovery of positrons considerably increased the interest in 
Dirac’s “hole theory”. Many properties of the positrons were well described by the 
“hole” theory. It was established that a positron always appears as a pair together 
with an electron and that in such a process an energy exceeding 2mc? is absorbed. 
The “hole” theory easily explained this fact. When creating a positron we must 
transfer an electron from a negative energy state (energy equal to —c J p? + mc?) 
to a positive energy state (energy equal to c J p? + m’c”); we must thus expend an 
energy exceeding 2mc?.t When the electron changes from a negative energy state 
to a positive energy state, a “hole” is formed in the negative energy background; 
this “hole” is the positron, and the electron with positive energy behaves as an 
ordinary electron. The reverse process—the annihilation of an electron and a posi- 
tron—will correspond to a transition of an electron to an unoccupied state—the 


+ A free electron can neither absorb, nor emit a photon, since it is impossible to satisfy simul- 
taneously for such a process the energy and the momentum conservation laws. For instance, if the 
energy of a photon just exceeds 2mc?, it would create an electron and a positron with small kinetic 
energies. To satisfy the momentum conservation law, however, the total momentum of the two 
particles, which are created should approximately be equal to 2mc. The absorption or emission of a 
photon by an electron is only possible in the electrostatic field of a nucleus which can absorb the 
surplus momentum, together with a very small fraction of energy—by virtue of its large mass. 
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filling of a hole—with the release of the energy in the form of photons. The brilliant 
qualitative and—to a first approximation—quantitative agreement between experi- 
ments and Dirac’s theory of the positron showed that this theory reflected reality 
to some extent. Dirac’s theory was the first to raise the question of the physical 
properties of the vacuum as the origin of the occurrence of electrons and positrons. 
The idea then appeared of a possible electrical polarisation of the vacuum. It turned 
out, however, that Dirac’s theory was not free from several fundamental deficiences. 
Although it considered the pair creation process as a process, where one electron 
goes from one state to another, when describing an experiment, it had to introduce 
simultaneously an infinite number of electrons in negative energy states. The attempt 
to retain artificially the concept of a single unchanged particle going from one state 
to another was thus inevitably connected with the negative energy states which have 
no physical meaning and with the unobservable “‘ background” of an infinite electron 
density. The difficulties of the single-particle Dirac theory were removed by modern 
quantum field theory, which by second-quantisation methods enables us to study 
systems with a variable number of particles. This theory reflects more fully the 
phenomena occurring in nature. We shall encounter the basic ideas of such a theory 
in Chapter XV. 


69. THE DirRAC EQUATION FOR A ZERO-REST-MASS PARTICLE. THE NEUTRINO 


Fermi developed, in 1934, a theory of f-decay assuming that this process was 
accompanied by the emission of a neutral particle with zero-rest-mass. It followed 
from the angular momentum conservation law for the f-decay process that this 
particle should have spin-4. The success of the B-decay theory, experiments studying 
the recoil of nuclei in B-decay, and experiments on the direct action upon nucleons, 
showed that such a particle—called a neutrino—really existed. In that connexion, 
it is of interest to study the Dirac equation for a zero-rest-mass particle. 

Putting the particle mass in (61.8) equal to zero, we get a set of two equations 


p=(G-n)x, x=(G'n)g, (69.1) 


where n = cp/e is a unit vector parallel to the momentum for positive solutions 
when ¢ = E£ = cp, and antiparallel to the momentum for negative solutions, when 
€ = —cp. We can, in the usual way, express the total wavefunction in terms of 
the two-component ¢ and x: 


_(*\_({ 
* (7) (6% ) (0.2) 


It follows from (69.2) and (69.1), that when we act upon the wavefunction (69.2) 
with the pseudoscalar (0 - n), the two components of this function change places: 


(6-n)¥ = (*), (69.3) 
4 
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The action of the operator (o - #) upon the wavefunction (69.2) is for a zero-rest- 
mass particle equivalent to the action of the matrix 


A of A 
ao:n=(. = —-Ys, 69.3a 
(6 -n) ( ; 3) vs (69.3a) 
where y; is defined by equation (63.24). Instead of the functions g and x we can 
introduce two linear combinations of them: 


P=19+xH=il+C-nIlg, (69.4) 
F=}(p—x) =H -(-n)] ¢. (69.5) 


By adding to, or subtracting from, each other the two equations (69.1), we see easily 
that the functions ® and F satisfy, respectively, the equations 


(¢6-n)\®=@ and (¢6-n) F= —-F. 


The functions ® and F, which have only two components, are thus the two eigen- 
functions of the operator (¢ - n)—the component of the spin along the direction of 
the momentum. The two eigenvalues +1 and —1 of this operator—or of the equi- 
valent operator—y;—are called the helicity of the particle. We shall denote the 
helicity by A: h = +1. 

Bearing in mind that the action of the operators (¢ - m) and —y, upon the wave- 
function is equivalent, we can write their eigenfunctions in the form 


P=}H1—75)¥, F=H1+7s)¥. 


These expressions show that multiplying the four-component function by 1 +7; 
changes it into a two-component function. 

Each momentum value corresponds in a state with a well-defined helicity to only 
one spin state. If the helicity is positive, the momentum and spin are parallel for 
states with « = cp. If the helicity is negative, they are antiparallel. Figuratively 
speaking, positive helicity seems to correspond to a left-handed screw. Such states 
can be realised only for particles with a zero-rest-mass which must always move 
with the velocity of light. If the particle rest-mass is not equal to zero, we can always 
go over to a system of coordinates in which the particle is at rest. In that system of 
reference the momentum would vanish, and the connexion between spin and momen- 
tum would be violated. A longitudinal polarisation of a particle—in the sense of 
the direction of the spin—which is uniquely connected with the direction of its 
motion, is thus only possible if m = 0. Salam, Landau, and Lee and Yangt developed, 
at the end of 1956, a theory of the properties of the neutrino, based upon a two- 
component model with a well-defined helicity. This theory was based upon the as- 
sumption that the properties of the neutrino were described by only one of the func- 
tions (69.4) or (69.5). 


+t A. SALAM, Nuovo Cimento 5, 299 (1957). L. D. Lanpau, Nucl. Phys. 3, 127 (1957); Collected 
Papers, Pergamon, Oxford, 1965, No. 92. T. D. LEE and C. N. YANG, Phys. Rev. 105, 1671 (1957). 


[VIII, 69] The Dirac Equation for a Zero-Rest-Mass Particle 265 


The neutrino has no electrical charge and does not interact with an electro-magnetic 
field. The Dirac equation postulates, however, also for such particles two kinds of 
states: positive and negative states, which can be considered to be “‘charge conjugate 
states’’. It is better, in this case, to speak about states corresponding to a particle 
and an antiparticle. If a particle is described by the function ¥, the antiparticle must 
be described by the function (see Section 68). 


w= Cw, (69.6) 


where C-1 = 72, if the ,-matrices are chosen in the representation (63.1). 

Different properties of particles and antiparticles can appear when we study their 
interaction with other particles. Such interactions are characterised by quantities 
which play the same role as the electrical charge for interactions with the electro- 
magnetic field. If a particle is the same as its antiparticle, that is, if W = ¥,, sucha 
particle is called truly neutral. Majoranaft has studied the theory of truly neutral 
particles, starting from the assumption that the neutrino and the antineutrino are 
identical particles. 

It has recently been established that the neutrino and antineutrino are different 
particles. A neutrino is emitted during the positron-decay of a proton, and an anti- 
neutrino during the electron-decay of a neutron. The neutrino and the antineutrino 
differ in helicity. Goldhaber, Grodzins, and Sunyar+ showed experimentally that the 
neutrino spin is antiparallel to its momentum:—negative or left-handed helicity. 
The antineutrino must thus have positive or right-handed helicity. 

Two-component neutrinos are not invariant under spatial reflexion, since under 
such a transformation the momentum changes sign, while the angular momentum 
(spin) remains unchanged. Under a spatial reflexion a right-handed screw goes over 
to a left-handed screw:—an antineutrino must change into a neutrino, and the other 
way round. The neutrino remains unchanged only if we perform simultaneously 
spatial reflexion and charge conjugation. 

Landau called the product of charge conjugation and ; a spatial reflexion combined 
inversion. A neutrino is invariant under a combined inversion. All phenomena in- 
volving a neutrino are invariant under a combined inversion, but not under charge 
conjugation or a spatial reflexion, separately. The parity conservation law, which is 
a consequence of invariance under a spatial reflexion, is thus violated in those phe- 
nomena. The parity conservation law is also violated in several other phenomena, 
caused by weak interactions, leading to meson- and hyperon-decay. 

We note in concluding this section, that the concept of helicity as the eigenvalue 
of the operator ¢, = (o- p)/p, that is, the component of the matrix ¢ along the 
momentum, can be retained also for particles with a non-vanishing rest-mass. If 
such particles are free, the operator ¢, commutes with the Hamiltonian Hp and the 
helicity A is thus an integral of motion for a free particle. The relation between the 
operators o, and 7, is, however, more complicated. 


t E. Masorana, Nuovo Cimento 14, 171 (1937). See also: W. Furry, Phys. Rev. 54, 56 (1938). 
+ M. GoLpHasER, L. Gropzins, and A. W. Sunyar, Phys. Rev. 109, 1015 (1958). 
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Multiplying the equation y; = —a,c, by o, we get 6,y5 = —a,, or, (O° p)ys5 
= —(é- p). Substituting this value into equation (61.2) for Hp, we see that for the 
states corresponding to the eigenvalue e of the operator H,, 

2 AN a 
s é — mc’B) (a: 
vs = _¢ BD P) (69.7) 
ep 
When m = 0, ep/cp? = n, with e = +ep, and (69.7) goes thus over into (69.3a). If 
m + 0, we have « = tev. p? + m’c? and if the helicity is 1, we get for the pro- 


jection operator 24 
1 a 1 é€— mc 
-(1 + ys) = =| 1 F —— }. 
5) ( Ys) 2 | | 


If the helicity is —1, we have for the projection operator 
1 . — mep 
‘asty)<! 1 $e BY. 
2 2 cp 


70. THE HYDROGEN ATOM, TAKING THE ELECTRON SPIN INTO ACCOUNT 


We studied in Sections 38 and 39 the motion of an electron in the Coulomb field 
of a nucleus without taking the electron spin into account. We shall now study this 
motion using the Dirac equation and taking into account relativistic corrections 
of order (v/c)?. Comparing the results obtained with the solutions of Sections 38 
and 39, we can estimate the importance of the electron spin in the hydrogen atom. 

When determining the stationary states of an electron in the Coulomb field of 


a nucleus with a potential energy V(r) = —Ze?/r—we neglect the size of the nucleus— 
we must solve the equation 
(Ap + Wi + W,+ W,)P = EP, (70.1) 
where a2 2 
A, =?-- 22, (70.2) 
2m r 


while W,, W,, and W, are relativistic corrections to the non-relativistic Hamiltonian 
(70.2), which were considered in Section 66 and which have the form 


= WV?V _ aZe*h* 


Ww. = —__—— A) Pr), 70.3 
* 8m7c? 2m? c? ®) (70.3) 
. 2\ 2 
= r 
Ww, = -————— .," 70.4 
2 mc? ( ) 


W, = SA) a _ oes) 70.5 
> omer dr 2m? ¢?r3 (70.5) 
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We derived equation (70.1) in Section 66 assuming that E + (Ze?/r) < 2mc?. We 
can, therefore, not use it if r < Ze?/2mc? ~ Z.1-4 x 10-13 cm. However, when 
we estimate approximately the correction terms W, in equation (70.1), which will be 
done in the present section, the region of small values of r contributes very little 
even though in (70.3) and (70.5) there is a singularity at r = 0. 

To simplify the solution of equation (70.1), we introduce the operator of the total 
angular momentum of the electron 


J=L+s. 
The scalar product (s - L) occurring in (70.5) can be expressed in terms of the squares 
of the angular momentum operators, 





2s-L) = J? — L? — s?. (70.6) 
Using (70.6) and changing to spherical polars, we get from (70.2) and (70.5) 
2 y2 2 
A,- —© Lolpe ~t fe (70.7) 
2m r? ar or 2mr- r 
——. (J — L* —- s°). 70.8 
 ameer ( ) (70:8) 


Using (70.7) and (70.8), we see easily that the total Hamiltonian of equation (70.1) 
commutes with the operators [?, s?, J?. We can thus find states for which all three 
quantities corresponding to these operators have well-defined values. The dependence 
of the wavefunctions on the angular and spin variables is for such states determined 
by the functions (64.11) and we can replace the angular momentum operators by 
their eigenvalues (64.12). The equation for the radial wavefunction of the stationary 
states of the hydrogen atom reduces thus to the form 


E + mar a ( <)- ue 2} + 7<) Onl) = (Wy + We + Ws) Onl) 
2m (r r 





? ar or r 
(70.9) 
where W, and W, are, respectively, defined by (70.3) and (70.4), while 
2 Ze*h? 
WwW, = —— +1)-MW+1-- 70.10 
= eps o-msn- 7] (70.10) 


Since the operators W, are of the order (v/c)?, we can solve equation (70.9) by the 
method of successive approximations. In zeroth approximation we have the equation 


E ef ‘5 a (” 2)- i+ e142 =) a = =0, (70.11) 
2m (r° Or or r 


which is exactly the same as the equation of the non-relativistic theory of the hydrogen 
atom without spin. We showed in Section 38, that each energy value 
Z’me* 
EE, =-——, n=1,2,... 
2n7 i? 


268 Quasi-relativistic Quantum Theory (VIII, 70] 


corresponds to n radial functions q,,(r) differing in the values of the quantum number 
I: 1 =0,1,...,2 — 1. Using the form of these functions and replacing in W, the 
energy E by its value E, of the zeroth approximation, we can express the correction 
to the energy level £, in first approximation by the equation 


AE,y = Eny — En = | Pail V4 + W, + Ws)?’ dr. (70.12) 
) 


When evaluating (70.12), it is convenient to change to atomic units. Introducing the 
fine-structure constant 








e? 1 
amy, 70.13 
he 137 ( ) 
and E, = —Z?/2n?, we can write (70.12) as the sum of three terms: 
; _ \° if 1+0, 
nll WsInly = 2 | 2.0(@) 0? do = PH) _ | 27 
8 | —, if 1=0, 
= 1 Z\’ a?Z* (3 1 
nl| W,|nl) = —-«? | o2,(E, + —) 0? do = —~—(— —- —}, 
<al| W2|nl> 5 [oa( ; ee = Tala isd 


<nl| W3|nl> = 7 Za! Eg +1 —-Kl+1)- i fete’ do 
@ 


1 .,_,,1 
eget fiat IO '* 7 
nl + 1)|- 
FO lat ig pared 
I 2 


When evaluating these matrix elements, we use the following values of integrals of 
o-* multiplied by the squares of the hydrogen atom wavefunctions: 


21 2 Z 2 1 2 Z? 
ni — a => nl > d ee | 
[ence Q ne [vice 0 n(I + 4) 
21, Zz ; 4z3 
2, — p2do = ———~_____, and_ 93(0) = ~~ dj. 
[oigore wrd+)U+h1 Pai(0) a) 10 


Substituting these values of the matrix elements into (70.12), we find finally, in atomic 
units the correction to the energy levels of the hydrogen atom caused by relativistic 
effects for a spin-} particle: 


24 
AE, = —~2- (A _ a (70.14) 
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It follows from equation (70.14) that when we take terms of order (v/c)? into 
account, relativistic effects lead to a splitting of the n?-fold degenerate energy level 
of the non-relativistic Schrédinger theory of a spinless particle. The energy levels 
depend now not only on the principal quantum number z but, also on the quantum 
number j = 4, 3, ..., which determines the total angular momentum of the electron 
in the atom. The energy depends only on the quantum number j but not on 1. Levels 
having the same values of n and j with / = j + 4 remain degenerate. Such a two-fold 
degeneracy of the levels is retained also when we solve the Dirac equation in a Coulomb 
field exactly (see Section 71). Since a new degree of freedom occurs when we take 
the electron spin into account, the total number of energy states corresponding to 
one principal quantum number n is equal to 2n?, which is twice the number of states 
for a spinless particle. 

When we take the electron spin into account, we must change the notation “nl” 
for the quantum states of a particle in a spherically symmetric field to “‘nJ,’’, where 
the subscript of J, which indicates the quantum number j, characterises the total 
angular momentum of the electron in the state. The following states are thus possible 
in the hydrogen atom: 


1s1),3 281) 2P1j93 2p3),3 351), 3p4;,3 3D3),> 3ds),3 3ds),3 
—— | — 


The brackets indicate states with the same energy. 
We can write the wavefunctions of the stationary states of an electron in a Coulomb 
field in the following form 


|nlim> = Par) Pi1;,jn(O—ms), (70.15) 


where the radial functions y,,(r) are in the zeroth approximation the same as the 
functions 9,,(r) of the non-relativistic equation for a spinless particle. The functions 
D,1/,jm(Oqm,) are defined by (64.11). They depend on the angular and spin variables. 
The energy of the stationary states (70.15) depends solely on the quantum numbers n 
and j. Each level is 27 + 1-fold degenerate with respect to the magnetic quantum 
number m = +/j, + Gj — 1), ... which determines the z-component of the total 
angular momentum of the electron. 

The set of levels corresponding to different values of AE,, but the same value of E, is 
called the fine structure. It follows from (70.14) that the “‘total width of the fine struc- 
ture” for a given value of n, that is, the distance between the levels with j, = n — 4 
and j, = 4, is equal to 
«*Z*(n — 1) 


D = AE,;, — 4E,;, = 
4 f 2n* 


This quantity is less than the total fine structure width for a spinless particle (see 
(58.24a)), which is given by 

2Z*x7(n — 1) 

. n(2n — 1) ; 
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The distance between different components of the fine structure is proportional to 
the square of the fine structure constant (70.13), that is, of the order of 5. 10~* in 
atomic energy units. For the nm = 2 level of the hydrogen atom (Z = 1) the energy 
difference between the 2p3,, and the 2s1,, levels is equal to «7/32 ~ 0-365 cm~*. The 
absolute magnitude of the fine structure diminishes sharply with increasing principal 
quantum number. The splitting of the spectral lines corresponding to transitions 
between states with different values of 7 is thus mainly caused by the splitting of the 
lowest level. Each Balmer line, for instance, which corresponds to quantum tran- 
sitions to states with n = 2, consists of doublets, with a splitting of the order of «?/32 
atomic energy units. 

Many experimental investigations, using optical methods, verified the conclusions 
of the Dirac theory about the fine structure of the energy levels of the hydrogen atom. 
In some experiments, a small splitting of the 2s.,;, and 2p.;, levels was observed, but 
this splitting was of the order of the probable experimental error, which was approxi- 
mately 10~® of the energy of the transition. By applying radiofrequency methods 
for studying small differences between the energy levels, it was possible to increase 
the experimental accuracy by three to four orders of magnitude and this enabled 
Lamb and Retherfordt to establish in 1947, with certainty, that the 2s.,, and 2p:/, 
levels were shifted with respect to one another by approximately 10 per cent of the 
magnitude of the fine structure. Quantum electrodynamics explained the relative 
shift of the 2s:,, and 2p:,, levels, the so-called Lamb-shift. It turned out that this 
shift is basically caused by radiative corrections—the interaction of the electron with 
the vacuum. Small additional corrections are caused by the finite size and internal 
structure of the nucleus. If all these effects are taken into account, one is led to an 
excellent agreement between theory and experiment*. 

When evaluating the relativistic corrections leading to the fine structure of the 
energy spectrum of electrons in an atom, we assumed that the field of the atomic 
nucleus was spherically symmetric. The hydrogen atom nucleus and the nuclei of 
many other atoms possess, however, a magnetic moment. The interaction between 
the magnetic moments of the electron and of the nucleus leads to a splitting of the 
energy levels of the atom which are degenerate with respect to the z-component of 
the total angular momentum of the atom. 

As the nuclear magnetic moment is about 10° times smaller than the orbital 
magnetic moment of the electron, the splitting of the levels caused by the magnetic 
moment of the nucleus will be about 10° times smaller than the splitting due to the 
spin-orbit interaction—the fine structure. The splitting of the energy levels caused by 
the nuclear magnetic moment is, for this reason, called the hyperfine splitting. Measure- 
ments of the hyperfine splitting of atomic energy levels is one way of determining the 
spins and magnetic moments of atomic nuclei. 


tT W. E. Lams, Jr. and R. C. RETHERFORD, Phys. Rev. 72, 241 (1947); 81, 222 (1951); 86, 1014 
(1952). 
+ E. E. SALPETER, Phys. Rev. 89, 92 (1953). 
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To estimate the magnitude of the hyperfine splitting of the energy levels of an electron in an atom 
in an s-state, we may assume that the atomic nucleus is a point magnetic dipole with a magnetic 
moment p.. The potential caused by such a dipole, is 


corresponding to a magnetic field 


u u 
H= A) = -— )]-p?—. 70.1 
[VA A] xv ) V" oe (70.16) 
The operator 
4 eh, eh, 
W=—-— (6+ #)=-—6,# 
2mc 


characterises the interaction of the electronic magnetic moment with the magnetic field. In first-order 
perturbation theory, we find thus for the shift of the level of the unperturbed electron state Y the 
expression AE = CPP |PS. Let ¥ = 9,(r)u, where ¢,(r) is the radial function of the s-state and u 
the spin function. We have then 


eh A 
AE = — = <ulé.| u> <psl | gs>- 
me 


Corresponding to the two possible spin states, we have <ulo,|u> = +1. Bearing in mind that ¢,(r) 
does not depend on the angles, we have from (70.16) 


«esl | Ps> = <olv Ep = HG|5(Y)| Ys> = ugr(0). 


In the non-relativistic approximation, we find thus for the hyperfine shift the expression 
eh 
AE = = — n92(0), 
2mc 


where yz is the nuclear magnetic moment, m the electronic mass, and p,(0) the value of the electron 
wavefunction at the centre of the nucleus. 


71*. EXACT SOLUTION OF THE DIRAC EQUATION FOR A COULOMB FIELD 


We shall study in this section the exact solution of the Dirac equation for an electron 
in a Coulomb field with potential energy V = —Ze?/r. The Hamiltonian in this 
case is 

Al = cla: p) + mc7B + V(r). (71.1) 


In view of the spherical symmetry of the potential energy, it is convenient to use in 
(71.1) spherical polars. 
Using the operator identity (61.10), we can write 


(6-r(6-L=(6-n(6- [fra p) =A np) —r(6-p)), 
and thus 


(6-p) = an (r-p) + 6-H). 
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Since 
aa 0 G-p 
-#)=( ao \ ”, 
(o-p) 0 
we have 7 
(a+ p)=4, (6, + feb ta "), (71.2) 
r 
where 
| 6, = 29) (71.3) 
r 
is a Hermitean matrix; and 
p= (rp) — th _ ~ih (¢ + *) (71.4) 
r Or + 
Let us introduce a new operator K through the equation 
AK = Bl(é- L) + Al. (71.5) 
We then get for the Hamiltonian (71-1) 
“ aa Cras gp 2 
H = ca,p, + —o«,BK + Bmc* + V. (71.6) 
r 


The operator K commutes with the operators f, «,, and p,, and thus also with the 
complete Hamiltonian (71.6). Using (61.10) and the operator equation [Z A L] = iAL, 
we find 
2 
WR? = (6 -L)? + 2A(6-D) +h = (i + 36) +—=J? 4-2’, (71.7) 
where 
J? = (L + they’ 


is the square of the total electronic angular momentum operator. The operator 4?K? 
is an integral of motion and has the eigenvalues A?k? with 


= i+) +b= 4H 
Hence, 
k=4+90+45= +1, +2,... (71.8) 


We shall be interested in states with well-defined values of the total electronic angular 
momentum and thus with well-defined values of k. From (71.6), it follows that the 
energy of such states can be evaluated from the equation 


| ees, + AC 5 Bk + bme? + V— ely = 0, (71.9) 
r 


where k is defined by (71.8). 
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The matrices «, and # anticommute with one another. We shall choose the represen- 


tation in which . i 0 . 0 i 
B = ads a, = . 
0 -I i 0 


Using (71.4) and introducing the function 


1 (FC) 
P(r) = (Go) (71.10) 


we get from (71.9) the following two equations 


~~ mc? -V)F+2 456-0, 


(71.11) 
= (E + me" - yn@o-e kre 0. 
dr or 
Putting V = — Ze?/r and introducing the notation 
Ahc = E+mc?, Bhc = mc? — E, (71.12) 


and the dimensionless length—for the case where E < mc?— 


o=rD, Dic = mct — E? = eV AB, (71.13) 


we get from (71.11) a set of equation in dimensionless variables 
(F+#)r-[F+£]e=0, 
De do @ 


where a = e”/fc is the fine-structure constant. 
We shall look for solutions of (71.14) in the form of power series: 


FQ) =e" ye 

- (71.15) 
Ge) = e* ¥ 0° %,. 

yv=0 


Substituting (71.15) into (71.14) and putting the coefficients of g5+’—! equal to zero 


we find 
(k + s) bo — Zaayg = 0, (71.16) 
—Zabo + (k _ 5) ag = 0, 


5 yas + Zoa,—(styv+k)b,+6,_, =90, | 


A if »#0. (71.17) 
poo — Zab, -—(stv—k)a,+a,_, =0, | 
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From (71.16), it follows that 
k? — 5? — Ze? =0, of, saVi2— Zn, (71.18) 


We have dropped the solution corresponding to the negative sign in front of the 
radical (71.18), as it leads to a wavefunction diverging at the origin. 

Multiplying the first equation (71.17) by D and the second by B, subtracting the 
one from the other and using (71.13), we find a connexion between the coefficients a, 


and b,: _ _ 
A A 
a[[gzmrsrr-e]= 6] [e+ 2419 - 20] (71.19) 


The series (71.15) will correspond to solutions which are well-behaved at infinity, 
if they terminate for a finite value »v = N. Putting ay, = by,, = 0 in (71.17), we 


find — _ 
JBay = —VAby, N=0,1,2,-. (71.17a) 
Substituting now (71.17a) into (71.19) and putting » = N, we obtain the equation 
B-—A 





Za = 2s + N). 


Substituting the values (71.12) and (71.13) into this equation, we find 
ZaoE = —(s+ nN) V meet — E. 


We can evaluate the energy from this equation. Using (71.18), we find 


ro 2 2 aL, ona _ 
N+VR — 072? 


with k= +1, +2,..., N=0,1,2,... 


If we expand (71.20) in a power series in Z?«?, we find up to terms of order (Z«)*: 


E'=— mer Z ia" : 4 2) (i - alt (71.21) 
2n n \{k| 4n 

where n=N + |kl =1,2,... 
is the principal quantum number. The first term on the right-hand side of (71.21) is 
the same as the energy determined from the non-relativistic spinless Schrédinger 
equation. The second term determines the relativistic corrections for a spin-} particle. 
Bearing in mind that [kK] = j + 4 and going over to atomic units, we see that (71.21) 
is the same as equation (70.14) obtained by perturbation theory methods. 

Let us now study the radial eigenfunctions of the exact solution of the Dirac 
equation. These functions are given by equation (71.10) with the functions F and G 
determined by the series (71.15). Using (71.17) and (71.19) and the equation s = 


= J k? — Z?x?, we can express the coefficients a, and b, in terms of ag and do. 
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These functions tend to zero in the same way as in the Schrédinger theory (see Sec- 
tion 38). They decrease the faster the smaller the principal quantum number. The 
behaviour of the wavefunctions for small g is determined by the asymptotic expression 


—14+Vk2— 2242 


0 
yn (eee (71.22) 


For all stable atomic nuclei Z« < 1 so that the function vanishes as @ > 0 for 
k = +2, +3,..., corresponding to j = 3, $,... If A = +1—+that is, for s- and 
p-states—the Dirac function (71.22) is singular at the origin for all values of n. If Z« 
is small, the singularity is, however, a very weak one. The singularity at the origin 
for k = +1 is not present in real atoms, since due to the finite size of the nucleus, the 
potential energy differs from the Coulomb law and does not tend to infinity as @ > 0. 

We refer to the literaturet for a more detailed discussion of the behaviour of the 
Dirac wavefunctions of an electron in the Coulomb field of a nucleus both for the 
discrete and for the continuous spectrum. 


72. ATOM IN AN EXTERNAL MAGNETIC FIELD 


If an external magnetic field acts upon an atom, its energy states change. The shift 
of the energy levels under the influence of an external magnetic field is called the 
Zeeman effect. In the present section, we shall consider the elementary quantum 
theory of the Zeeman effect. 

We showed in Sections 65 and 70 that in the non-relativistic approximation with 
relativistic corrections the Hamiltonian of an electron moving in an electromagnetic 
field with potentials A and Aj is given by the expression 


GH) + W, (72.1) 
2M 
where M is the reduced mass, e the electronic charge, and W, = W, + Wo + Ws, 
with W,, W,, and W, given by equations (70.3-5). 
If the atom is in a uniform external field of strength 7, we have 


2 
edo = — 28, Aa lH Ad. (72.2) 
r 2 
We can neglect A? in (72.1), if the field is small, and write 
H= 4H, + W, (72.3) 
where 2 2 
My = 2- ~~ 4 Ww, (72.4) 
2M r 


ft D.R. YENNIE, D. G. RAVENHALL, and R. N. WILSON, Phys. Rev. 95, 500 (1954); H. BETHE and 
E. SALPETER, Handb. Phys. 35, 88 (1957). 


qu 10 


276 Quasi-relativistic Quantum Theory (VIII, 72] 
is the Hamiltonian for the atom when there is no external field; and 


= ieh ch .. 
W = —(A-V) - — (6: #). 72.5 
Me ) Me ) (72.5) 


Substituting (72.2) into (72.5) and bearing in mind that E = [r a (—ifV)], we can 
reduce the operator (72.5) of the interaction of the electron with a uniform magnetic 
field to the form 

W = -(i- #), (72.6) 
where 


a é Pay a 
“a = ——(L + 25) 72.64 
sue! (72.6a) 


is the operator of the electronic magnetic moment; on the other hand, 
J=Lis (72.7) 


is the total angular momentum operator. 

When there is no magnetic field, the energy of the stationary states of the electron 
are determined by the equation (Hy — E,,) \njlm> = 0 (see Section 70). The energy 
levels E,, are degenerate with respect to the quantum number m because the field is 
spherically symmetric—there is no preferential direction. If there is an external 
field #, the total field acting upon the electron has axial symmetry. The degeneracy 
with respect to m must therefore be lifted. 

Let us evaluate the effect of the splitting quantitatively. We shall use perturbation 
theory to find the change in the energy levels of the atom under the influence of an 
external magnetic field. We showed in Section 47 that the change in the energy due 
to an external perturbation can, in first approximation, be expressed in terms of the 
matrix elements of the perturbation operator involving the wavefunctions of the un- 
perturbed problems. The magnetic field in the perturbation operator (72.6) is inde- 
pendent of the coordinates, and the calculation reduces thus to an evaluation of 
matrix elements of the kind—we take the z-axis along #— 


<njl'm' | 4,\njlm). (72.8) 


To simplify the calculations, we express the magnetic moment operator (72.6a) in 
terms of the angular momentum operator (72.7), using the relation 


g=-GFo——_(F+9, (72.9) 


where G is an operator, the form of which is determined by taking the scalar product 
of (72.9) with J. We get then 


6-149]. 
2Mc J? 
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Squaring (72.7), we can express (J: 5) in terms of the squares of the angular momen- 
tum operators. In this way we find 
x2 a2 7 2 
2Mc 2J 
From (72.9) we have jig = Gi. 
Substituting this value into (72.8) and using the fact that the functions |njlm) are the 
eigenfunctions of the operators G and J/,, we find 


Cal [x3€ gly = me Syndr (72.10) 
where c 
ge G+ D+95+D-M+ 3} (72.11) 
2G + 1) 


is the Landé factor. For electrons, we have s = 41,7 =1+4,1= 0,1, 2,... 

Since the diagonal elements of the perturbation operator are the only non-vanishing 
ones, the energy of the atom is in the first perturbation theory approximation given 
by the equation 

En jum = £njy — —— 8m, (72.12) 


where m = +j, +(j — 1), ... 

The 27 + 1-fold degeneracy is thus lifted in the magnetic field. The shift of the levels 
is symmetric with respect to the unperturbed level E,,. The distance between neigh- 
bouring sublevels 

AE = ——g (72.13) 


is proportional to the magnetic field strength and to the Landé factor, which depends 
on the quantum numbers /, J, and s. We give in Table 10 the values of the Landé 
factor for a few atomic states with s = 4. 


TABLE 10, VALUES OF THE LANDE FACTOR 


State | %1/, | Pry, | Psy, ds), ds), 


| 

1 

if 
MATa 








The splitting of the energy levels determined by equation (72.13) is called the 
anomalous Zeeman effect. 

For a spinless particle—s = 0—the Landé factor g = |. In that case, the distance 
between neighbouring sublevels does not depend at all on the character of the state 
and equals 


10* 
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Such a splitting was predicted by the classical electron theory and is called the normal 
Zeeman effect. 

The normal Zeeman effect is observed for some states of complex atoms. We shall 
show in Section 93 that the states of complex atoms with several electrons can, to 
a certain approximation, be characterised by the eigenvalues of the operators of the 
total spin of all the electrons, S = )'s;, of the total orbital angular momentum, 
L = 5° L,, and the total angular momentum, J = L + S. The change in the energy 
levels of such atoms in a weak uniform external magnetic field is also determined by 
by the equation 

AE= che g. 
2Mc 
where 
1410+ H+ SS+4+1)-Lo+ 1) 


g~ 2IT + 1) 


It follows from this expression that for energy states with total spin S = 0—the 
singlet terms of atoms with an even number of electrons—the factor g = 1. In that 
case, AE = eh#?/2Mc corresponding to the normal Zeeman effect. Such a splitting 
can be observed for the singlet terms of atomic Zn, Cd, ... 

We obtained equation (72.12) using perturbation theory; it is, therefore, valid 
only for magnetic field strengths such that the magnitude (72.12) of the splitting is 
smaller than the distance between neighbouring levels in the atom where there is no 
field, that is, provided 
h# 


<€ |E,j - |. 72.14 
Mc | inj ns’ ( ) 











The smallest distance between the hydrogen atom levels corresponds to the fine 
structure—the distance between the components of the spin doublet—: 


Ey), _- Eqs), = 0-365 cm7! ~ 10-17 erg. 


The anomalous Zeeman effect must thus be observed in magnetic fields which are 
such that the magnitude of the splitting caused by the external magnetic field is 
smaller than the distance between the doublet components. If we use the fact that 
eh{2Mc ~ 9-10-71 erg/Oe, we are led to the conclusion that we must consider fields 
with a strength # < 1000 Oe small fields for the first excited levels of the hydrogen 
atom. 

If the magnitude of the splitting AE caused by the magnetic field is large compared 
with the doublet splitting, we call the magnetic field a strong one. The spin and the 
orbital angular momenta are decoupled in such magnetic fields and they interact 
independently with the magnetic field. We can thus write, for strong magnetic fields, 
the operator of the interaction between the electron and the magnetic field in the form: 


a a eH |. a 
Wa —(p- #) = — (Li, + 258,). 72.15 
(un: #) Me ) (72.15) 
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When evaluating the magnitude of the splitting of the energy levels in a strong magne- 
tic field, we can in zeroth approximation neglect the spin-orbit interaction and choose 
the unperturbed functions in the form 


|nlmym,) , (72.16) 


that is, we can characterise the electron states in the atom by a principal quantum 
number n, an orbital quantum number /, and the quantum numbers m, and m,, 
determining, respectively, the z-components of the orbital and the spin angular 
momenta. The change in the energy levels under the influence of the field will, in 
that case, be determined by the equation: 

AE nn, = — a im + 2m,), (72.17) 
since the eigenvalues of the operators L, and §, are, respectively, Am, and hm,. 

Each energy level E,, is thus split into 2/ + 3 equidistant components—at a mutual 
distance, eh’/2Mc, corresponding to the 2/ + 3 possible values of the sum of the 
quantum numbers m, + 2m,. Since m, = +4, for a given value of /, this sum can 
take on the values / + 1, /,/ — 1, ..., —/ — 1. The two lowest and the two highest 
of the components are non-degenerate, while the others are all doubly degenerate 
with respect to the two possible ways of obtaining the well-defined value 


m, + 2m, = m + 1, if m= 1; 
m+2—-—1, if m, 


ll 
NI 


One can observe the level splitting (72.17) in strong magnetic fields. This kind of 
splitting is called the Paschen-Back effect. It has, indeed, been observed for some 
levels for Li, Na, O, ... atoms in magnetic fields exceeding, respectively, 36, 40, and 
90 kOe. 

For a more rigorous calculation, we must take into account the spin-orbit inter- 


action operator (70.5) Ze? 


W,=a(L-s), a= ———, 
2M°?c?r? 


(72.18) 
as well as the operator (72.17) of the interaction with the external magnetic field. 
The operator (72.18) will, in strong magnetic fields, lead to an additional, multiplet, 
splitting of the energy levels, additional to the splitting (72.17). 

Averaging the spin-orbit interaction operator (72.18) over the states determined 
by the functions (72.16), we obtain additional terms in the expressions for the energy 


1 tem: 
evels of the system AE, = Amm,, (72.19) 
Zsa? 


In + 1)(1+ 4) 


where 
= (nimm,|a|nlmym,.)> = 


is a quantity, expressed in atomic energy units, which is of the order of the distance 
between the fine-structure components (see (70.14)). 
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The correction JE, (72.19) to the energy depends on the quantum numbers m, 
and m,. It leads to a splitting of the above-mentioned degeneracy and a slight shift 
of the non-degenerate levels. It is particularly important to take the operator (72.18) 
into account in the case when the external field causes a splitting of the same magni- 
tude as the fine-structure splitting. 

In very strong fields, we must use second-order perturbation theory, involving 
the operators (72.15) and the term proportional to A? in (72.1). The change in the 
energy levels caused by those corrections will be proportional to #?. 


73. ATOM IN AN EXTERNAL ELECTRIC FIELD 


The change in energy of the stationary states of an atom under the influence of 
an external electric field is called the Stark effect. When there is no field, the stationary 
states |njm)> correspond to a single energy E,,, which is degenerate with respect to 
the quantum number m. When a uniform electric field of strength & is switched on, 
an additional term 

W= —-(é-a) (73.1) 


occurs in the Hamiltonian, where d = er is the operator of the electronic electrical 
dipole moment. If we take our z-axis along the electrical field strength vector, the 
Hamiltonian for the atom will be of the form 


a2 2 
H=-f)+Ww=2--< - exe. (73.2) 
2M r 


When an external electric field is switched on, we see that, firstly, the symmetry of 
the system changes from spherical to axial symmetry and that, secondly, the behaviour 
of the potential energy changes as z — -too. Since the potential energy decreases as 
z— —oo(e < 0), there is a possibility that the electron penetrates through the barrier, 
that is, the atom may be spontaneously ionised under the action of an external electric 
field. The possibility that an electron may penetrate through the potential barrier 
leads to a broadening of the levels (see Section 80). This broadening increases with 
increasing n. If n is sufficiently large—high excitation of the atom—the probability 
for ionisation approaches unity. For the lowest excited states in not very strong fields, 
this effect is very small and we may neglect it in first approximation. 

The operator (73.2) is invariant under.a rotation around the field direction around 
any angle and reflexion into any plane through that axis. Under such a reflexion, the 
sign of the z-component of the angular momentum changes sign: m > —m. Because 
of this, the energy levels of the states with m and —m are the same in a system with 
the Hamiltonian (73.2): we have a two-fold degeneracy. We note that the Hamil- 
tonian (72.1) of an atom in a magnetic field is invariant under rotations around the 
field direction, but not under reflexions into planes through the direction of the field. 
The degeneracy with respect to m <> —m is thus not present in a magnetic field. 
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We can use perturbation theory to give a quantitative evaluation of the change in 
the energy levels of the atom when the electric field is switched on, provided the field 
is sufficiently weak, that is, when the change in the levels is small compared to the 
distance between neighbouring levels of the atom when there is no field. 

In first-order perturbation theory, the correction to the energy of the unperturbed 
system is determined by the average value of the perturbation operator in that state. 
The change in the energy of the state |mjm)> under the influence of the perturbation 


(73.1) will be equal to AE = (€ - <njm|d|njmy), (73.3) 


where <njm|d|njm) is the average of the electrical dipole moment operator in the 
state |njm). 

Since the dipole moment operator changes sign under an inversion of the spatial co- 
ordinates, its average vanishes in all states with a well-defined parity. Indeed, if y, has 
a well-defined parity, |y,|? does not change under an inversion, so that f |p,|?zd3r = 0, 
since the integrand changes sign under inversion. Non-degenerate states of quan- 
tum systems have a well-defined parity and the average of the electrical dipole 
moment always vanishes in such states. Quantum systems in a degenerate state may, 
in general, have a non-vanishing average dipole moment, provided the state has not 
got a well-defined parity. The first excited state of the hydrogen atom corresponding 
to a wavefunction in the form of a linear combination, 


si = Worst, + BY 201), 


is an example of such a state. In this state the average value of the dipole moment 
operator is equal to 


{d> = a*BC281/,|d| 2ps j.» + conjugate complex . 


Quantum systems possessing a group of nearly degenerate states may also have a 
non-vanishing average dipole moment, if such a system does not have a well-defined 
energy in such a way that the uncertainty in the energy is larger than the distance 
between levels of different parity. A particular case of such systems is provided by 
some molecules, such as the heteropolar NaCl-molecule for which the rotational 
levels of different parity lie very close to one another. The average of the dipole 
moments of such molecules are non-vanishing even in weak electric fields, since the 
distance between the appropriate rotational levels is small compared to the energy 
of the molecules in the electric field or the thermal energy. 

Let us now study the Stark effect for the hydrogen atom. In the non-relativistic 
approximation, the electric field does not act upon the electron spin, so that to a first 
approximation we may neglect the electron spin and the fine structure caused by the 
spin-orbit interaction. Such a simplification is justified for electric fields exceeding 
10? V/cm when the splitting caused by the electric field is larger than the distance 
between the fine structure components. 

The 1s ground state of the hydrogen atom has positive parity and, in first approxi- 
mation, the energy of this state remains unchanged when the field is switched on since 
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<1s|W|1s) = 0. When studying the first excited state corresponding to n = 2, we 
must bear in mind that this state is fourfold degenerate. To determine the shift of the 
levels in first-order perturbation theory, we must consider a linear combination of the 
degenerate states, 


4 
P= > by, (73.4) 
t=1 


where each of the functions y, = |2,0,0>, py. = |2,1,0>, w3 = |2,1,1>, and 
wa = |2,1, —1) satisfies the unperturbed equation 


Bow: = Ezy. 
Substituting (73.4) into the equation (H) + W)¥ = E'V, we find the set of equations’ 
Y bIWn — ex) = 0, (73.5) 


with e = E — Es and Wy = <i|W|k). 
The following matrix elements are non-vanishing: 


Wi. = Wry = —e& (2, 0, 0/z]2, 1, 0» = —3e€a, (73.6) 


where a = h?/Me? is the Bohr radius. 
The correction ¢ to the energy levels follows from the condition that the set of 
equations (73.5) be soluble. This condition reduces to the equation 


[e? — 9e&2a7] e? = 0. (73.7) 
The four roots of (73.7) are, respectively, equal to 
€; = 3eaé, &, = —3eaé, 63 = 8, = 0. 


When the external electric field is switched on, the four-fold degenerate level of the 
hydrogen atom is thus split into three levels. One of these levels is twofold degenerate: 
the states with m = +1, in accordance with the symmetry of the problem. The 
magnitude of the splitting of the levels is proportional to the electric field strength. 
Such a splitting is called the linear Stark effect. 

One can observe the linear Stark effect only in a system with a Coulomb potential 
energy—the hydrogen atom—where there is degeneracy with respect to the quantum 
number /. In other atoms, the field acting upon an electron is different from the 
Coulomb field and the levels pertaining to different /—and thus different parity— 
always have different energies. The average electrical moment vanishes in these states. 
The influence of the external electrical field will, in that case, affect the position of 
the energy levels only in second-order perturbation theory. The change in the energy 
of the state |nJm)> is determined by the equation 


I'm’) <n'l'm'|z|nlm> 


(73.8) 
Ex _ Evy 


Ein = ES, + e762 yy Srimleln 
a’l’ 
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When evaluating the matrix elements in (73.8), we must bear in mind that z = r cos 0 
so that by using the equation 


cos 6 Yin = AY ia1.m + BY}_1,m; 


we see that the non-vanishing matrix elements in (73.8) refer to states for which / 
differs by unity. 

It follows from (73.8) that the correction to the energy levels is proportional to the 
square of the electric field: quadratic Stark effect. Because of the degeneracy of levels 
with m and —™m, the coefficient of proportionality can only be an even function of m 
so that 

Eqn = Eg + 6?(0 + Bm?). (73.9) 


PROBLEMS 


1. Prove that the orbital angular momentum operator commutes with the Klein-Gordon Hamil- 
tonian. _ 

2. Prove the statements made in section 63 about the quantity FO sPyp Al’. 

3. Prove equation (63.28). 

4, What is the probability that the z’-component of the spin of a spin-4 particle is equal to +4, if 
we know that the z-component of its spin is equal to +4. The z’-axis makes an angle y with the 
z-axis. Find the average of the z’-component of the spin. 

5. Find the eigenfunctions of the operator os, + BS, + 5, where o? + 6? + y? = 1, and show 


VY. 


that the coefficients of the expansion of any spin function ( 


) in terms of these functions give 
Y2 


the probability that the spin-component along an axis with the direction cosines a, 8, y is +4 
or —4, 

6. If the polarisation P of a spin-4 particle is defined as the average of 0: P = <)>, and if the state 
of the particle is described by a density matrix, find the density matrix corresponding to a given 
value of P. 

7. Use the equation of motion of the density matrix to find the equation of motion of the polari- 
sation P. 

8. Prove equation (66.9 a). 

9, Prove that if an electron and a positron at rest are mutually annihilated, at least two photons 
will be involved. 

10. Find the hyperfine structure energy for a one-electron atom for a state where / + 0. 

11. Consider a free particle in a uniform magnetic field along the z-axis. Discuss the form of the 
wavefunction as a function of time, given that the wavefunction at ¢ = Ois in the form p(x, y) p(z). 

12. Derive the commutation relations for the components of the velocity of a particle moving in a 
magnetic field. 

13. Use the results of the preceding problem and of problem 4 of chapter V to find the energy spec- 
trum of a free particle moving in a uniform magnetic field. 

14. Show that in a uniform magnetic field, varying in time, the wavefunction of a particle with spin 
can be separated into a product of the coordinate and the spin functions. 

15. A spin-4 particle moves in a uniform magnetic field, the amplitude of which is an arbitrary func- 


a 
tion of the time. If at time ¢ = 0, the spin function is (?) find the mean value of the spin, and 
its direction as a function of time. 


QM 10a 


284 Quasi-relativistic Quantum Theory [VIII, 73] 


16. 


17. 
18. 


19. 


20. 


21. 


22. 


23. 


Find the splitting of the energy levels of a one-electron atom in the case where the Zeeman 
splitting is of the same order as the spin-orbit splitting. 

Find the wavefunctions under the conditions of the preceding problem. 

Find the Zeeman components of the hyperfine structure for the case j = 4, / = 0 when the splitting 
induced by the field is of the same order as the hyperfine-structure splitting. 

Show that if a hydrogen atom is placed in a uniform electric field, the position of the centre of 
gravity of the split level is not changed. 

Calculate the splitting of the levels of the hydrogen atom for the case where the Stark splitting 
is small compared with the fine structure. 

Calculate the splitting of the n = 2 level of the hydrogen atom for the case where the Stark 
splitting is of the same order of magnitude as the hyperfine splitting. 

Find the splitting of the n = 2 level of the hydrogen atom, if it is placed in uniform magnetic and 
electric fields which are at right angles to one another. The Stark and Zeeman splitting are both 
large compared with the fine structure splitting. 

Show that the Schrédinger equation of a particle in a uniform electric field superimposed upon 
a spherically symmetric field (see, for instance (73.2)) can be solved by separation of variables, 
if one introduces parabolic coordinates. 


. Use the semi-classical approximation to derive the relativistic Hamilton-Jacobi equation from 


the Dirac equation. 


CHAPTER IX 


THE THEORY OF QUANTUM 
TRANSITIONS UNDER THE INFLUENCE OFAN 
EXTERNAL PERTURBATION 


74, A GENERAL EXPRESSION FOR THE PROBABILITY OF A TRANSITION 
FROM ONE STATE TO ANOTHER 


Let us assume that, during a certain time interval, there acts upon a system with a 
time-independent Hamiltonian H, a perturbation described by the operator 


- q < 
Pt) = W(t), for OStsrt, 
0, for ¢<0O or ft<T. 


The complete Hamiltonian 


depends now on the time and the corresponding time-dependent Schrédinger equation 


nce = (A, + Vly (74.1) 


has no stationary solutions. 

The operator V(t) may characterise the interaction of the given system with other 
bodies. In the simplest cases, such a time-dependent interaction comes about because 
external parameters change: changes in distances, external field intensities, and so on. 

To determine the wavefunction satisfying equation (74.1), we go over to the inter- 
action representation. To do this, we write y as follows: 


py = ¥a,(t) ge", (74.2) 
an 


where the E, and q, are, respectively, the eigenvalues and eigenfunctions of the opera- 
tor Hj. We shall assume that before the interaction was switched on the system was 
in a stationary state with energy £,,. There is thus in the sum (74.2) for ¢ < 0 only 
one non-vanishing term: 


—IE,pt [h 
> 


Pint = Pm or, a,(t)=06,,, for t<0. 


After the interaction is switched off, that is, for t = tv, the coefficients a, become once 
again constants, a,,,(t), and their values depend on the form of the perturbation opera- 
tor W(t) and the initial state—which we have indicated by a second index. 
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Therefore, when ¢ > t, the system will be in a state with wavefunction 
Prin = Y¥ Qnm(T) Pre Ent lh (74.3) 


The probability that the system is in a stationary state with energy E, is now deter- 
mined by the absolute square of the coefficient a,,,(z). The quantity 


Cnm{T) = |Apm()|? (74.4) 


is thus equal to the probability that the system has made a transition from the initial 
state m into the state n during the time interval t. 

To evaluate the coefficients a,,,, we substitute (74.2) into equation (74.1). After 
multiplying that equation by »* and integrating over all values of all arguments, we 
obtain a set of equations 


ih < a,(t) = ¥ <n| W(t) Dd e'"*a,(t), (74.5) 

where 
<n| WOID = J pW 9, a, (74.6) 
ho,, = E, — E,. (74.6a) 


In the following, we shall consider only perturbations for which the diagonal matrix 
elements of the perturbation operator vanish, that is, 


<n| W(t)|n> = 0. 


In that case, there is no term with / = n in the sum (74.5). 
If <n| W()|n> + O we can use the transformation 
: te 
a,(t) = A,(t) exp [I <n W(t) n> a| (74.7) 
0 


to change to new amplitudes A,(¢). These amplitudes will satisfy a set of equations 


dA,{t 4 

nO calOlD AD el", 
dt em 

where 


AQnit = Ent + Jy <n W()| n> dt! — Et — Sh <WED|D at’. 
The frequencies 2,; take thus into account the shift in the energy levels under the influence of the 
perturbation. In particular, if the <n| W|n> do not depend on the time, we have 
Qn = Ey + <n|W|n> — By — <UW ID. 


It follows from (74.7) that |a,(t)|? = |.4,(¢)|? and the A,(r) give thus the same transition probabilities 
as the a,(t). . 


To evaluate the transition probabilities, we must solve the set of equations (74.5) 
under the initial condition 
a,(0) = bam. (74.8) 
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If the matrix elements (74.6) are small and the period 7 during which the perturbation 
acted is not too long so that after that period the values of the coefficients a,(z) are 
not very different from their initial values, we can solve the equations (74.5) by the 
method of successive approximations. 
In first approximation, we can determine the a,(t) by substituting into the right-hand 
side of (74.5) the initial values (74.8) and we then get for + ma set of equations 
das? 


ih 7 <n| W(t)|m> en", (74.5a) 





Using the initial condition (74.8) to solve these equations, we find 
a) 1@pmt’ 
m(t) = al <n| W(t')|m)> e dt’. (74.9) 


Substituting this value into the right-hand side of (74.5), we find the second-order 
equation 
da® 


ih —% = <n] W(t)|m> bern" 
dt 


1 = ¥ , ‘ i mn’ ' 
+= YY nl WOI|x'd fom { él Wt')|m> e'@r'™™ at", 
th nim 0 
The solution of this equation can be written in the form 


a2(t) = al <n| Wit')|m> brn’ de’ 


+ ) 2 {, <n| W(t’) |n'> eer" { <n'| W(t") m> ef’ de" dt’. 
ih} a'(=m) 
(74.10) 
By substituting this value again into equation (74.5), we can find the third-order 
solution. 
Continuing this process, we get a solution in the form of an infinite series. This 
series can formally be written as follows: 


- pt. 
Pexo| - Al re) a | 
hJo 


Onn (t) = Cn my, (74.11) 








where 


P exp |- ii. Wt’) a | | 
el+— 5 | mena *G, ,) [, wer Wt") at" dt’ 


3 = 2 2 
+ (5) [. Hey fre Wt") dt’ dt” dt’! + +, (74.12) 
ih o 0 o 
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while 
Wt) = ebMotl W(t) ew Hoel (74.13) 


is the perturbation operator in the interaction representation (see Section 31). 


Let us consider the n-th term in the series (74.12): 


net zy tnt Aa a a” 
A, = (i) [ an | at, -| dt, W(t) W(t2) .. W(t). 
in} Jo 0 0 


The integration in A, is over time-variables, which are “time-ordered”: #) > t2 >t, > + > t,. To 
write A, in a more symmetrical form, Dysont introduced the “chronological” operator P which 
orders the product of time-dependent operators by putting them from left to right in the order of 
chronologically successively decreasing times. For instance, 


rag _ a(ty) b(t2), if ty > toy 
Pais) Mea) = ‘ny at), if >t. 


Let us now consider the integral 


1 a . t t t 4 s 2 
L=(>)] P| at, ) dt...) dt,W&) Wh)... WU). 
ih 0 0 0 


This integral is completely symmetrical in the ¢,, f2, ..., ¢, and it is thus m! times larger than the inte- 
gral A, in which the chronological order of the arguments occurred. This can be proved by mathe- 
matical induction +. We see thus that 4, = I,/n!, and we can thus consider 


t 

. i 2 

Pexp El Wt') dt | 
A Jo 


to be a symbolical way of writing the series (74.12) or the series 


* iftes 2 1 
Pexp| —-| Wa’ |= > —h. 
h 0 n-0 n! 


It is sufficient for many problems in atomic and nuclear physics to restrict ourselves 
to the solution (74.9) corresponding to first-order perturbation theory. The probabi- 
lity for a transition from the state m into a state n during the period the perturbation 
is acting is, in that case, determined by the equation 

1 2 
W'ym(T) = |Qum (Z|? = Pe . (74.14) 


| , <n| W(t)|m) e'®" dt 








Unless we stipulate differently, we shall in the following use first-order perturbation 
theory and, therefore, omit the superscript of the amplitudes a,,, which indicate the 
order of perturbation theory. 


t F.J. Dyson, Phys. Rev. 75, 486 (1949). 
+ T. Kinosuita, Progr. Theor. Phys. 5, 473 (1950). 
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75. EXCITATION OF AN ATOM THROUGH BOMBARDMENT BY A HEAVY PARTICLE 


We shall apply equation (74.14) of the preceding section to calculate the probability 
for the transition of an atomic electron from the m-th into the n-th state under the 
influence of the interaction with a passing charged heavy particle. If the particle is 
heavy, its motion is semi-classical and the character of its motion will practically 
not be changed by the interaction with the atom. We can thus assume that the particle 
moves with a constant velocity v. Let the coordinate origin be taken at the centre of 
the atom and the x-axis along the direction of motion of the particle; its position at 
time ¢ will then be determined by the radius-vector R = {vt, D, 0}, where D is the 
distance of closest approach, which is reached at t = 0. If the position of the electron 
in the atom is determined by the radius-vector r = x, y, z, the operator of the inter- 
action between the electron and the bombarding charged particle can be written in 


the form Ze? a Ze? 7 Ze?(xvt + Dy) fi 


IR —+| R R? 





, (75.1) 


where R = J (vt)? + D?. If x and y are small compared to R, it is sufficient to con- 
sider only the first two terms in (75.1). The first term does not contain the electron 
coordinates and its matrix element, which occurs in (74.14), is determined by the 
expression . Ze 
<n| W(t)|m> = — a amt + DYnm); (75.2) 


where 
Xam = f gix@nd*r, Yan = f P2YOm d*r, 


and where ¢, and 9, are the wavefunctions of the stationary states of the electron in 
the atom. 

Substituting (75.2) into equation (74.14) and extending the integration from —oo 
to +00, we obtain a formula for the probability that the atomic electron makes a 
transition from the m-th to the n-th state: 


Ze*| (Ct? xaqvt + Dam 
iv | —w@ [(vt)’ + D°P? 
The integrand in (75.3) decreases steeply with change in distance. The interaction is, 
therefore, only appreciable in the region of closest approach. We can, therefore, 
assume that the effective collision time is determined by the quantity D/v. 
The collision is called an adiabatic one, if the effective collision time is appreciably 


larger than the period w,,, which characterises the quantum system, that is, when 
the inequality 


12 
Lam = ebonmt dt] , (75.3) 





Onn > 1 (75.4) 
vD 


is satisfied. When this inequality is satisfied, the integrand in (75.3) oscillates many 
times during the effective collision time and the integral is practically equal to zero. 
Adiabatic collisions are thus not accompanied by an excitation of the atom. 
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If the inequality 
<1 (75.4a) 


is satisfied, during the effective collision time exp (iw,,,f) ~ 1 and one can easily 
evaluate the integral in (75.3). Putting vt/D = tan @ we find 


+2 Xamdt + DYnm it = +2 Dynm@t Yam 
_, (vt)? + D°P”? _o vt)? + D?P? wD 
a 


If inequality (75.4a) is satisfied, the probability that the atom makes a transition 
from the m-th to the n-th state under the influence of a particle of charge Ze which 
flies past at a distance D from the centre of the atom is thus equal to 





4Z7e"|Yoml” 
@ym(D) = Fp? 





provided D = a where a is the radius of the atom. 
If the flux of particles per unit time and unit area is N, the probability per unit 
time that the atom will be excited is given by the expression 





v/Onm 452 
P,,=N | 2nDinn(D) dD = 8™NC 2 ai, _Y (75.5) 


0 h?v? AW pm 
It follows from this expression that the probability for exciting an atom decreases 
when the speed of the particle increases as long as v/W,_, does not become equal to a. 
When the speed diminishes even further, so that 


a0,,0°-' 21, (75.6) 


equation (75.5) ceases to be valid—as inequality (75.44) is no longer satisfied. How- 
ever, since D = a, the adiabatic inequality (75.4) is satisfied for all D, provided (75.6) 
holds and it is very unlikely that a bombarding particle will excite the atom. The 
maximum probability for the excitation corresponds to a speed v = ayy. 

We can use the semi-classical approximation for highly excited states of the atom. 
In that case, w,,, corresponds to the angular frequency of the rotation of the electron 
around the nucleus. When the semi-classical approximation is valid, the maximum 
probability for excitation will correspond to the case when the particle velocity is 
the same as the speed of the electron in the atom. 

However, when the adiabatic condition aw,,,/v > 1 is satisfied, then no quantum 
transitions take place in the atom; the particle flying past produces a perturbation in 
in the atom—if Z is large, this perturbation may be large—which is strictly correlated 
with the motion of the particle and vanishes when the particle disappears. We call 
such an interaction an adiabatic interaction. Adiabatic interactions do not cause 
quantum transitions in states of the discrete spectrum. 

The larger the absolute magnitude of the energy difference between the level E£,, 
and the nearest levels E,, the easier the adiabatic condition is satisfied for the initial 
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state m. The adiabatic condition (76.2) is never satisfied for states of the continuous 
spectrum as the energy differences of neighbouring levels—and thus |w,,,/—are 
infinitesimal. 


76. ADIABATIC AND SUDDEN SWITCHING ON AND SWITCHING OFF 
OF THE INTERACTION 


We showed in the preceding section that if the speed of the charged particle were 
so small that the adiabatic condition 


AWny 1 > J (76.1) 


is satisfied, this particle cannot cause quantum transitions corresponding to the 
frequency w,,. The quantity a/v characterises the time of transit of the particle 
through the atomic system. The quantity w,,, characterises the period of vibrations in 
the atomic system. The adiabatic condition corresponds, therefore, to a high ratio 
of the transit time (period of change in the interaction) to the period of oscillations 
in the atomic system. 

In the example considered in the preceding section, the speed with which the inter- 
action changed—with which it was switched on and off—was determined by the 
velocity of the bombarding particle. In the general case, however, the change in the 
interaction may take place in an arbitrary way. Let us consider two limiting cases. 


(a) Adiabatic change in the interaction. In this case, the change in the interaction 
energy during one period of oscillation in the atomic system will be small compared 
with the absolute value of the difference in energy of the states involved, 


ond & ¢n| HE) Im) < |Ey — Enl. (76.2) 








(b) Sudden change in the interaction. In this case at some time—for instance, 
when the interaction is switched on—the following inequality holds: 


wz! “ca W)|m>| > [Ey — Enl- (76.3) 








It is convenient when studying these limiting cases to use the relation 


[, ef Onmt “ <n| W(t)|m) dt = <n| W(t)|m> cont] 


— iam | ‘ <n] Wit)|m)> ee!" dt — (76.4) 


0 


to transform expression (74.14). Substituting (76.4) into (74.14) and bearing in mind 
that <n]W|m) vanishes at the limits, we find 


| ef Onmt a <n| W(t)|m) dt 
0 dt 


2 


ant) = — . (76.5) 


2 
horn 
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If inequality (76.2) is satisfied, the factor multiplying e“°" changes little over the 
period when the interaction is present and we can take it outside the integral sign. 
We can then integrate and find for the transition probability 


4 2 


wo, = — 
am 2 2 
Wm 


4 onl WO|my 


sin? 1 nm « (76.5a) 
dt 2 








From (76.2) it then follows that z:,,, < 1. In other words, if the interaction is suffi- 
ciently slowly switched on and off—in the sense that inequality (76.2) is satisfied—a 
quantum system which at the switching on of the interaction is in a non-degenerate 
state m will still be in that state after the interaction is switched off. 

If the perturbation is switched on suddenly, that is, if W(t) changes “instanta- 
neously”—in a time At small compared to a period w,,'—and afterwards changes 
adiabatically and is switched off adiabatically, the main contribution to the integral 
(76.5) will come from the time when the perturbation is switched on. During that 
period, the factor e'°"" changes little and we can take it outside the integral sign. 
The remaining integral can at once be evaluated and we find for the transition prob- 
ability the simple expression 

Kal Wim)? 
am Pot, (76.6) 
where W corresponds to the maximum value of the interaction during its sudden 
switching on. 

We can use (76.6) to evaluate the probability for transitions under the influence of 
sudden perturbations which are sufficiently small that perturbation theory can be 
applied. Sometimes, however, there are large and fast changes—fast, when measured 
in periods of the motion in the system—for which perturbation theory is not appli- 
cable. In the 8-decay of light nuclei, for instance, the nuclear charge changes by 
unity during a time of order a/c which is appreciably less than the period of the motion 
of an electron in the atom. The change in the electrical charge of the nucleus must be 
followed by a rearrangement of the electron shells—with a subsequent emission of 
photons. We can easily calculate the probability for transitions caused by such fast 
“sudden” changes in the Hamiltonian, if we take into account that the wavefunction 
of the initial state remains practically unchanged during the very short time when 
the potential changes. 

Let, for instance, the system at time ¢ = 0 be in a state corresponding to a wave- 
function ¢,, which is an eigenfunction of the operator Hp. We shall assume that at 

= 0 the Hamiltonian is “‘suddenly” changed and after that remains the same, 
equal to H—while H — H, may be large. Let us denote the eigenfunctions of the 
operator H by wy, and the eigenvalues by E,. The system was at time ¢ = 0 described 
by the function ¢,, and this will still be the case after the sudden change in Hy. We 
have thus 


Yr, 0) = Plt) = Y Aan") 5 (76.7) 


(IX, 76] Adiabatic and Sudden Switching on and Switching Off 293 


where 
Anm = J Pm(t) pa(r) d°r. (76.8) 
The absolute square of the coefficients (76.8) will determine the probability that the 


system has made a change from an initial state ¢,, to a final state y,. The change with 
time in the function (76.7) is determined by the equation 


ih oF HY, 
at 
and thus 
Yr, t) = ¥ Ammar) eF""*, t 20. (76.9) 


As an example, we shall evaluate the probability that an electron in an atom is 
excited when the nuclear charge is suddenly changed from Z to Z + 1: electron or 
positron decay of the nucleus. To simplify our calculations, we shall assume that the 
atom contains one electron in the field of a nucleus of charge Z. The initial state of 
the atom is then determined by the wavefunction 


Zz 3/2 _ aria hi? 
Pio = 2(2) e Zr} Yoo> a= =z (76.10) 
a pe 
After the sudden change of the nuclear charge, the wavefunctions of the stationary 
states will correspond to hydrogen-like functions 


Yailr 8, 9) = full) Yin, 7) (76.11) 


of a nucleus of charge Z + 1. It follows thus from (76.8) that the probability of excit- 
ing an n/-level during the decay will be determined by the absolute square of the coef- 
ficient 


Ant.io = J vmP 10 a*r. 


From (76.10) and (76.11), we see that only transitions to s-states correspond to non- 
vanishing values of Aq::9. Using the explicit form (38.16) for the radial functions 
Sur) for a nucleus of charge Z + 1, we can evaluate Aj9,19. In particular, we have 


for a 2s-state 
Srolr) = Zt ? 2- (Z+ Ir e7 (2+ Dr/2a 
2a a ’ 


and thus 


ZV? Cn _, (2P2Z+ vy? 
A =2(-— rye 2%? dp = FQ OS 76.12 
20.10 (2) [400 ae (76.12) 


The probability that the transition 1s— 2s takes place when the nuclear charge 
suddenly changes from Z to Z + 1 is thus determined by the expression 


2Z7°(Z + 133 


ls — 2s) = 
ce(Ls Ss) @zZ+p 


(76.13) 
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When Z is large, the change in the potential energy W = +e?/r is small. We can 
thus use the perturbation theory equation (76.6) for transitions due to a sudden 
change in the Hamiltonian. Using the fact that for an atom of nuclear charge Z, we 
have E,, — E,, = 3Z7e?/8a and that the matrix element of W for hydrogen-like 


functions is (1s|W|2s> = +4 J 2 Ze?/27a, we find from (76.6) 
w(1s + 2s) = 2119-4Z-2 ~ 0-312Z7-2. 


One sees easily that the same expression follows from the exact formula (76.13) for 
large Z. 


77. TRANSITION PROBABILITY PER UNIT TIME 


If the perturbation operator V(t) is constant, W, between its switching on and 
switching off and is zero otherwise, the transition probability (74.14) becomes par- 
ticularly simple. One speaks, in such a case, about transitions under the influence of a 
constant perturbation}. Since the matrix element <n|W |m) does not depend on 
time, one can easily evaluate the integral in (74.14). We get 


LOnyat ~~ 1 


[. <n| Wm) elm" dt = <n| W|m> ———, 


LOnm 


and the transition probability during the period that the perturbation acted is given 
by the formula 


Loma(®) = = Kin| Wlmy|? FE — En), (77.1) 

where 
F(x) = eee (77.2) 
When E, = E,,, the function F(£, — £,,) has its maximum value 42”. This function 


vanishes for |E, — E,,| = 2h/t, 4ah/t, ... If x is sufficiently large compared to a 
characteristic period H/(E£, — E,,) of the system, F(Z, — E,,) can be expressed in 
terms of a delta-function 


FE, —_ ‘m) = atho(E, _ Emm). (77.2a) 
Equation (77.1) for the transition probability can thus be written in the form 


typ (0) = = Xn| W|m)|? 15(E, — En). (77.3) 


+ The switching on and off of the interaction is sometimes realised by a special choice of the initial 
and final states. For instance, in a system with Hamiltonian H, we may experimentally have separated 
at time f = 0a state corresponding to a wavefunction which is an eigenfunction of some operator Ho. 
The further change in that function will be determined by the operator Hand we may thus say that 
at time ¢ = 0 an interaction W = H — Hy was switched on. 
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It turns out that the transition probability is proportional to the time t during which 
the perturbation acted, and we can thus define a transition probability per unit 
time—transition velocity or number of transitions per second: 


Hy, im 


B,, = 20m - Xn| W1m)|? 8(E, — En)- (77.4) 
T 

In practically all physical systems either the final or the initial state belong to a 
continuous (or almost continuous) group of states. Measurements relate to a deter- 
mination of the total probability of transition to all states n which have almost the 
same energy and the same matrix elements <n|W|m). To obtain this probability, 
we must sum (77.4) over all states 1 with these properties and average over the initial 
states m having identical matrix elements (n| W|m). This justifies the use of equation 
(77.4) involving a 6-function. 

If we denote the number of final states of a given kind per unit interval of energy 
E, by e(E,), we find for the total transition probability per unit time the expression 


Pan = | Pyn0(E,) dE, = 2 In| Wm)? o(Ey) (77.4a) 


with the condition that E, = E,,. This last equation expresses the law of conservation 
of energy during a quantum transition. Equation (77.4a) is called Fermi’s golden rule. 

Let us now consider the case where the perturbation operator W(t) depends har- 
Monically on the time between the moments of switching on and off: 


W*(t) = weet, (77.5) 
and vanishes discontinuously outside that time interval. We find then from (74.14) 


w(t) = = Xn] w* |m)|? 16(E, — En + fe), (77.6) 
and the transition probability per unit time will be given by the equation 
pt = = Kn 4 |m)|? (E, — En + ho), (77.6a) 


where the + and — signs correspond to the signs in the exponential in (77.5). 
Thus, under the action of a perturbation, periodic in time, transitions take place to 
states with energies satisfying the condition 

E, = E, + ho. (77.7) 

Thus, if the perturbation is of the form W*(t) = wte' the system loses an 
energy Aw when a quantum transition takes place, since EZ, = E,, — hw, while if it 
is of the form W(t) = w~e7' it gains an energy hw, since E, = E, + ho. 

The loss or gain of an energy Aw by the system considered (we shall call it System I) 
occurs at the same time as the energy of a System II, which interacts with the first 
system, changes. The total energy of the complete system consisting of two inter- 
acting parts remains unchanged while System I makes a quantum transition from a 
state m to a state x. 
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If the operator of the interaction between the SystemsI and II is of the form 
W*(t) = wre’ we find from (77.6a) for the probability that the System I makes a 
transition from a state m to a state n (E,, > E,) the following expression 

-, 2 


Bi, = 7 KKn|w* |m)I? 6(Egin — Esais) (77.8) 


where Eig = En + EX (779) 


with E,, and E', respectively, the initial energies of the Systems I and II, and 
Egin = E, + Ep + ho. (77.10a) 


The total probability that per unit time a transition takes place from a state m to a 
state n is obtained from (77.8) by summing over all final states of the whole system. 
Introducing the density of final states o0(E,;,) and changing the summation to an inte- 
gration, we find thus 
| Pin = = |)" Ly! Et), (77.11) 
where Erin = Eintt OF Ey = Eq — ho. 

If E,, > E,, the interaction operator W-(t) = w7e7'®' will correspond to the 
inverse transition from the state n to the state m. The initial state of the system is 
Ein = E, + Eo and the final state E77, = E, + Eo' — hw. In this case, we find for 
the total probability per unit time for a transition from the state to the state m the 
expression on ; ; 
Pam = "7 Km| wo [n>1° erin)» (77.12) 


where now E;;, = Ein, OF E,, = E, + ho. 


78. ELEMENTARY THEORY OF THE INTERACTION OF A QUANTUM SYSTEM 
WITH ELECTROMAGNETIC RADIATION 


The interaction ofa spinless particle of mass yz and charge e with an electromagnetic 

field described by a vector potential A is determined by the operator (see Section 58) 

2 
e 


2 
ual A’, (78.1) 





Wt) = — (A+ p) + 
pe 


If we wish to use perturbation theory methods to evaluate the probability for transi- 
tions under the influence of an electromagnetic field, we consider an expansion of 
the transition probability in a power series in a parameter occurring in the interaction 
(78.1). If we use dimensionless quantities (Section 146) this parameter will be the 
fine-structure constant 2 
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The fact that this quantity is small enables us to consider in many cases only first 
order perturbation theory and retain only the first term in the operator (78.1). We 
get thus 


Wa) = —£(A-p). (78.14) 
pc 
The vector potential of radiation in the form of a plane wave with wave vector & and 
frequency w can be written in the form 
A = Au cos [(k +r) — wt] = $Aque™ Pe! + fA gue Pe", (78.2) 


where uw is a unit vector determining the polarisation of the radiation—the direction 
of the electric field vector. We choose the amplitude of the vector potential in such 
a way that there are on an average N photons of energy fw, wave vector k and polari- 
sation # in a volume V. Since the electrical field strength is given by 


@=-- of = Agu? sin [(k-r) — of], 
t c 


1 é Aaa? —————_  A2w? 


— Nho = — = — sin’ [(K-r) — wt] = —, 
V 4a Amc? er) 8zrc? 
that 
Ao = 2c aa. (78.3) 
oV 
Substituting (78.2) into (78.1a), we find 
W(t) = wel + whe lot (78.4) 
with 
yo [a e HO (yp). (78.5) 
b woV 


From (77.11) the probability for a transition from a state m to a state n with the 
emission ‘of a quantum fw will be determined by the expression 


21 - 
Prim = — IXnlwelmyl? @CEfin) (78.6) 
where 
Ej, = E,+ Ej +ho and E, — £, = ho. 


Let us first of all study the matrix element occurring in (78.6). Using the explicit 
form (78.5) of the operator w, we find 


<n|wlmy = — £ | 2N cn} ey - B)|m). (78.7) 
B av 
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In the case of atomic systems, the wavefunctions of discrete states are non-vanishing 
only in a region of the size of the atom. Hence, the integration in (78.7) will be essen- 
tially over a region where r S$ a with a ~ 107° cm (radius of an atom). The wave- 
length of visible and ultraviolet light is appreciably larger than atomic dimensions: 


ka = ona 1073. 


The same relation is also satisfied for many kinds of y-radiation by atomic nuclei 
for nuclei a ~ 10-1? cm. If we expand, therefore, in those cases, the exponential 
factor in the matrix element (78.7) in a power series, 

[—ik-n)P 


eh 1 ie + So foe, (78.8) 


we can in our calculations of (78.7) consider only the first term in this series, that is, 


put 2nhN 
cnliokmy = — © PAM Gali). (78.9) 
bu V 








This simplification is called the long-wavelength approximation. If the matrix ele- 
ment (78.9) vanishes, we must consider the next term in the expansion (78.8). 

The matrix element of the momentum operator occurring in (78.9) can be replaced 
by the matrix element of the coordinate through the relation 


(n|plm> = © (Ey — En) <nlflm). (78.10) 


One can easily prove (78.10) in general. Let the Hamiltonian be Ah = (p?/2u) + i (r). Using the 
commutation relations for momentum and coordinate operators, we easily get the equation 


an aa th, 
rH, - Hor =—p. 
Be 
If we now take the matrix elements of both sides of this equation using the eigenfunctions of the 
operator A we get the required relation: 


ho a. _ . 
lal m> = <nlrHy — Hor| m> = (Eq — Ep) <nlr| m>. 


We can in the same way prove that (78.10) is valid for systems consisting of any number of inter- 
acting particles, if p = 55 p, and? = yr. 
t i 


Substituting (78.10) into (78.9), we find the matrix element for an electrical dipole 
transition in the long wavelength approximation: 





2athN 
woV 


d,,, = e<n|F|m> (78.12)" 





<n|#|m> = 10m, (4 > dam); (78.11) 


where the vector 
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is called the electrical dipole moment of the m > n transition. Electromagnetic radiation 
caused by a non-vanishing matrix element (78.12) is called electrical dipole radiation 
and is denoted simply by E 1. 

When evaluating (78.6), that is, the probability per unit time that a quantum fw 
is emitted, we must calculate the density of final states, o(E,j,). The number of final 
states of the system consisting of the atom and the external electromagnetic field is, 
in the case when the atom makes a transition to a discrete state determined by the 
number of degrees of freedom of the electromagnetic field. If we take into account 
the quantum properties of this field, each photon of energy « = Aw has a momentum 
p = e/c. The number of states of the field in the volume V with a well-defined polari- 
sation of the photon and the photon momentum with an absolute magnitude between 
p and p + dp and within a solid angle dQ, is determined by the expression 

No = Vp’ dpdQ _ Ve’ dp dQ 


° nt? c(h)?” 
As dp/de = 1/c, the corresponding density of states is equal to. 
aN, _ Yo? dO 
de (2nc)Ph 
Substituting (78.11) and (78.13) into (78.6), we find for the probability per unit time 


that a photon is emitted with a polarisation w and frequency w = |,,,| within a 
solid angle dQ: 





do(E) = (78.13) 


3 
APs, = N° iu dyn)i? dQ. (78.14) 
2ncyh 

The polarisation vector # is perpendicular to the light propagation vector k. If we 
denote the angle between k and the direction of the electrical dipole moment of the 
transition, d,,,, by 9, we have 

l(a . dan) |? = |daml7 sin? 6. 

We can thus rewrite equation (78.14) in the form 


3 2 
dP, = re sin? 6 dQ. (78.14) 


2c 
We find the intensity of the radiation emitted per unit time into an element of solid 
angle d2 by multiplying (78.14a) by the photon energy fw: 


4 
don = Now 


= FF Idiml” sin’ 0 dQ. 
tC 





In accordance with the correspondence principle, this expression is—for N = 1—the 
same as the average energy (averaged over the time) emitted per unit time into a solid 
angle dQ by an electrical dipole: 


d(t) = 2/ldr,l? cos ot. 
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Integrating (78.14a) with N = 1 over all directions of the radiation, we get the 
total transition probability per unit time involving the emission of one photon: 


4 Ir |? 3 
Pam = dam — "ow. 78.15 
so Mal? = Zhe (78.1) 
To estimate the order of magnitude of the transition probability (78.15), we put 
ran = a, Where a is a quantity of the order of the linear dimensions of the quantum 


system; we get 2 2 2 
Pom % (28) ~ 2. (28). (78.16) 
he \c 137 


For systems with Coulomb interactions a ~ e?/hw, and thus 


@ 
Pam ® aap (78.16a) 

It follows from (78.16a) that for optical radiation (w ~ 1015 sec—*) the order of 
magnitude of the transition probability is ~10%sec"1. For y-radiation (w ~ 
10?! sec-"), Pam ~ 1015 sec™?. 

The probability (78.14) for the emission of a photon when the atomic system 
makes a transition from the state m to the state m is proportional to the number of 
photons per unit volume, WN, in the electromagnetic wave interacting with the system. 
Expression (78.14) is, for this reason, called the probability for the induced emission 
of light per unit time. 

Let us now repeat this discussion for the operator w*e~** in (78.4). We can then 
determine the probability per unit time that a photon is absorbed while the atomic 
system makes a transition from the state n to the state m. If light of polarisation a# is 
absorbed from a solid angle dQ, the corresponding probability for absorption per 
unit time is equal to No? ; 
dP im = rs \(@* dyn)|” dQ. (78.17) 
If the electromagnetic radiation were in the initial state in equilibrium with a black 
body of temperature 7, the number of photons N in equations (78.14) and (78.17) 
must be replaced by the average number of photons at that temperature: 


N = [eroler _ lt. 


In that case, the direction and polarisation of the radiation are arbitrary and we must, 
therefore, perform in equations (78.14) and (78.15) a summation to change to the 
probability per unit time for total induced emission or total absorption of a photon 
of frequency w: 
+ = 
Pam wae, she “dal 


Pam = 4 deal 
he 
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Einstein showed that it was only possible to have statistical equilibrium between 
the radiation and matter if there is, apart from the induced emission, which is pro- 
portional to the radiation density, also spontaneous emission which occurs even 
when there is no external radiation. The spontaneous emission is caused by the inter- 
action of the atomic system with the zero-point vibrations of the electromagnetic 
field. We shall show in Section 136 that we obtain the probability for spontaneous 
emission from (78.14) for N = 1, so that 


3 


(dPrmspont = ——s> [(U* dan) |? a. (78.18) 
2ac~h 
The total probability for the emission per unit time of a photon, when the transition 
m — n takes place, is thus given by the equation 


3 
@ 


53 |e” dad? 4. (78.19) 


dP(1 + Nin«<WN,m) =(14+N) 





The total probability for the emission per unit time of a quantum of frequency w 
of arbitrary polarisation and in an arbitrary direction will thus be equal to 


4a? 


2 
she? |dam| . 


PO+N,n<N,m) =(1+N) 


In the above formulae, we considered the change in state of a single electron in 
an atomic system. If the system contains several electrons we must replace the matrix 
element of the dipole transition of the electron by the matrix element of the electrical 
dipole transition of all electrons, that is, we must perform the replacement 


Fam, = y dym(i), 


where Z is the number of electrons in the system. 

The matrix element of the total interaction operator (78.1) of a spinless particle 
of mass wu and charge e with an electromagnetic field characterised by a vector poten- 
tial A can be written in the form 


2 
<n| W(t)|m> = [v [- wad -p)+ aaa 4 lv, ar= [ Zu d’r. 





The integrand 
1 eh e” 
Lam = TT (4 . a [pi Vim _ YmV Yn ~ Ayton} 
c 2pi 2c 
occurring in the integral can be called the transition matrix element density. The 
quantity 





> OL am eh oy Cpe e 
Ginn) = —¢——™ = — [ pk —* -— on —*) — — Aten (78.20 
QA, dui” ox, *"ax,) pe” ) 
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is the /-th component of the electrical current density of the m — n transition. If 
n = m, expression (78.20) changes to the /th component of the electrical current 
density in the state n (see(58.6)). 

It follows from (78.20) that the transition matrix element density satisfies the 
relation 


1 3 Ay 
Fam = TT Y | Cinm)1 dA,. (78.21) 
Cl=1Jo 


If the current density of the transition does not depend explicitly on the vector poten- 
tial, (78.21) reduces to the simpler expression 


Lam = Log * Jam) - (78.21 a) 
c 


It is convenient to write the matrix element in the form (78.21) since it retains its 
form also for particles with spin, provided we substitute in (78.21) the current density 
vector of the particle. For a spin-} particle, for instance, we must choose in the non- 
relativistic approximation the following form (see(65.13)) for the current density 
vector 


. eh e7A eh a 
dum = — [94 Von — (Vol) Gn) — — ot on — — [ph Gyn A VI, (78.22) 
ul pe 2u 


where the @ are two-component functions. 
The matrix element (78.21), corresponding to the spin-interaction only, will thus 
be of the form 


(n|Wepim> = & ni ‘[V a A]|m). (78.23) 
2uc 


79. SELECTION RULES FOR THE EMISSION AND ABSORPTION OF LIGHT; 
MULTIPOLE RADIATION 


The probability for the absorption and emission of electrical dipole radiation per 
unit time is, according to (78.17) and (78.19), proportional to the square of the dipole 
moment matrix element along the direction of the photon polarisation 


(u- dj) = (u- <bler|a)). (79.1) 


The numerical value of this matrix element depends on the wavefunctions of the 
quantum system in which the transitions take place. For a system in a spherically 
symmetric field the angular dependence of the initial and final states is characterised 
by the spherical harmonics, that is, 


la> = RAT) Yim (9,9); 15> = Rolr) ¥i,m,(89), (79.2) 


where /,, m,, 1,, and m, are quantum numbers determining the square of the angular 
momentum and its z-component for the initial (a) and final (5) states, respectively. 
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The spin state is not changed.in.an electrical dipole transition, so that we did not 
write down the spin functions when determining the states |a) and |b). The simple 
angular dependence of the wavefunctions (79.2) makes it possible to indicate in a 
general way when the matrix elements (79.1) will be non-vanishing for transitions 
between given states. The conditions, determining whether the emission and absorp- 
tion of electrical dipole radiation is possible, are called the electrical dipole selection 
rules. We shall now derive these selection rules. Let us consider the case where the 
unit vector w of the photon polarisation is along the z-axis, so that 


(u,:r)= z= aE Y,0(0¢). 
Substituting this value into (79.2) and (79.1), we have 


(uz * dyq) = J Rone ar| igm,Y10Y iam, dQ, (79.3) 


Using the orthogonality properties of the spherical harmonics and the relation 


YioVigm, = AV igt1.m, + BYi,-1.m,> 


ata 


where A and B are coefficients depending on /, and m,, we see that (79.3) vanishes 
unless the following conditions—selection rules—are satisfied: 


LA=1+41, m=m. (79.4) 


Instead of studying separately the two other possible directions of the polarisation 
vector, u, and u,, it is more convenient to study two linear combinations, wu, + in,, 
corresponding to two possible circular polarisations of photons. Using the fact that 


(w+ iar) =x+iy=—-r Yi | 
_ (79.5) 
hae per [ry | 


we see that the selection rule for the emission and absorption of circularly polarised 
photons can be written as follows: 


L=1,+1, m =m, +1. (79.6) 


Unless the selection miles (79.4) or (79.6) are satisfied, electrical dipole radiation is 
impossible. In that case, the transition from the state a to the state b can take place 
through the emission of radiation of a more general type, when we take the next 
terms in the expression (78.8) in the matrix element (78.7). If we take, for instance, 
the second term in the expansion (78.8) the matrix element (78.7) will be proportional 
to 


M = <b|(k °F) (uw: p)|a>. 
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If we take the y-axis along w and the x-axis along k, we can transform M to the form 








__; aN 

M, = —ikh (8x — Ja) 
= — 1 kh plx— + pled + Cblx® — yZladt. 
2 ila ax! 7 \\ ay” &x| 7 














If |a> and |b) are eigenfunctions of the operator Hy, we can use the relation 


n - h? a 7] 
xyHy — Hoxy = —(x—+y— 
w\ Oy ox 


to find the following relation between matrix elements 


© 


0 
x + yl) = 5 (Be ~ Bi) <b|xylay. 
Bearing in mind, moreover, that 








oy ox 


we can write the matrix element M, in the form 
M, = —tikogu<b|xy|a> + $k<b|L,| a>. (79.7) 


We find similarly for other possible directions of u and k 





a 1 lL cap 
M, = —iki (bly Sa) = — = ikoyudblyzia> + =k<b|E,la>, 
Coby Se) 5 Heerap<blyzla> + = kbIEs|a) | 
(79.8) 
. é 1, 1 ; 
M, = —ikh Cb z— a) = — 5 he@anpdblzx|ay + > kXb|Ly| a). | 








Expressing the products xy, yz, and zx in terms of the spherical harmonics, we can 
show that the matrix elements 


<b|xyla>, <blyzla>, and <b] zx|a> 
vanish, unless the selection rules 
L=), \at2|, if +0; 4=2, if =0, 
m, —m,=90,4+1, +2 } 


(79.9) 


are satisfied. The radiation emitted by a quantum system when the selection rules 
(79.9) are satisfied is called electrical quadrupole radiation. 
The radiation emitted by a quantum system in transitions caused by the matrix ele- 


ments <b\E,|a), <b|L,|a), and <b|£,|a) (79.10) 


is called magnetic dipole radiation. 
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In quantum systems with a spherically symmetric potential, the initial and final 
states are characterised by the eigenfunctions of the operator L,. If |b) + |a>, we 
have thus <b|£,|a) = 0. The operators L, and L,, which do not change the radial 
function and the quantum number /, change the quantum number m by +1 (see 
Section 40). As, however, in a spherically symmetric field, states, differing only in the 
value of m, have the same energy, transitions between them do not involve emission 
or absorption of radiation. If an atom is in an external magnetic field, the energy levels 
will depend on the magnetic quantum number m. M 1!-transitionsf are, in that case, pos- 
sible between two Zeeman-component levels of the fine structure (AJ = 0, Am = +1). 
These transitions can be used to measure the Zeeman splitting. In a quantum system 
with a potential which does not have spherical symmetry, the orbital angular momen- 
tum is not an integral of motion and the matrix elements (79.10) may thus be different 
from zero. In systems with a large spin-orbit coupling, such as atomic nuclei, the 
matrix elements (79.10) may also play a role in M1-transitions. However, if spin is 
present, we must bear in mind that M1-quantum transitions may also be caused by 
the spin operator. If A = 4Aque’®'—'“-?, we see from (78.23) that the matrix elements 
of such transitions can be written in the form 


iehAo 
uC 





<b| Wp a> = <b|(6- [k a uje?|a>. (79.11) 
In the approximation where we do not take the spin-orbit interaction into account 
and when the wavelength of the radiation is appreciably longer than the dimensions 
of the system, we do not get a contribution to the matrix element (79.11) from the 
first term in the series expansion of e~**” because of the orthogonality of the coordi- 
nate functions of the states |Ja> and |b>. We have thus 


ehAo 


Cb|(6°[k A ua) (k- Fa. (79.12) 
4uc 


<b] Wp|a> = 





The ratio of (79.12) to the electrical dipole transition matrix element 


iweA 


<b|wlae1 = a, el @ Ola 
is of the order of magnitude 
wa 2 
CbiMeplarar | AR A (79.12a) 


<b|wla>es bo Ee 


In the case of the emission of photons of visible light, when k ~ 10° cm™!, by 
atomic systems, when f/uc ~ 10-11 cm, this ratio is equal to 10~©. Since the transi- 
tion probability is proportional to the square of the matrix element, M 1-transitions 
caused by the spin-operator are by a factor 10'? less probable than electrical dipole 
transitions. When there is spin-orbit coupling M1-transitions are caused simulta- 


t Magnetic and electrical 2!-pole transitions are usually denoted as E/- and M/-transitions. 
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neously by the orbital and the spin angular momentum operators. The selection rule 
(79.16) is then valid. 

Electrical dipole radiation is in classical electrodynamics emitted by variable 
electrical dipoles. The magnetic field is in that case always at right angles to the 
direction of propagation of the wave. The electrical field near the dipole may have a 
component along the propagation vector. Magnetic dipole radiation is emitted by 
variable magnetic dipoles, that is, by variable closed current loops. The electric field 
is then always at right angles to the propagation vector, but the magnetic field 
strength may have a component along the propagation vector. 

The selection rules (79.4), (79.6) and (79.9), which determine the conditions under 
which the emission and absorption of photons of the electrical dipole and quadrupole 
radiation, are a consequence of the conservation laws of parity (J), total angular 
momentum (J), and z-component of the total angular momentum. The symbol E1! 
usually denotes photons of the electrical dipole radiation. These photons have an 
angular momentum J = | and odd parity (J7(E1) = —1). Because of the laws of 
conservation of parity and angular momentum, the angular momentum changes by 
unity and the parity of the state changes in an atomic, or nuclear system when 
electrical dipole radiation photons are emitted or absorbed. 

The symbol E2 denotes the electrical quadrupole radiation photons. They have a 
total angular momentum J = 2 and even parity. The parity does, therefore, not 
change when such photons are emitted and absorbed while the total angular momen- 
tum of the quantum system changes by two, that is, 


ja — 2| Sib S Ja + 2, 


where j, and j, are, respectively, the angular momenta of the initial and final states 
of the system. In the simplest cases, when the states are characterised by the quan- 
tum number /, this requirement reduces to the selection rule (79.9). In the general 
case, the photons of electrical multiple radiation EJ have an angular momentum J 
and parity J7(EJ) = (—1)’ and they determine the corresponding selection rules. 

We can consider photons as particles with zero rest-mass, moving with the vel- 
ocity of light. We shall show in Section 135 that photons are characterised by an energy 
haw, total angular momentum J and parity. The smallest value of the total angular 
momentum of a photon—in units A—is called the photon spin. As the smallest value 
of the photon angular momentum is equal to 1, we can say that the photon spin is 
equal to 1. 

The total angular momentum of the photon is equal to the vector sum of the 
orbital angular momentum L and the spin angular momentum S = 1. Photons with 
a well-defined value of J can thus correspond to these values of the orbital angular 


momentum . 
L=J+1,J—-1,J. (79.13) 


Since photons are quanta of a vector field, their parity is determined by the rule 


TI gy = (—1)E*#. (79.14) 
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We shall show in Section 135 that photons with a well-defined angular momentum 
split up into two kinds: electrical multipole radiation photons, EJ, and magnetic multi- 
pole radiation photons, MJ. For magnetic multipole radiation, the orbital angular 
momentum is equal to the total angular momentum, that is, the case L = Jis realised 
from (79.13). The magnetic multipole quanta MJ have thus from (79.14) parity 
given by 

I(MJ) = (— 7 *!. (79.15) 


In general, therefore, when magnetic dipole radiation (J = 1) photons are emitted 
or absorbed the selection rules 


lig - 11 Sjp S jo + 1, no change in parity (79.16) 


must be satisfied. If the state of the system is determined by one particle, the selection 
rule (79.16) can be satisfied when the orbital angular momentum of the particle does 
not change, but its spin changes its orientation, that is, when there is spin “flip”. 

Emission or absorption of magnetic quadrupole radiation photons is, according 
to (79.15), possible when the following selection rule is satisfied: 


Vio - 2| Sf, SJ, +2, change in parity. 


The orbital angular momentum of electrical dipole radiation quanta is equal to 
L=0 or L = 2. It follows then from (79.14) that their parity is odd. The orbital 
angular momentum of electrical quadrupole radiation photon is also not well 
defined, as this radiation is characterised by a linear combination of two states with 
L=1and L = 3, that is, the first two possibilities of (79.13) are realised. It follows, 
however, from (79.14) that the parity has a well-defined value:—it is even. Electrical 
multipole radiation photons with J = 3 do also not have a well-defined value of the 
orbital angular momentum and are characterised by linear combinations of states 
with L = J + 1. The parity of EJ radiation photons is equal to (EJ) = (—1)’. 

Bearing in mind that the angular momentum of a photon cannot be less than unity, 
we obtain yet another important selection rule: transitions between states with zero 
values of the total angular momentum—the so-called 0-0-transitions—involving the 
emission or absorption of a single photon are completely forbidden. 

If we wish to estimate the magnitude of the matrix elements corresponding to 
multipole radiations, it is convenient to expand e~‘” in the matrix elements (78.7) 
and (79.11) in Legendre polynomials, 


e7 her) = ¥ (—i)" j,(kr) P,(cos 6), (79.17) 


rather than in a power series. In (79.17) 0 is the angle between & and r, j, (Kr) is a spheri- 
cal Bessel function of the first kind and of order L, the asymptotic value of which in 
the long-wavelength approximation is 
L 
ju(kr) = ——@ 
1.3.5.+-QE + 1) 


qu 44 
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The emission and absorption of MJ radiation photons will correspond to the terms 
with L = J in this series while the emission and absorption of EJ radiation quanta 
will correspond to the terms with L = J + 1. 

Since terms with non-vanishing values of L in (79.17) contain a factor (kr)*, the 
corresponding matrix elements will differ from the electrical dipole transition matrix 
element, for which L = 0, by a factor ~(ka)" where a is the size of the atomic system. 
The transition probability will thus approximately be equal to the electrical dipole 
transition probability multiplied by (ka)?". When ka ~ 10~?, the transition proba- 
bility corresponding to a matrix element with L = 4 will be 10'° smaller than the 
probability for electrical dipole radiation. 

Transitions corresponding to higher multipole orders are relatively often observed 
in atomic nuclei but very rarely in atoms. This difference is caused by the character 
of their energy spectra. Neighbouring excited states in atoms rarely differ by more 
than | in the values of the angular momentum /. In atomic nuclei, on the other hand, 
the angular momentum of the first excited state may differ from that in the ground 
state by several units. For instance, all nuclei with an even number of protons and 
an even number of neutrons have j = 0 in the ground state. The first excited state 
of such nuclei is usually characterised by the value j = 2. Both states have even 
parity, so that transitions between them correspond to electrical dipole transitions, E2. 
In some atomic nuclei, such as §3Y, 88Y, §3Zn, 7}Ge, S3Nb, and $3Te, the angular 
momentum / of the first excited state differs from that of the ground state by 4, and 
the two states have different parity. The lowest-order multipole radiation in those 
nuclei is M4. 

The spin-orbit interaction for nucleons in atomic nuclei is about 10 per cent of the 
total interaction, that is, it is many times stronger than the corresponding interaction 
for electrons. The estimate (79.12a) for the ratio of the probabilities for the M1- 
and E1-transitions, obtained by considering the spin angular momentum operator 
separately, is thus inapplicable for atomic nuclei. The probability for M 1-transitions 
may be very appreciable in atomic nuclei. 

Magnetic dipole radiation, M1, may also be observed in atoms for transitions be- 
tween states with the same value of /and Aj = +1. Such transitions are possible be- 
tween components of a single fine-structure multiplet. An example are the 2p1/,<> 2ps,, 
transitions. The frequencies of these transitions are very small and the corresponding 
radiation occurs, therefore, in the microwave or radiofrequency rather than in the 
optical region. As the spin-orbit coupling is weak in atoms, the probability for these 
transitions is very small. Optical M1-transitions are also possible between compo- 
nents of different fine-structure multiplets, corresponding to the same parity. As the 
probability for the emission of M 1-quanta is small under normal conditions, the atom 
loses the excitation energy in interactions with other atoms directly, without radiation 
(in elastic collisions). In strongly diluted gases, for instance in interstellar gas clouds, 
collisions between atoms are very rare. In that case, the atom can only lose its exci- 
tation by M 1-emission, if E 1-emission is forbidden. Such magnetic dipole emission is, 
indeed, observed for quantum transitions in the atoms of the interstellar gas: the 
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nebular emission lines, corresponding to quantum transitions in doubly ionised 
oxygen atoms. 


The angular distribution of the intensity of the EJ and M J multipole radiations is independent 
of whether it is a magnetic or an electrical multipole radiation, but is determined by the values of J 
and |m| where m = m, — m, with m, and m,, respectively, the magnetic quantum numbers of the 
initial and the final states between which the transition takes place. One can showf that the angular 
distribution of the radiation is characterised by the functions 


Fy(8) = >> |Dz,(y9y)/?, (79.18) 


p=1, -1 


where 6 is the angle between the direction of emission and the z-axis with respect of which the mag- 
netic quantum numbers m, and m, are defined, while the DZ,, are the generalised spherical functions 
defined in Section 43 and depending on the Euler angles p@y. 

The functions (79.18) possess the following properties 


Fyn(8) = F(a _ 6), F;,(8) = F,, _n(9); | 


m=—J 


J 
> Fra) is independent of 6; | (79.19) 


J Frn(@) dQ is independent of m. 


It follows from (79.19) and the properties of the Di functions that we can express F,,,(0) in terms 
of polynomials in cos? @ with the highest power being equal to J, that is, 


J 
Fy,(8) = >; af” cos?*(6). 
k=0 


In particular, we have for dipole radiation 
Fyo = sin? 6, Fi, 41 =4(1 + cos? 0); 
for quadrupole radiation 
Fy = 3 sin? 6cos? 6, Fz, 42 = 4:sin? A(1 + cos? 6); 
and so on. 


80. LIFETIME OF EXCITED STATES AND WIDTH OF ENERGY LEVELS 


The fact that a quantum system can make such a spontaneous transition from a 
given excited state to a lower energy state, means that excited states of quantum 
systems can not be considered to be strictly stationary states. If the total probability 
for transitions to all lower states is small, the excited state under consideration is 
called an almost stationary or quasi-stationary state. 

Quasi-stationary states are characterised by a decay law L(t), that is, a function 
determining the probability that after a time ¢ the system is still in the given excited 
state. If the time is sufficiently long—compared with the periods characteristic for 
the given state—the law for the ‘“‘ decay”’ of the excited state is exponential: 


L(t) = e-™. (80.1) 


t A. S. Davypov, Nuclear Theory, Prentice-Hall, New York 1965. 
44* 
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The quantity T = I’-1 has the dimensions of time and is called the Jifetime of the 
excited state. 

To evaluate the lifetime of excited states of quantum systems, we study in more 
detail the set of equations (74.5). We shall look for a solution of these equations, 


in — Cal WE)In'y aft) elm" (80.2) 
at n’'(#n) 
with the initial conditions 
a,(0) = Onm- (80.3) 


Splitting off the equation for a,,, we rewrite the equations (80.2) 


i Aol) > ml WEIN) ag(e) elm, (80.4) 
at a( =m) 
nO — yy cl MOIn'> ay em", for nm. (805) 


dt 
Equation (80.4) determines the change of the amplitude of the initial state. In order 
that the decay law is given by (80.1), it is necessary that 
L(t) = |a,(t)|? = e-™, (80.6) 
where 1/I is the lifetime of the state to be determined. To satisfy (80.6) we must put 
a,(t) = eWPF*, (80.7) 
When evaluating the coefficients a,(t) (2 # m) in Section 74, we substituted into the 
right-hand side of equations (74.5) the initial values, that is, we put 
q(t) > Oy{0) = Onrm- 
We see from (80.7) that this approximation can be justified only for not too large 
values of t, when I't < 1. To find the solution of equations (80.5) for times for which 


It ~ 1 we follow Weisskopf and Wigner} and substitute into the right-hand side 
of (80.5) instead of the initial values, the values 


a,(t) = Ontme ot. 
Using (80.7) we can change (80.4) and (80.5) to read 
= ih’ = 2) ml WO) ny ay(e) eter *2%, 
n( =m) 


80.8 
da, (80.8) 


ih — 7 = ¢n| W(t)|m)> elon t 2K if nt m, 


where W(t) = we + we tot (80,9) 


and w is determined by (78.5). 


+ V. Weisskopr and E. WIGNER, Zs. Phys. 63, 54 (1930); 65, 18 (1930). 
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Spontaneous transitions from the state m to the state mn can occur only when 
E, < E,,. This condition can briefly be written in the form of the inequality n < m. 
We need, therefore, only to take into account in (80.8) the values n < m. 

Substituting (80.9) into the set of equations (80.8) and using the fact that, ifn < m, 


<n| Wt)|m> = <n|w|m) e'*, 
<m| Wt)|n> = <n| W(t) |m>* = <n|wlm>* e'*, 


we get 
—ihT = 2D <nl wi my* elem o-21L Ig 4), (80.10) 
aC<m) 
° da,, _ ~ iLoOnm+o+1/2irlt 
ih <n|w]m)> e , wo nem. (80.11) 
t 
Using the initial conditions and w,,, = —W,, > 0, we get from (80.11) 


eil@-Omnt t/2ir 


a,(t) = <n|i|my 


——_———_———, n+¥m. 80.12 
h(w — Omn + 3’) ( 


Substituting this value into equation (80.10), we find an equation for the quantity I’ 
corresponding to the emission of photons of the given frequency w: 
HOmn—O-1/2iD)t 1 


2i - e 
f=5 n|w|m>|? —_——_—_—_—_—_. 
Fan |Xn|w|m) oo, + HE 


This expression must still be integrated over all states of the emitted photons. If 
o(e) de is the number of states of photons with energy ¢ = fw in the interval e, e + de, 


we have 
—iUe—homnt t/2irnye/h _ 1 


2i ° ~ 2 e 
ro = n(w[m €) ————_______——__ de 
h Dal Im wlmpI" ete) & — him + 5iDK 
We are only interested in the real part of /“—its imaginary part leads to a frequency 
shift. Since for sufficiently large ¢ (see Mathematical Appendix, equation (A 19)) 


—i(e—a+ib)t —1 
1m [o) ————————- de = —ino(a), 
e—a+tib 


we find, finally, 
2 - 
r= » ; KXn|w|m)>|? e(Em — E,)- (80.13) 


aC(<m) 


The summation in (80.13) is over all states of the atomic system with energies E, < E,,, 
and o(E,, — E,) is the density of states of emitted photons with energy hw = E,, — E,. 
It follows from (77.11) that each of the terms in (80.13) corresponds to a probability 
for a transition per unit time from the state m to the state n. The quantity which is 
inversely proportional to the lifetime of the state m is thus equal to the sum of the 
transition probabilities per unit time to all states with energies less than E,,. 
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We can use (80.13) to calculate the lifetime of excited states of quantum systems. 
The lifetime of the first excited state is inversely proportional to the probability per 
unit time that it makes a transition from that state to the ground state. The lifetime 
of excited states of atoms is of the order of 10~§ to 10~° sec. The lifetime of the 2p:,, 
states of the hydrogen atom is, for instance, T = I~! = 1-595 x 10-°% sec. The 
2s1),-State of the hydrogen atom is metastable—T = 0-144 sec—since El-, E2-, and 
M1-transitions to the ground state are forbidden. The most probable 2s:,, > 151/,- 
transition is connected with the simultaneous emission of two photons with a total 
energy equal to the difference in energy of these two states. 

The lifetime of excited nuclear states with respect to the emission of electrical 
dipole photons is of the order 10‘? to 10-15 sec. We noted, however, in Section 79 
that a transition from the first excited to the ground state for many nuclei only occurs 
by the emission of higher multipole radiation. Such excited states are characterised 
by longer lifetimes. As ka = wa/c = aAE/hc, where AF is the energy of the transition, 
the lifetime of an excited state with respect to the emission of higher multipole photons 
will be particularly large, if the energy of the excited state differs little from the ground 
state energy. The lifetimes of the first excited states of some nuclei are hours, days, 
oreven years. Because of this identical nuclei differing only in their state of excitation 
may exist for a long time. Such nuclei are called isomeric nuclei. Nuclear isomerism 
was observed and explained by Kurchatov and collaborators} when studying the 
properties of the radioactive bromium isotopes. 

We usually call long-lived excited states in atomic physics metastable states. The 
excited state of the twice ionised oxygen atom, for instance, which was mentioned 
in Section 79 and which is responsible for the emission of the nebular M 1-radiation, 
is metastable with a lifetime of about 40 sec. 

We can obtain from expression (80.12) the probability that after a time ¢ a tran- 
sition has taken place from the state m to a separate state n: 


alte" — 26°F cos (w — mn) t 


(80.14) 
h’[(@ ~ mn) + Ar? 


ting t) = |Kn|w| m)>| 


Provided the inequality w,, < ¢ < I~‘ is satisfied, we have the relation 


1+ eo — 267 '/F" cos (w — 


A[(@ — Om)” + 427) 


mn) t = 2ntd(wo — mn)» 


and (80.14) goes over into (77.6) for the case of the emission of photons. 
As t > oo, we get from (80.14) 


[Kal w|m)|? 


a _ 80.15 
[En — E, — hw) + 407h? 80.15) 


nO) = 


+ B. V. Kurcuatov, I. V. Kurcuatov, L. V. Mysovsku, and L.I. Rusinov, C. R. Acad. Sc. 
USSR 20, 120 (1935); I. V. Kurcuatov and L.I. Rusinov, Jubilee Collection of the Acad. Sc. 
USSR, 1, 258 (1947). 
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Integrating this expression over all states of the emitted photons and using the relation 


"dx = 2 
—~ ~s 
ox +a a 


we get for the total probability for a transition from m ton 


|Kn|w|m)>|? oe) de 
(En — Ey — 6)” + Wh? 





_—__ 2 - 

Way 0) = = = |(n||m)!? 0m — En). (80.15a) 
ar 

The sum of the transition probabilities (80.15a) for an infinite time over all lower- 

lying states—E,, < E,,—-corresponds to a certainty: there must be a transition to 

some state! We have thus 


1 = Y) @ym(00) = =y |<n|w|m>|? (Em — En). (80.16) 


From (80.16) we get again (80.13). 

Equation (80.15) determines the total probability that a photon of energy Aw is 
emitted when a quantum system makes a transition from the state m to the state n. 
The maximum probability corresponds to a photon energy Aw = E,, — E,. This 
probability is decreased by a factor two when the photon energy differs from the 
difference E,, — E, by an amount +4/A. The quantity JE = AI is usually called 
the width of the excited state. From (80.13), we find that the width of an excited level 
is equal to # times the total probability from a given state into all states with a lower 
energy, that is, 

AE,, = fT’, = fh 
T, 


m 


= 2x Y [n|w|m)|? o(En — En), (80.17) 
n( +n) 

where T,,, is the average lifetime of the m-th excited state. A consequence of equation 

(80.17) is the important relation between the average lifetime T and the width AE 

of the excited level: 

TAE = h. (80.18) 


Equation (80.18) shows that the energy of a quasi-stationary state, that is, a state 
with a finite lifetime, does not have a well-defined value. The level width AE is an 
integral characteristic of this lack of definition. 

We noted earlier in Section 19 that the time is not an operator in quantum mecha- 
nics. The operator of the energy of the system is the Hamiltonian. Equation (80.18) 
is thus not a Heisenberg relation for energy and time, similar to the Heisenberg re- 
lations for coordinate and momentum.t 

Since an excited state of a quantum system has a finite lifetime, such a state is not 
a stationary one. If the lifetime is long compared with a characteristic time #/E, 
where E is the average energy of the system in that state, the state is called a quasi- 
stationary state. The energy of a system in a quasi-stationary state does not have a 


T L. I. MANDEL’sHTAM and I. E. Tamm, Izv. Akad. Nauk SSSR, ser fiz. 9, 122 (1945). 


314 Transitions under the Influence of an External Perturbation [IX, 80] 


well-defined value. Fock and Krylov have shown that the distribution function for the 
energy in a quasi-stationary state is directly connected with the decay law for that 
state. We shall now prove that theorem. 

We assume that the system consists of two weakly interacting subsystems 1 and 2, 
which are such that its total Hamiltonian which has a continuous energy spectrum 
can be written in the form 


A, 2) = AQ) + A(2) + VOL, 2). (80.19) 


We assume, moreover, that when there is no interaction, the operator Hy = 
= H(1) + H(2) has discrete eigenvalues E,, which correspond to the eigenfunctions 
Wn(X1) Pn(X2). In a particular case, for instance, (1) may correspond to the Hamil- 
tonian of an atom, (2) to the Hamiltonian of the electromagnetic field, and V(1, 2) 
to the operator of the interaction of atom and field. In that case, y,(+,) ,(%2) may 
correspond to the case where the atom is excited and no photon is present. 

Let the state of the complete system at t = 0 correspond to the wavefunction 
Pa(X 1X20) = y,(X1) v,(x2). This state is not a stationary state of the total system 
with Hamiltonian (80.19). Let us expand »,(x,x,0) = |a> in terms of the eigenfunc- 
tions pz(x,x2) of (80.19), so that 


lay = J CCE) pe(x1x2) dE, (80.20) 


where C,(£) is the wavefunction of the state |a> in the energy representation. 
As the yp, are the eigenfunctions of the operator (80.19) we can, once we know 
(80.20), write down the value of that function at time ¢ (see Section 16): 


yXx2t) = i) CAE) pe(X1%2) eW I dE. (80.21) 


If we want to determine the probability # that at time ¢ the system is still in the state 
(80.20), we must evaluate the square of the modules of the coefficient, 4,(t), which 
determines the contribution of the state (80.20) to the state (80.21). This coefficient 
A,(t) is equal to the scalar product of (80.20) and (80.21), that is, 


At) = J p*(x1x20) p(x1x20) dx, dx2, 
so that 
L(t) = |A(t)|? = [fe WE) dE/*, (80.22) 


where we can call W,(E) = |C,(E)|? the energy distribution function in the state |a). 
The quantity W,(EZ) dE determines the probability that the system in the state [a> 
has an energy within the interval Z, H + dE and it satisfies the equation 


| W(E) dE = 1. (80.23) 


Equation (80.22) gives us the “decay law” for the state |a> of the system in terms of 
the energy distribution function W,(£) in that state. It is important that the decay 
law £,(t) is determined by the absolute square of the coefficient C,(E), which is the 


t V. A. Fock and S. N. Krytov, J. Exptl. Theoret Phys. (USSR) 17, 93 (1947). 
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wavefunction of the state |2> in the energy representation. It is thus sufficient to know 
this function up to a phase factor, if we wish to calculate £,(f). 

If W,(E) is a continuous function of the energy, it follows from (80.22) that as 
t + 00, the function #(¢t) — 0. Fock and Krylov showed that the requirement that 
W,(E) is a continuous function of F is a necessary and sufficient condition for decay, 
that is, for the condition that #(t) > 0 as t — oo. Let us now consider two simple 
examples: 

(a) Let W,(E) be a continuous function of the energy, given by the dispersion 
formula: 


WE) = i a (80.24) 
Qn (FE — £,) + 44° 
In that case 
e FW (E) dE = exp _; Pat - ln . 
h 2 
From (80.22) we get the exponential decay law: 
L(t) = eT, (80.25) 


(b) Let the operator (80.19) have a discrete eigenvalue spectrum, £,. We must then 
replace (80.20) by the expression 


PalX1x20) = YX CAE) Ye, (%1%2)- 
In that case . ; 
p(x1x2t) = )) CCE.) pe, (41%2) eatin (80.21 a) 
and hence . 


Lt) = lz Ca(En)|? ent? 





= WHE) + ¥. WE») W{En) 00s | ~ ,) Al (80.26) 


Therefore, in quasi-stationary states of systems, the Hamiltonian of which has a 
discrete spectrum, the function #,(t) will be an oscillating function of the time. The 
condition for decay of the state |a>, &,(t) > 0 as t > o, will in that case not hold. 

We note in concluding this section, that the equations for the width of an excited 
level, found in the foregoing, determine the so-called natural width. The natural 
width of a state is caused by the spontaneous emission of photons. There are, however, 
also other causes for the broadening of excited states. Such an additional broadening— 
which is often appreciably larger than the natural width—is, in atomic systems, 
mainly caused by interactions between the atoms, particularly by collisions, which 
lead to a transfer of the excitation energy to the kinetic energy of the atoms—radia- 
tionless transitions, or by the action of external electric fields. In nuclear systems, the 
additional broadening is connected with the transfer of the excitation energy of the 
nucleus to the atomic electrons—internal conversion—or to nuclear transformations 
accompanied by the emission by the nucleus of particles such as nucleons or electrons. 
QM ita 
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81. POLARISABILITY OF A QUANTUM SYSTEM. 
ELEMENTARY QUANTUM THEORY OF DISPERSION 


If an electromagnetic wave is incident upon a quantum system, such as an atom, 
molecule, or nucleus, with a wavelength appreciably longer than the linear dimensions 
of the system, an electrical dipole moment d is excited in the system; this dipole 
moment is proportional to the electric field strength at the centre of the atom: 


d= Bé. (81.1) 


The coefficient of proportionality # in (81.1) is, generally speaking, a tensor quantity 
and is called the polarisation tensor. 
We consider the Schrédinger equation 


(5 i) y= —e(r.€é)y (81.2) 
Ot 


to evaluate the polarisation tensor in a quantum system. In (81.2) H is the Hamil- 
tonian of the unperturbed quantum system, —e(r- &) is, in the electrical dipole 
approximation, the operator of the interaction of the particle of charge e and the 
electromagnetic wave, while 


€ = 4€o(e'" + e ), (81.3) 


with & the amplitude of the electromagnetic wave at the centre of the atom. If 9,, 
and E,, are respectively the eigenfunctions and eigenvalues of the operator H, we 
can for small values of the electric field strength of the electromagnetic wave, write 
the solution of (81.2) corresponding to the m-th stationary state of the unperturbed 
system in the form 


Ym = [Pe + ¥) Gnne* + Be” **) 7] eT femt (81.4) 
Kk 
with w,, = E,,[h. 
Substituting (81.4) into (81.2) and using (81.3), we get an equation for first order 
quantities: 


- 6 - 
Y [CO mt _ w) ant + (Omi + w) e ‘tb aK Pr = ~- 6) (e'** +e tory Pm> 
k . 2 


where 
Om = Dm — Wy. 


Multiplying both sides of this equation by y* and integrating over all values of 
the arguments of the wavefunctions », we find by equating coefficients of identical 
exponential time factors, the following values for the unknown coefficients in the 
functions (81.4): 


_ eGo <klflm), » eo. <klFlm)) 81.5) 
2H(Om — ao) > (Om + @) ” 


mk 


[[X, 81] Elementary Quantum Theory of Dispersion 317 


with 
<k|F\|m> = J pire, d°r. 


The method developed here to evaluate the wavefunction (81.4) is based upon the 
assumption that the difference p,, — 9, is a small quantity. We can thus use the 
solution (81.5) only when the frequency of the incident light w + w,,. 

To determine the electrical dipole moment of the atom arising under the action of 
an electromagnetic wave, we must evaluate the average value of the dipole moment 
in the state determined by the wavefunction (81.4). Substituting the value (81.4) into 


d, = | perp, dr, 
and using (81.5), we find, retaining first order terms, 


2e* mm Flk> (Kk Flm) . Eo) 


cos wi. 81.6 
Aon _ w”) ( ) 


d,, = eCm|r|m> — Y> 

Kk 

The first term in (81.6) corresponds to the constant electrical dipole moment of the 
system in the state m. For all states mm which have a well-defined parity, <m|r|m> = 0. 
The second term in (81.6) depends on the frequency w of the incident electromagnetic 


radiation. 
To find an explicit expression for the polarisability tensor from (81.6), we take our 
xyz-axes along the principal axes of the polarisability tensor. In that case 


ap, = Bux@x> dx = ByyF ys dn = Brr@ 2. 


We get thus from (81.6) 
2€? pm| <r |x| >|” 
Bx = 
k  H(Oim — 0°) 


(81.7) 


The two other principal components of the polarisability tensor are obtained from 
(81.7) by replacing the matrix element of the x-coordinate by the matrix elements of 
the y- and z-coordinates, respectively. 
If we introduce an auxiliary dimensionless quantity 
km 


a “HOE ICEL my|*, (81.8) 


the so-called oscillator strength of the m — k transition, we can write for the x-com- 
ponent of the polarisability of a system in the state m 


Bix = TT Fi in — 0)", (81.9) 


For an isotropic quantum system the polarisability is a scalar 


Bux = Byy = Baz = B- 


112* 
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It follows from (81.8) that the oscillator strength of the m — k transition is positive, 
if E, > E,, and negative when E, < E,,. In particular, the oscillator strengths of all 
transitions 0 + k, determining the polarisability of a quantum system in its ground 
state, are positive. 


As an example, we shall calculate the oscillator strengths of transitions between harmonic oscilla- 
tor states. Using the values (33.21) for the matrix elements of the coordinate operator, and putting 
Do = Om+1 ms WE find 

etm Ws Sama mt. (81.8) 


The oscillator strengths of all other transitions vanish. We get thus from (81.9) for the polarisability 
of an oscillator 





a/c 
bam oe 


The oscillator strengths are very convenient characteristics of the quantum tran- 
sitions in a system. Their advantage is expressed by the simple theorems about sums of 
oscillator strengths, the proof of which is based upon the commutation relations of 
the coordinate and momentum operators. To prove the basic theorem of the sum of 
oscillator strengths—the Thomas-Reich-Kuhn theorem—we rewrite (81.8): 





fin = — {Kk |x| m)>* <k|x|m> + <k|x|m)>* <k|x|m)}. 


Using the connexion between the matrix elements (see(78.10)) 
{MO k|X|m> = <k|Px|m) 


and the Hermiteicity of the operators, we can now write 
x 1 P “ P , 
Sim = h [<m|x|k> <k|pslm> — <m|p1k> <k|x] my]. 


Summing this expression over all values of kK—if there are states of a continuous 
spectrum, we must add an integration to the summation—and using the matrix 


multiplication rule and the commutation relation [x, p,]_ = ih, we get 
. ol . . . . 
> fim = AY [<m|x|k)> <k|px|m> — Cm] py|k> <k|x|m)>] 
1 Aa aa 
= ig ne — pxx|m> = 1. (81.10) 
i 


In the particular case of a harmonic oscillator, the sum rule (81.10) follows directly 
from the values (81.8a): 


» fim = fn-~1,m + fieeiom = 1. 


Equation (81.10) expresses the sum rule for oscillator strengths corresponding to 
the quantum states of a single particle in a system. It is valid for any direction of the 
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x-axis in a system and for any state m. If the number of electrons in the system is 
equal to Z, the sum rule for oscillator strengths for the whole system reduces to the 
equation 


Yifim = Z, 
k 


since each electron contributes independently to the sum. 

To illustrate the magnitude of the oscillator strengths and the rule (81.10), we note 
that the oscillator strength corresponding to the 1s > 2p transitions in the hydrogen 
atom is equal to 0-4162. The sum of the oscillator strengths for transitions from the 
ground state ls to all other states, different from 2p, is thus from (81.10) equal to 
0-5838. Transitions to all states of the continuous spectrum correspond to a part of 
the sum of the oscillators equal to 0-4359. 

The theoretical evaluation of the oscillator strengths requires knowledge of the 
wavefunctions of the states between which the transitions take place. Such functions 
are well known only for the harmonic oscillator, the hydrogen atom, and some other 
simple quantum systems. In the case of more complex atomic systems, these functions 
can be calculated by approximate methods which we shall encounter in the following 
chapters. 


None of the equations obtained in these sections can be applied in the case of resonance, that is, 
when w is the same as one of the frequencies w,,,. If we want to evaluate expressions which can also 
be applied to the case of resonance, it is necessary to take into account the finite lifetime of the excited 
states or—which is the same—the lack of definiteness of the energy in excited states. If the excited 
state k has a lifetime 7,1, the square of the amplitude of the probability of the system staying in 
this system can be written in the form |a,(¢)|? = eT", 

The time-dependence of a,(t) in the state & can thus be written as follows 


a,(t) = e~tExt/e-*/2T it, a¥(t) = elEntlie—'/2T ut, 
We can thus formally take the lifetime of excited states into account by changing to complex energies 
Ey > Ey — Zihl,. (81.11) 


Carrying out this replacement in (81.5), we get the wavefunction of the m-th state of the atom in the 
form 
e twt 


= _£ : r — ee se ~iwet 
Ym = |r an & (Fo <klr| m>) sore eT ane | ne . 


In the following, we shall only consider the case where the frequency w of the external wave is close 
to one of the frequencies w,,, > 0; in that case 


(Go: <klF| mm) me | 
Vm [v= + So em e-'Omt | (81.12) 


where I’ = I, + I. Evaluating the average value of the electrical moment of the atom in the state 
(81.12), we find 
__ eGo: <mle| kd) <klP| my eft 


am Llopm — © — $iT'] 


+ compl. conj. 
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The factor 
e?|Ck|x| m>|?(aem — @ + $i) 
- h(@um — @)? + 427] 
multiplying 4ée'@' determines the complex polarisability of the atom in the frequency region w near 
to the frequency w,,, > 0. Using the definition (81.8) of the oscillator strength, we can write the for- 
mula for the complex polarisability of the atom in the resonance region corresponding to the fre- 
quency ®,,, in the form 


€ fini —Ot 4ir) 


7 2LOjm (xm ~ w)* + 4r4y (81.12a) 


Bex 


If we add to this expression the polarisability (81.9) caused by the states of the atom for which 
@ +@),, in the frequency range w ~ @),,, the total polarisability of an atom in the state mm will be 
given by the formula 
eZ (im—O + 5:0) e? fis 

WO ml (Om — 0)? + $I] we Fh) Vm — 0? 


Bex 


The polarisability of a quantum system is in the general case given by the formula 


B _ @ SF AOm —aot 4iD 1m) 
Db Fm) Om[(@Om — OY + EL Gal 


(81.12b) 


where 
Lig = E+ Ty. 


Knowing the polarisability of atoms, we can evaluate the dielectric constant « or 
the refractive index of the substance n = J é, if we use the relation, given by classical 
electrodynamics, between the refractive index of the substance and the polarisability 
of atoms or molecules. In the case of a dilute gas, this relation is given by the simple 
equation 

e=n?=1 + 4aN6, (81.13) 


where f is the polarisability of the atom and N the number of atoms per unit volume. 
In the case of a dense isotropic medium, this relation is more complicated: 
2 
— 4 
nh yg. (81.132) 
nm+2 3 





Substituting the value (81.9) of the polarisability for the ground state of an atom, 
m = 0, into (81.13), we can determine the dependence of the refractive index of the 
substance on the frequency @ of the incident light, when the frequency does not 
coincide with one of the frequencies of the quantum transitions. The frequency 
dependence is, for a gas, expressed by the equation 


2 x 
e=r=1+40Nyo fio (81.14) 


2 2° 
k fh Weg — @ 


It follows from (81.14) that the larger the oscillator strength of a quantum transition, 
the more important is the part played by the corresponding term in the sum (81.14), 
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which determines the dependence of the refractive index on the frequency of the 
incident light. The dependence of the refractive index on the frequency of the light is 
called the dispersion law. If atoms are in their ground state, f,9 > 0 and when the 
frequency increases—in the region where equation (81.14) is applicable—the refrac- 
tive index increases. Such a frequency-dependence of the refractive index is called 
positive dispersion (Fig. 10). 

If the atoms are in excited states (m) the refractive index will be given by the formula 


2 


Be 
n=14+2nye Sem, 
kb Wim — @ 


nba) n(w) 





Fic. 10. Positive dispersion. Fic. 11. Negative dispersion. 


For states k with energies E, < E,,, the oscillator strengths are negative. In the region 
near the corresponding transition frequencies, the refractive index will thus decrease 
with increasing frequency. Such a frequency-dependence of the refractive index is 
called negative dispersion (Fig. 11). 


The equations obtained here are valid only for frequencies different from @,,. If we take into 
account the lifetime of excited states of a quantum system, we can obtain formulare for the frequency- 
dependence also when w ~ Gm. If, for instance, we use expression (81.12 b) for the polarisability 
of an atom, we get from (81.13) for the dielectric constant of a gas in the resonance region the formula 


2nNe fim — @ + Zi) 4aN fi, 


; (81.15) 
HOpm{(Oem — ©)? +427] 0 bh Fk) im — 0? 


€=&,=1 


Putting ¢ = (n + ix)? = n? — x? + 2inx, where n is the refractive index and x the absorption coeffi- 
client, we find 
20Ne* fim(@Qkm — ) 


n—y%?—-Ja= 
HO senl (Om ~~ a)? + 4 PF?) 


tNe*fuml' 
rx =. ne 
2UO jm [(Oxm _ ow)? + 4 TF?) 
Solving these two equations, we can calculate n and x. We can easily see the physical meaning of 
these quantities, if we bear in mind that the plane wave &, = &ye'“#-?), in the gas becomes the 


wave 
é. = &o,e7 "7 einkz—tat 
x= . 
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82. SCATTERING OF LIGHT BY AN ATOMIC SYSTEM 


If an atom or—more generally—an atomic system in a state |a> absorbs a photon v 
of energy Aw incident upon it and then emits a light quantum of energy fw’ and goes 
to a state |b>, this process is called scattering of light. If the initial and final states of 
the atom are the same, [a> = |b), the frequency of the quantum is not changed in 
the scattering process, and generally speaking, only the direction of propagation of 
the photon is changed. This is called Rayleigh or coherent scattering. If the state 
of the atom changes during the scattering, |a> + |b>, the energy of the emitted photon 
will, in general, differ from the energy of the incident photon. Such a scattering 
process is called incoherent or Raman scattering. 


In 1928, Mandel’shtam and Landsberg discovered incoherent scattering when studying scattering 
of light by crystals and Raman discovered it when studying scattering of light by liquids. 


To give an elementary theoretical discussion of light scattering, we use the equations 
(see (80.2)) 


in Po) _ > Gm W)|ny Blt)", (82.1) 
at n( $m) 
where 
~ Wane for absorption processes, 
<m| Wt)|ny = 4" ; (82.2) 
. Wn € for emission processes. 


Equations (82.1) describe only one-photon emission and absorption process. When 
studying the scattering of photons, we must introduce an intermediate state, consider- 
ing scattering to be a two-stage process. Scattering of a photon can occur by means of 
two kinds of intermediate states; this can symbolically be shown by the diagram where 
a + v denotes the initial state: atom in state a) and photon »; b + »’ denotes the 
final state. The intermediate state of the first kind (I) corresponds to the case where 


> ae 
ae 


bty' 


Fig. B 


the atom absorbs the photon » and changes to a state | p>, so that there are no photons 
in the intermediate state. The change to the final state from the initial state I is realised 
by the emission of the photon »’ while the atom goes over from the state | p> to the 
state [b>. An initial state of the second kind (II) is realised by the emission of the 
photon v’ by the atom which changes from the state [a> to the state [d). In that inter- 
mediate state, there are two photons » and »’. The transition to the final state takes 
place by the absorption of the photon » while the atom goes over from the state |d> to 
the state |b. 
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The introduction of intermediate states is an auxiliary computational method. 
These states are not realised in actual fact; this is, in particular, clear from the fact 
that when the system goes into the intermediate state, the energy conservation law is 
not satisfied. Only when in the sum over the intermediate states (vide infra) one of 
them is essentially separate (resonance), one can say that that state is a real intermediate 
state. 

Substituting into the right-hand side of (82.1) the values of the amplitudes corre- 
sponding to the initial state, we find two equations determining the change in the 
amplitudes of the intermediate states: 

, 4B’, 


II 
— Mepa- dB, +i yt 
ih —= = wy, ere OS th —* = way eran, 


Apart from arbitrary constants, which do not contribute to the scattering proba- 
bility which we are looking for, the general solutions of these equations are of the form 


Uopa-—o)t Udgato'yt 
eur I + @ 
; Bilt) = —wWas 


Bit) = wp, ———_—_.. 
of) "No — Mpa h(w’ + Waa) 


(82.3) 


The transition from both kinds of intermediate states to the final state is also described 
by equation (82.1), if we substitute into the right-hand side the amplitudes of the 
intermediate states and choose the matrix elements in accordance with (82.2). We 
have thus 


ip BD) = yi wi Bi(t) el(@spto'o 4 Y, Wa Be (t) eil@oa— wt (82.4) 
dt (#5) a(¥b) 


Using (78.11), we can write the matrix elements, corresponding to the electrical 
dipole transitions in the long-wavelength approximation involving the emission or 
absorption of photons, in the form 


wit, = —ie s/2rhw’ (w' . typ); Woe 


le J 2mhe (u . Kya) | 


_ (82.5) 
le J Qaho (a. rws)-| 


Wig = —ie J Inthe! (u' .¥aa)3 Wa 


where uw and w’ are, respectively, the polarisation unit vectors of the incident and the 
emitted photon. The electric field strength of the electromagnetic wave is normalised 
to one photon per unit volume. 

Substituting into (82.4) the values of the amplitudes of the intermediate states 
from (82.3), replacing in the second sum the summation index d by p, and using 
(82.5), we find after some straightforward transformations 


ih aB,{t) = Mig exp iF — Ejay) Al (82.6) 
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where Enn = Ey + ho’, Ein = E, + ho, (82.7) 
M, = ne Joo Y (uv * Pop) (u : Ppa) _ (u . Nyy) (a * Vpa) . (82.8) 
° p( +b) ® — Wra w' + Wyq 


Solving (82.6) under the initial condition B,(0) = 0, we can determine the proba- 
bility for a transition up to a time f: 


1 — cos (£, an — Ein tlh 
IBC)? = 2|Mgol® 2— 208 Erie = Finns) 1A, 
(Erin — Exnit) 


If t > AJE, (A/E, is a period characteristic for the atomic system), we find for the 
transition probability per unit time 


P(bv' — av) = = [Meal? 5(Erin — Eitan): (82.9) 


It follows from (82.9) and (82.7) that when photons are scattered, the energy conser- 
vation law is satisfied : E, + ho’ = E,+ ho. 
Summing (82.9) over all possible final states corresponding to the scattering of photons 
into an element of solid angle dQ, we find 


dP(by’ < av) = ™ \Moal? do(Erin)» (82.10) 
where 240 
@ 
do(Exn) = ~@—— 82.11 
(En) = OS (82.11) 


is the number of final states per unit volume per unit energy range when photons 
are scattered into the element of solid angle dQ. 

In the particular case of Rayleigh scattering—a = 6b, w’ = w—we can simplify 
the matrix element (82.8). If we take the z-axis along u and denote the angle between 
the z-axis and the direction of the scattered photon by 0, we can write for the case of 
an isotropic atomic system 


2 
Maa = 40e?@ »y 2 odZopl_ sin 0. (82.12) 
p( +0) O — Wag 


Substituting (82.12) into (82.10) and using (82.11), we find the probability per unit 
time for Rayleigh scattering into a solid angle dQ = sin 6 dO dg, 





44 2742 
dPay = 2 | x eral sin? 6 dQ. (82.13) 


2,3 2 
hie” | (Fa) ow — wy 


We could also have obtained this result semi-classically. Under the influence of an 
electrical field € = &gu cos wt an electric dipole moment 


d = Bué, cos wt 
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occurs in the atomic system. Such a dipole emits electromagnetic waves according 
to classical electrodynamics. The average intensity of the radiation per unit time 
into the solid angle dQ is given by the formula 
a 
dJ = —_. sin 70dQ= probs ———_° sin” 6 dQ, 


4nc* 8c? 


where the dots indicate differentiation with respect to the time. 
Dividing this expression by the energy of one quantum, Aw, we get the probability 


per unit time for scattering, 
2. 3 @2 


dPpy, = 92 €6 sin? 6 dQ. (82.14) 
82hc 





Normalising the amplitude of the electromagnetic wave to one quantum per unit 
volume—@) = 2 J 2nahw—and substituting into (82.14) the value of the polarisability 
of an isotropic quantum system (see (81.7)) 





B= Be = 2e7@solZopl” 
we obtain again equation (82.13). 

If we wish to obtain an expresssion which takes into account the lifetime of excited 
states, we must substitute into (82.14) expression (81.12b) for the polarisability. We 
thus get 


p(#0) A(W25 — ow”) 


ate* Lrvl@so — © + 40) | in? 5 ae. 


dPra = 
8 Ae? u? |n(#0) Dpol(Wpo — @)* + 41% 





The Rayleigh scattering intensity increases when the frequency of the incident light 
approaches to the resonance frequency w,. of the atom and reaches its maximum 
value when w * w,9. In that case, w ® Wyo, the scattering of light is called resonance 
fluorescence. For a more detailed exposition of the theory of resonance fluorescence 
we refer to Heitler’s monograph f. 


83. ELEMENTARY THEORY OF THE PHOTOEFFECT 


If the energy Aw of the photon exceeds the ionisation energy of the atom, absorption 
of photons will be accompanied by the transition of an electron from a bound state 
to a state of the continuous spectrum. This is called the photoeffect. The photoeffect 
plays an important role in the absorption of X-rays and y-quanta and in a number 
of other physical phenomena. 

We shall consider the elementary theory of the photoeffect. The probability for 
the absorption per unit time of a photon accompanied by the emission of an electron 


t W. HEITLER, Quantum Theory of Radiation, Oxford University Press, 1954. 
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is determined by the general formula (77.4). The final state of the electron belongs 
to the continuous spectrum; the density of final states corresponding to the emission 
of electrons within a solid angle dQ is, in the non-relativistic approximation E = p?/2y, 
given by the expression 
2 
do = Vp" ae a _ _VPK ag, (83.1) 
(2xh)? dE (2ah)° 
where V is the volume of the system. 
To simplify the calculations, we shall neglect in the final state the interaction be- 
tween the electron and the atom, that is, we write the final state wavefunction of the 
electron in the form of a plane wave 





1 i(qer) 


, (83.2) 


normalised in the volume V. This approximation is fully justified, if the energy of the 
emitted electrons is large compared with the ionisation energy of the atom, that is, 
if the inequality 
Zetu Ze? 

, or, €=— <l. 83.3 
2h? hv (83.3) 





1 
-wy > I= 
54 


is satisfied. The quantity 2 is the ratio of the ionisation energy to the kinetic energy 
of the emitted electron. Since $v? = Aw — I, it follows from (83.3) that the photon 
energy must be sufficiently large. The photon energy must, on the other hand, be 
small compared with the rest-mass energy of the electrons, in order that we can solve 
the problem in the non-relativistic approximation. 

We choose for the initial state of the electron the wavefunction of the 1s-state of 
an atom, 





(83.4) 


Substituting (83.1) into (77.4a), we find an expression for the probability per unit 
time that an electron is emitted in a solid angle dQ while a photon is absorbed: 


Vpu ~ 2 
aP = —-—— *105|° dQ, 83.5 
(onnay al" |0>| (83.5) 


where we have used (78.4) and (78.5) to find the operator determining the absorption 
of the electromagnetic wave which is normalised to one photon per unit volume, 


wea £ [2 PT ik. VY. (83.6) 
EN @ 


Substituting (83.2) and (83.6) into (83.5), we find 


2 
dp —- “°f- 


2 
hua | e904 V) wo d?r| dQ. (83.7) 
fe 
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Integrating by parts, using the fact that (A - K) = 0, introducing the vector AK of the 
momentum transferred by the atom, 


and using (83.4), we find K=k-—q, (83.8) 


fel#?u.V) yo d°r = (wg) J poe” d*r 


_ 4n(u.q) . _ 8A xu.) a’? 
= — [v0 rsin Kr dr = G4 eK + eK . 


Using this result, we find from (83.7) 


2,3 2 
p= aH) P ag. (83.9) 
hwo] + a°K?) 


Equation (83.9) determines the angular distribution of the electrons emitted. We 
denote the angle between the vectors k and qg by @, and the angle between the plane 
through & and q and the plane through uw and k by ©. We then have 


(u+ q)? = q? sin? 6 cos? @, (83.10) 
while it follows from (83.8) that 
K? = k? + q? — 2kqcos 9. 


A consequence of the inequality (83.3) is that the kinetic energy of the electron 
differs little from the photon energy: fiw ~ uv", so that 


Therefore, k/q + v/2c. Using (83.4), we also find ka ~ v/c& ~ 1. It follows from 
(83.3) and (83.4) that ga = £-1 > 1. These relations lead to the approximate equation 


1 + a?K? ~ q’a? (: — cos a). (83.11) 
c 


Substituting (83.10) and (83.11) into (83.9), we get 
_ e? 32Z%p_ sin? 0 cos” @ 


dQ (83.12) 


~ 54,6 4 ? 
he waokg (: — cos a) 
c 





where ay = h?/ue? is the Bohr radius. 

Most electrons are thus emitted in the direction of the electrical vector of the 
electromagnetic wave—O = 42, ® = 0—that is, perpendicular to the direction of 
propagation of the incident photon. The occurrence of the angle @ in the denominator 
of (83.12) leads to a small shift of the maximum of the emission towards the forward 
direction. The shift of the maximum increases with increasing speed of the electron. 
The maximum is strongly shifted to the forward direction in the relativistic case. 
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The probability for the photoeffect occurring with an electron being ejected from 
the 1s-state of an atom increases as Z* with increasing Z. Since kq® ~ (hw)’”, the 
probability for the photoeffect increases strongly with increasing photon energy in 
the region where the calculations given here are applicable (I < iw < yc?). 

If we divide the transition probability per unit time (83.12) by the incident current 
density of the photons which is equal to c when we use the normalisation (83.6), we 
get the differential cross section for the photoeffect. 

If the photon energy only just exceeds the ionisation energy, J, of the electron, we 
can not describe the final states of the electron by plane waves, and we must use the 
exact electron wavefunctions of the continuous spectrum. Stobbef has performed 
non-relativistic calculations using the wavefunctions of the continuous spectrum in 
a Coulomb field. His calculations show that if one takes the Coulomb interaction 
into account, the probability for the photoeffect decreases by a factor 

TT oe” tare colg 


F® = 2n | 


ho 1 — e728 


when hw is very close to I, § > oo, and F(é) > 0-12. 


84. TRANSITIONS CAUSED BY TIME-INDEPENDENT INTERACTIONS 


Let us consider quantum transitions under the influence of time-independent inter- 
actions. Examples of such transitions are: (i) internal conversion, that is, the process 
in which an excited nucleus transfers its energy to the atomic electrons, and (ii) the 
Auger effect, that is, the readjustment of the electron shells of atoms with several 
electrons, accompanied by the ejection of one electron from the atom. 

In the present section, we shall consider internal conversion. This term reflects the 
original, incorrect point of view according to which the transfer of the excitation 
energy of the nucleus to the electrons in the atom was considered to be an intranuclear 
photoeffect, caused by the photons emitted by the nucleus. Afterwards it became clear 
that the excited nucleus can transfer its energy to the electron also when the emission of 
a single photon is absolutely forbidden, that is, when the transition is between states 
with zero total angular momentum (0 — 0 transitions; see Section 79). Internal con- 
version and the emission of photons by the nucleus must be considered as two alter- 
native possibilities, which can be realised when an atomic nucleus makes a transition 
from an excited state to the ground state. Many authors+ have considered the problem 
of calculating the probability for internal conversion; their papers differ from one 
another in the various approximations made for the wavefunctions of the atomic 
electrons and for the operator determining the transition. We shall consider here an 


+ M. Stospe, Ann. Phys. 7, 661 (1930). 

+ H. Huwme, Proc. Roy. Soc. A138, 643 (1932). S. M. DANcorF and P. Morrison, Phys. Rev. 55, 
122 (1939). A.S. Davypbov, J. Exptl. Theoret. Phys. (USSR) 10, 862 (1940). V. B. BERESTETSKG, 
J. Exptl. Theoret. Phys. (USSR) 17, 12 (1947). N. TRaALui and G. GorRTZEL, Phys. Rev. 83, 399 
(1951). 
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elementary theory of internal conversion in which we choose the wavefunctions of 
the ejected electrons in the form of plane waves and use a non-relativistic approxi- 


mation (see Section 83). 
We shall thus use for the initial state of the electron the wavefunction 





(r) = u e*, a= he (84.1) 
re mae eZ . 
and for the final state the wavefunction 
yr) = F gen, (84.1a) 
V 


If we denote the wavefunctions of the initial and final states of the nucleus by (gq) 
and ¢,(q), respectively, we have for the wavefunctions of the initial and final states 


of the whole system 
10> = wolr) Yo(q) and |kb> = »,{r) ¢s(g). (84.2) 


The probability for internal conversion per unit time for an electron in the 1s-state 
will be determined by the general expression 


dPyo = = Xkb| W10>|? do, (84.3) 


where do is the density of states of electrons emitted into a solid angle dQ which is 
given by (83.1) with p = Ak. 

If the wavelength corresponding to the excitation energy of the atomic nucleus 
is appreciable larger than a, the effects of the retardation of the interaction are small 
and the operator W reduces to the Coulomb interaction between the electron and the 


protons in the nucleus, that is, 
Zz 2 


W = eo, (84.4) 
ao=t Ir ~ al 
where r and q, are the positions of the electron and of the protons, reckoned from the 
centre of the nucleus as origin. The operator (84.4) does not contain spin variables, 
so that we cannot describe nuclear transitions corresponding to magnetic multipole 
radiations. 
If r > q,, we can expand the operator W in spherical harmonics, 


=> Toe 


where @ and @ are the angles defining the direction of r and 0, and », are the angles 
defining the directions of the q,. 
Using (84.2) and (84.5), we can write 





(# ‘) Yix(O,®) YhiOu» Ga)s (84.5) 


ra) 


Ane! ~<b1 Yas ¥idBapa)10> <k| =o. (84.6) 





<kb| W|0> = ran 
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After substituting the wavefunctions (84.1) and (84.1a) into the matrix element con- 
taining the integration over the electronic coordinates, we get 





sae | YO) ee Oy 


—i(ker) 


Expanding e in sperical harmonics, 


ee) _ an »» (—i)'Jkr) Yin(O, 9) YEO, ®), (84.7) 


where 6 and @ are the angles defining the direction of the vector k, and integrating 
over the angles © and &, we get 


<kl care ?) |0> = 4/7 apt) Yin(8, afr ij (kr) e"! dr. (84.8) 


When evaluating the integral, we must bear in mind that in our approximation, 
ka > 1, only small values of r are important in the integral because of the fast oscilla- 
tion of the spherical Bessel function; therefore (compare (35.10)), 


(vo) ki? 
| rier) ee! de x —————____ 

0 1.3.5--- (2-1) 
Substituting this value into (84.8), and then (84.6) into (84.3), integrating over the 
angles defining the direction of emission of the electron, using the orthonormality of 
the spherical harmonics, we find for the probability for internal conversion per 
electron and per unit time: 


eu R23 
(ha)? sir, 3.5+-(20+ IP 





Py, = 647 OLY da ¥in(OxPa)lO>|?. (84.9) 

The square of the matrix element occurring in (84.9) is proportional to the proba- 
bility of the nuclear transition corresponding to an E/ multipole radiation (for details, 
see the literature quoted at the beginning of this section). We must remind the reader 
that equation (84.9) was derived under the conditions v < c, and Ze?/hv < 1. 


85*. PROBABILITY FOR QUANTUM TRANSITIONS AND THE S-MATRIX 


We found in Section 74, a general expression (74.11) for the matrix element a,,,(t) 
determining the transition from the state [m) to the state |n> under the influence of 
the perturbation W. Let the states |m) and |n) and their energies E,, and E, be the 
eigenfunctions and eigenvalues of the Hamiltonian Hp of two subsystems, while the 
interaction operator W causes transitions between them. The operator W is time- 
independent in the Schrédinger representation.t+ 


T We considered in Section 74 the case where the operator A referred to only one of the sub- 
systems, for instance, to an atom. In that case, W was an external perturbation with the appropriate 
time-dependence, such as a light wave. 
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In the case where we choose t = —oo as the initial time and t = +00 as the final 
time, the matrix elements a,,,(-+ 00) are denoted by (n|S|m) and are called the matrix 


elements of the S-matrix. We have thus 


<n|S|m> = <n| P exp {i{"" W(t) ah 


m>, 








where 


~ = 1ft®? + 
S = Pexp El Wit) a| 


] +o 4 | 2 +o ty A A 
L -0 nH -o -o 


1 3 +00 ty f2 4 a a 
+ (5) | at, { ats | dt, W(t,) W(t2) W(ts) + os 
U mn.) —oO —@ 


Wit) = eilfot/a W 7 tHtot/h 


(85.1) 


» (85.2) 


(85.3) 


Since (85.2) is written as a series, we can write the matrix elements (85.1) as sums of 


matrix elements of different order, 


<n|S|m> = x, <n|S|m). 
We have thus a0 _ 
<n|S"|m)> = <n|m), 
[oto dt 


<n|S|m> = xa m), 


i 








m)>, 


(2) {1 ° 
<n|S'|m> = (5) <n 





+0 ty nn 4 
| dt, | at, W(t,) W(t) 





Using (85.3), we can write the first-order matrix element in the form 


; + 00 
<n] [my = —= <n] Wim) | etn Emly 


—2ni6(E, — Em) <n| W|m). 


Let us now consider the second-order matrix element 


én| S| m) - (5) ) | ” at.cnl WeDIAY | * anct| We) 


t 


(85.4) 


(85.5) 


= (5) » <a WIf> Cf| WI m> [- eiEn—Esits/h ar, | ‘ el Er—Emdtalh gy 


— 2 


To evaluate the second integral, we make the substitution E, — E,, > E, — E,, — in 
where 7 is a small positive quantity which guarantees the convergence of the integral 
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at the lower limit. In our final expressions, we must take the limit 7 + 0. We have thus 


th t1 
EL We. -R Kt 4 e 
| elt E,,)t/h dt >| eis Em—in)t/h di = ih 
-« 


UE s—Em—tqts/h 


-_ En — E, + in’ 
and hence 
én|S|m)> = = nl Wif> fi W\m) elEn—Em—invt/h yy 
En ~ E, + in —-@ 
= amit(e, — By StL UPD LL Wim 5.6) 
"US EB — Ey + in 


We can treat the higher-order matrix elements similarly. 

In the following, we shall consider only transitions for which the final state differs 
from the initial state, so that <n|m> = 0. We shall consider the general case in 
Section 107. 

Using (85.5) and (85.6) and similar expressions for the other terms in (85.4) we 
can write for the matrix elements of the S-matrix 


<n|S|m> = —2i6(E, — E,,) <n|T|m), (85.7) 
where 
<n| WIf> <f| Wim) 
T = SUMED? SS 
<n|T|m> = <n| Wim) + » E, =E, chy 


$D' (Em — Ey + in) (En — Ey + in) 
The matrix element <n|T|m) is called the transition matrix element on the energy 
surface. 

As the functions | {> of the intermediate states are eigenfunctions of the operator Ho, 
we can perform a simple transformation on (85.8). We can, for instance, write the 
different terms occurring in the second sum in (85.8) in the form 

n| W W\|m = 
Gl WIS) A Wim? eal Wy Cf Em — lo + iny*1f> Cf Wm). 
En _- Ey + in 


The energy denominators occurring in (85.8) can thus be considered to be the average 
value of the operator (E, — Ho + in)~1 in the corresponding intermediate states. 
We can thus write equation (85.8) in the operator form 


T = W+ WE, — Ho + in)’ 
+ WEm — Ho + in)’ WE, — Ho + in)’ WH + 
We can consider this operator equation as the solution of the operator equation 
T= W+ WE, — Ay + in 'T (85.9) 


by the method of successive approximations. 
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It follows from (85.7) that the transition probability after an infinitely long time 
is determined by the equation 


Ly 00) = [Kn|S|m)>|? = 40767(E, — En) |Kn| T[m>|?. 


If we write the square of the delta-function in the form 


r _ +T 
O(E, — En) = (En = En) tin | etn Emtth gy — (En = End) jinn | dt, 


2h Too Jor 2h Too Jip 


we can write the transition probability per unit time in the form 


Py = —Zank2) = 8(E, — En) Kal Lm). (85.10) 
1 


+T 
lim dt 
Too JT 


In first order of perturbation theory T = W and (85.10) is the same as (77.4). If the 
operator W is small, we can obtain for the transition probability the well-known 
approximation by taking in the series (85.8) a few of the first non-vanishing terms. 
When W is large, it is necessary to use many terms of the infinite series (85.8) or to 
solve the integral equation corresponding to the operator equation (85.9). 

One often uses graphs or Feynman diagramst to describe the matrix elements of 
different order, occurring in (85.8). If W is an external constant field acting upon a 
particle, the first-order matrix element will correspond to the diagram 


Iw 
| 
1 
I 


7, Im 


where the initial and final states are depicted by straight lines, and the external 
field W by a dotted line. Such a diagram depicts the scattering of a particle by an 
external field. 

The second-order matrix element in (85.8) will correspond to the diagram 


wl lw 

] I 

| | 

| <f|(Em-Ho tin) [i> | 

\oZ Iny 


which depicts the two-fold scattering of a particle by an external field. In the same 
way, we can depict higher-order scattering processes. We shall consider in Section 146 
Feynman diagrams depicting the interaction of electrons with a variable electro- 
magnetic field. 


T R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 
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10. 


11. 
12. 
13. 
14. 


WPOAKDNUARWN = 


PROBLEMS 


. Find the total probability that the tritium atom is excited or ionised by §-decay. 

. Find the probability that the n-th level is excited when the tritium atom undergoes f-decay. 
. Prove directly that as tT — oo, expression (77.2) becomes (77.2 a). 

. Prove the selection rule (79.9). 

. Use (80.13) to evaluate the lifetime of the 2p1,,-state of hydrogen. 

. Estimate the lifetime of the 2s1;,-state of the hydrogen atom. 


Make a general estimate of the lifetime of excited states in an atom. 


. Make a general estimate of the lifetime of excited states of a nucleus. 
. Derive the sum rule 


> (E, _ En) |Pnm|7 = -4 nV» 


where p,,,, and V,.,, are the matrix elements of the linear momentum and of the second derivative 
of the potential energy of a one-dimensional system with Hamiltonian 


Prove the sum rules 
(+ 1) (Q/ +3) 


’ 


, 
S,= > ate _— 
W 


3(21 + 1), 

, —1(21— 1) 
Ss» = n’, 1-1 = ——; 
? »2 ml 3(21 + 1) 


where 
» _ 2H 2 2 2 

f= 3p OF — E,) (\xan|? + [yanl” + |Za5\7; 
with xp, Yap, and Zap the matrix elements of X, ), and 2, while n and / are the principal and orbital 
quantum numbers of a particle of mass % moving in a spherically symmetric potential. 
Find the direction of the most probable emission of an electron ejected by a 50 keV y-ray. 
Find the total cross-section for the photoeffect produced by a 50 keV y-ray. 
Use (43.18a) to prove equation (84.5). 
Use (43.18a) to prove equation (84.7). 


CHAPTER X 


QUANTUM THEORY OF SYSTEMS CONSISTING 
OF IDENTICAL PARTICLES 


86. THE SCHRODINGER EQUATION FOR A SYSTEM CONSISTING 
OF IDENTICAL PARTICLES 


In all previous chapters we considered the motion of a single particle in a given 
external field. We shall now investigate how we can generalise our results to the 
case of many particles. If the system consists of N interacting particles, even in classi- 
cal physics the interaction depends on the whole past history of the system and not 
only on the position of the particles at a given time, if we take retardation effects 
into account. If, however, the relative velocities of the particles in the system are 
small compared to the velocity of light, the configuration of the system—that is, the 
distribution of the particles in space—changes little during the time necessary for 
the transfer of the interaction between the particles. We can in this case determine} 
up to terms of order (v/c)* the classical Hamiltonian as a function of only the coordi- 
nates and the momenta of all the particles of the system. If, however, the particle 
velocities are comparable to the velocity of light, we must consider not only the parti- 
cles, but also the field which transfers the interaction; the system will thus have an 
infinite number of degrees of freedom. 

Let us study a system for which we can use the non-relativistic approximation. 
We can in that case write the Hamiltonian in the form 


N AZ 
H= Yo P64 Wer, d+ W, (86.1) 
i=1 2m, 


where V is the operator of the potential energy of the interactions between the particles 
which is a function of the spatial coordinates of all the particles, while Wis an operator 
characterising the spin-orbit interaction, the interaction between the spins of the 
particles, and that part of the potential energy which depends on the momenta of 
the particles and which partially takes into account the effect of retarded interactions. 
The operator W is thus a function of the spin- and momentum-operators of the parti- 
cles. The interactions described by the operator W are of the order of magnitude (v/c)? 
and can be evaluated in a non-relativistic theory by perturbation theory methods. 


T See Section 65 and L. D. Lanpau and E. M. Lirsmrz, Classical Theory of Fields, Pergamon 
Press, Oxford, 1962. 
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The wavefunction of the Schrédinger equation 
Oo ~ ; 
ih—-— H)yp=0 (86.2) 
ot 


with the Hamiltonian (86.1) is a function of the.time, the spin, and the spatial coordi- 
nates of the particles or a function of the time, the spin-coordinates, and the momenta 
of the particles, ..., depending on the choice of representation. 

If all particles in the system are the same (m = m;, ...), that is, indistinguishable, 
the operator (86.1) is invariant under the interchange of any two particles. The 
permutation operator, leading to the interchange of the particles numbered & and / 
will be denoted by P,,. The condition that the particles in the system are identical 
can then be expressed mathematically by the condition that the Hamiltonian (86.1) 
commutes with the permutation operator, that is, 


Pi. = HP,,. (86.3) 


Since the operators P,, and H commute with one another, the eigenvalues of the 
operator P,, will be integrals of motion. 

To determine the eigenfunctions and eigenvalues of the operator P,, of the inter- 
change of two particles, we consider a system consisting of only two.identical particles. 
The eigenfunctions of the operator must in that case satisfy the equation 


where A is a real eigenvalue—the operator P,, is Hermitean. If we act upon this 
equation once again with the permutation operator P;,, we find 


P?,p(1, 2) = A? y(1, 2). (86.5) 
On the other hand, it follows from the definition of the permutation operator that 
P,»(1, 2) = y(2, 1), 
whence P?,(1, 2) = y(1, 2). Using this, we find from (86.5) 
A=1, of, A= +1. 


The permutation operator has thus only two eigenvalues: +1. The eigenfunction 
y,(1, 2) corresponding to the eigenvalue 4 = 1 is called a symmetric function and is 
defined by the equation 


P.oy.(l, 2) = y(1, 2). (86.6) 


The eigenfunction y,(1, 2) corresponding to the eigenvalue A = —1 is called an anti- 
symmetric function. It is defined by the equation 


Py2y,(l, 2) = —»y, (1, 2). 
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Experiment shows that a system consisting of two electrons, two protons, or two 
neutrons is in all its states described by antisymmetric functions only. A system con- 
sisting of two «-particles is always described by a symmetric function. The symmetry 
property with respect to the interchange of two particles is thus an integral of mo- 
tion—because P,, and H commute—and is determined by the kind of particles, 
making up the system. 

This statement can immediately be generalised to a system consisting of an arbi- 
trary number of identical particles. By virtue of the indentical nature of the particles, 
the wavefunction of the system must possess the same symmetry properties (either 
symmetrical or antisymmetrical) with respect to the interchange of any pair of particles. 

The symmetry property of the wavefunctions of the system cannot be changed by 
an external perturbation since any external perturbation must be symmetric with 
respect to the perturbation of a pair of particles, as the particles are identical. 

Depending on the nature of the particles, the states of system of identical particles 
will thus be described either by symmetrical or by antisymmetrical wavefunctions. 
States of systems of electrons, protons, neutrons or other particles—complex or 
simple—with half-odd-integral spin (44, 34, $h, ...) are described by antisymmetric 
functions. Systems of particles—complex or simple—with integral spin (0, A, 2, ...) 
are described by symmetrical functions. This rule is a generalisation of experimental 
data and gives us a basic postulate: the indistinguishability of identical particles. 
Particles forming systems described by symmetric functions are called bosons. Particles 
forming systems described by antisymmetric functions are called fermions. Apparently, 
all particles occurring in nature are either fermions or bosons f. 

In connexion with the principle of indistinguishability of identical particles, it is 
necessary to define more precisely the principle of the superposition of states, dis- 
cussed in Section 3. Not every linear combination of arbitrary solutions of a Schré- 
dinger equation for a system of identical particles will describe a possible state of 
that system. Possible states of the system are determined only by those linear combi- 
nations of functions which do not change the symmetry properties under the permu- 
tation of pairs of particles. For instance, only antisymmetric wavefunctions may 
occur in such a linear combination, if we are dealing with a system of electrons. 


87. SYMMETRIC AND ANTISYMMETRIC WAVEFUNCTIONS 


The Schrédinger equation (86.2) has both general solutions which have and general 
solutions which do not have a well-defined symmetry. Out of all those solutions we 
must choose only the solutions corresponding to antisymmetric functions, if we are 
dealing with systems of fermions and only the solutions corresponding to symmetric 
functions, if we are dealing with systems of bosons. We shall show how we can 


T Editor’s footnote: This seems to be true for all “simple” elementary particles, but compound 
particles may be neither bosons nor fermions (compare P. EHRENFEST and J. R. OPPENHEIMER, Phys. 
Rev, 37, 333, 1931). 
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obtain solutions with the required symmetry properties. Let our system consist of 
two particles, and let the function (1, 2) be one of the solutions of the equation (86.2); 
because the particles are identical, the function y(2, 1) formed from y(1, 2) by inter- 
changing the particles 1 and 2 will then also be a solution of (86.2). One can easily 
construct from these two solutions functions with the required symmetry. Apart 
from a normalising factor, the antisymmetric and symmetric functions, y, and », 
will respectively, be of the form 


Ya = Aly(, 2) - y(2, 1)], 


We can generalise this antisymmetrisation and symmetrisation of the wavefunctions 
also for the case of systems of N identical particles. In such a system there are N! 
possible different permutations of particles. The function corresponding to one of 
these permutations can be obtained from the original function (1, 2, ...,.N) by 
successive permutations of pairs of particles. Let P,y(1, 2, ..., N) denote the function 
which can be obtained from #(1, 2, ..., N) by » consecutive permutations of particle 
pairs. Apart from a normalising factor, we get then the symmetric and the anti- 
symmetric function through the rules 


Ys, = AY P,y(1, 2, ..., N), (87.1) 
ye = BY (-1)" PA, 2, .... N), (87.2) 


where the summation is over all N! functions corresponding to the different possible 
permutations of the N particles in the system. 

An exact solution of the many-body problem in quantum mechanics encounters 
insurmountable mathematical difficulties. However, in several cases, one can elucidate 
the basic properties of quantum systems by using the method of successive approxi- 
mations, where in the zeroth approximation the particles are assumed to be indepen- 
dent, while in higher approximations the interaction is taken into account through 
perturbation theory. The Hamiltonian of the system of particles is thus in zeroth 
approximation equal to the sum of the Hamiltonians of the separate particles: 


The eigenfunctions of the operator H, can in this case be written as a product or as 
a linear combination of products of the eigenfunctions of the operators AD of the 
separate particles, while the eigenvalues of Hy will be equal to a sum of eigenvalues 
of the operators A(J). 

Let the function »,,(J) satisfy the equation 


[HD — &n,] On,(2) = 0, 
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where n, indicates the set of quantum numbers characterising the quantum states of 
the particle /. The eigenfunctions of the operator Hy corresponding to the eigenvalue 
E = )°; €q, Will then be linear combinations of the functions 9,,(1) @n,(2) ... Pay(N). 

For a system of bosons the wavefunction must have the form of a symmetrised 
product 


Y= A y Pypn,(1) Pn;(2) tee Pan), 


where A is a normalisation factor. For a system of fermions the functions must, 
according to (87.2) be of the form 


“= Ts » (- 1)” P,pn,(1) Pnz(2) “ee Pny(N). (87.3) 


We can write the antisymmetric wavefunction instead of in the form (87.3) in the 
form of a determinant (a so-called Slater determinant) 


Yn,(1) Pn,(2) L Gn) 
1 [AD %n,(2) --. Pas) (87.4) 


wie 
Pny(1) Yny(2) -- and) 


The change in sign of the function (87.4) under a permutation of any two particles 
follows immediately from the change of sign of a determinant when two of its columns 
are interchanged. 

From (87.4), the so-called Pauli principle follows. According to the Pauli principle, 
a system of identical fermions cannot be in a state described by a wavefunction (87.4) 
containing two single-particle states which are the same. 

Indeed, if there are among the single-particle states n,, n2, ..., Hy two which are 
the same, the determinant vanishes identically. 

It is thus impossible that in a system of identical fermions, two—or more—particles 
are in the same state. Of course, one can only apply the Pauli principle, formulated 
in this way, to systems of weakly-interacting particles, when one can speak about 
the states of the separate particles, even if only approximately. 

In general, one can say that a system of particles satisfies the Pauli principle if it 
is described only by wavefunctions which are antisymmetric under permutations of 
pairs of particles. One must, however, note that although the function (87.4) charac- 
terises a state of the system in which different particles are in single-particle states 
Ny, Nz, ..-, Hy, it is impossible to say just which particle is in each of these states. 

The Hamiltonian of a system of identical particles, 


1 - 
_ > Pi + Vir, Poy very ry), 
ami =1 
does not contain the spin operators of the particles in the non-relativistic approxi- 


mation—and when there is no external magnetic field. The wavefunction of the system 
qu 12 
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can thus be written as a product of a function ® depending only on the spatial co- 
ordinates (coordinate function) and a function y depending only on the spin variables 
(spin function): 

P(r151, F252, --) = Ory, ho, ---) X(815 S25 -)> (87.5) 
or as a linear combination of such products. The wavefunction (87.5) in the form of 
a product of a coordinate and a spin function is often used as a first approximation 
also when studying a system with a Hamiltonian containing a spin-orbit interaction. 

The symmetry requirements of the wavefunctions under permutations of particles, 
which we have just discussed, referred to the complete wavefunctions, since a permu- 
tation of particles corresponds to a perturbation of both the spatial and the spin 
variables. If the function » is in the form of a product of a spin and a coordinate 
function—or a linear combination of such products—the necessary symmetry of the 
function (87.5) can be ensured by several combinations of functions ® and y which 
may have different symmetries under permutations of the appropriate coordinates. 
To study these possibilities, it is convenient to use Young diagrams. 

Each Young diagram refers to a well-defined type of symmetry under permutations 
of the independent variables, corresponding to permutations of the particles. Young 
diagrams for the coordinate wavefunction ® of N variables r,, r,, ..., ry are deter- 
mined by the division (partitio) of the number JN in all possible ways into a sum of 
terms: N, + N, + --- = N. Such a partitio can graphically be illustrated by arrang- 
ing N squares in rows, each of which contains N,, N2, ... squares in decreasing 
order of magnitude. We can, for instance, split up the number NV = 4 in five ways: 


4=341=24+2=24+14+1=14+14141. 


There are thus for N = 4 five Young diagrams. 
H HH 7 : (87.6) 


To denote the Young diagrams briefly, we use sometimes square brackets inside 
which we write down the number of squares in each row of the Young diagram. The 
Young diagrams given a moment ago for N = 4 can thus be written as follows: 


[4], [3, 1], [2, 2], [2, 1, 1], 0, 1,1, 1). 


We obtain the wavefunctions referring to a well-defined Young diagram by symmetris- 
ing with respect to the variables occurring in each row and antisymmetrising with 
respect to the variables occurring in each column. 

The Young diagram [4] corresponds to a completely symmetric function, and the 
Young diagram [1, 1, 1, 1] to a completely antisymmetric function. The other Young 
diagrams in (87.6) describe wavefunctions of mixed symmetry. 

Since the variables of the spin function y of a spin-4 particles can take on only 
two values s = +4, the function y cannot be antisymmetrised with respect to more 
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than two variables. In other words, the functions y can correspond only to Young 
diagrams with at most two rows. For instance, the spin wavefunctions of a system of 
four particles can correspond only to the Young diagrams 


GUTTA HR. [PT (87.7) 


The arrows in the squares conventionally indicate the value of the spin variable. 


The spin function corresponding to the Young diagram noe is antisymmetric in the spin 


variables of the particles 1 and 4. The dependence of this function on the spin variables of particles 
1 and 4 can thus be depicted by a determinant which does not change under rotations of the set of 


coordinate axes. The spin functions corresponding to the Young diagrams and [TT] will 


thus possess the same properties under rotations of the system of coordinates, that is, they belong 
to the same irreducible representation of the rotation group. In the general case, when we wish to 
determine the irreducible representation to which a spin function with two rows, one with « and one 
with 8 squares, belongs, we must remove all complete columns. This means that the Young diagrams 


@ squares 
nn ny 
 H---FET.. oO... 0 
eae a-B squores 
| 
A squares 


belong to the same irreducible representation. The function (b) is, however, completely symmetrical 
with respect to « — 8 spins. We can construct such functions by orienting all spins in the same 
direction ; they correspond thus to states with total spin S = 4(« — 8). The 2S + 1 spin functions %5n 
corresponding to the Young diagrams (a) and (b), which differ by the 2. + 1 possible values of the 
z-component of the total spin, will thus transform among each other under a rotation of the co- 
ordinate axes by means of the generalised spherical functions D* of Section 43, that is, 


Kom’ => Divmlsm: 


The wavefunctions of systems of spin-} particles corresponding to a given Young 
diagram describe states with a well-defined value of the total spin S (in units #) of the 
system (compare the discussion just given in the small-type section). The spin func- 
tions corresponding to the Young diagrams (87.7) for instance, describe, respectively, 


states of total spin 2, 1, and 0. The Young diagrams [4] 4]#]. et for the spin 
wavefunctions of a system of three spin-4 particles describe, respectively, the two 


possible states with spin } and 4. The Young diagrams RELIG [| of a system 
of two spin-4 particles describe states of spin 1 and 0. 

The Young diagrams for the spin functions are characterised by the total spin of 
the system only. Each Young diagram corresponding to a total spin S describes thus 
12* 


‘ 
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2S + 1 different spin states which differ from one another in the z-component of the 
total spin. 

If we denote the wavefunctions of the two possible spin states of a spin-} particle 
by « and £, respectively, the spin function corresponding to the Young dia- 


gram HH (total spin equal to 0) will be of the form 
1 


= [o(1) B(2) — «(2) BC). (87.8) 
J/2 


aC, 2) = 
The three spin functions 


pail, 2) = 2 [o(1) B(2) + 0(2) BC), 
/2 


%s2(1, 2) = o(1) «(2), (87.9) 
xsa(1, 3) = B(1) B(2) 


correspond to the Young diagram cay 

We can find for each spin state of a system of N particles, that is, for each Young 
diagram corresponding to a spin wavefunction y, an appropriate Young diagram for 
the coordinate function @ which is such that the total function is anti-symmetric 
with respect to the simultaneous permutation of both coordinate and spin variables 
of any two particles. If, for instance, in a system of four particles the spin function 
corresponds to the Young diagram [4], this function must be multiplied by a coordi- 
nate function corresponding to the Young diagram [1, 1, 1,1]. One can show in 
general that the total wavefunction y will be antisymmetric if the spin wavefunction 
corresponding to a possible Young diagram is multiplied by a coordinate function 
corresponding to the transposed Young diagram. For a system of four particles, for 
instance, three antisymmetrised functions are possible (the index of y corresponds 
to the value of the total spin of the state): 


~=(HH) «(HH 


To each Young diagram there may correspond several wavefunctions. In general, therefore, the 
antisymmetrised wavefunctions are linear combinations of functions belonging to the above-men- 
tioned Young diagrams. These combinations are chosen in such a way that they are eigenfunctions 
of the total angular momentum and other integrals of motion. 
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If the system consists of particles of half-odd-integral spin s > 4, the spin wave- 
function will contain not more than 2s + 1 rows. In general, the total spin of a 
system of more than two particles will in that case not be determined uniquely by 
the Young diagram of the spin function. 

The wavefunctions of systems of integral-spin particles must be symmetric, and 
they are thus described by products of coordinate and spin functions referring to 
the same Young diagram, or linear combinations of such products. We shall consider 
in the theory of scattering (Section 102) several problems of the symmetry of the 
wavefunction of a system of two particles of arbitrary spin. 


88. ELEMENTARY THEORY OF THE GROUND STATE OF TWO-ELECTRON ATOMS 


We shall now study the energy states of a system of two electrons moving in the 
Coulomb field of a nucleus of charge Ze. The helium atom is such a system, which 
has two electrons and a nucleus with Z = 2; other examples are the singly ionised 
Li ion, the doubly ionised Be ion, and other multiply ionised “helium-like” ions. 
Neglecting the spin-orbit interaction, we can write the Hamiltonian of the system in 
the form 

A = Ao(,2) + Vio, (88.1) 
where 


2 
(1, 2) = eo (Vi + V3) — Ze? (~ + *) (88.1a) 
au Fy Fp 


is the Hamiltonian of the two electrons in the Coulomb field of the nucleus and 
V,2 = e?/r,, is the operator of the interaction between the electrons. 

In zeroth approximation—when we neglect the interaction between the electrons— 
the problem reduces for both electrons to the problem considered in Section 38 of 
the motion of an electron in a Coulomb field ~-Ze?/r. The energy of each electron 
is in that case determined by the equation 


22 
Ze 


where a = h?/ue” is the Bohr radius and » the principal quantum number. The 
energy levels ¢, correspond to the wavefunctions Mam = Sul’) Yin(6, p) where the 
Sur) are defined by (38.16). 
The ground state of the system corresponds in zeroth approximation to the state 
where both electrons are in the 1s-state. The energy of that state is equal to 
2,2 
Ey = 2, = —22, (88.2) 
a 





and its wavefunction is 


Yo = pis(l) P14(2) = (2) exp | -Z¢, + ro} (88.3) 


7 
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The wavefunction (88.3) is symmetric with respect to a permutation of the spatial 
coordinates of the two particles. To obtain an antisymmetric total wavefunction we 
must multiply (88.3) by an antisymmetric spin function y,(1, 2) of the two particles. The 


function 7,(1, 2) corresponds to the Young diagram HH and describes a state with 
zero total spin. 
In the first order approximation of perturbation theory the ground state energy 
is equal to 
E=££,+Q, (88.4) 
where 


2 
Q = | ist) — gh) ar, ar, (88.5) 
12 


is the average energy of the Coulomb interaction between the two electrons in the 
state (88.3). 

To evaluate the integral (88.5), it is convenient to expand rjz in spherical harmo- 
nics: 


4 1 ro\' . 
= Y — (2) Yi(9191) Yin(O2p2), if ry > ra3 


2 


P12 lr, — Pal 4x 1 r\! 
() YRG191) YinlO2~2), if ro > ry, 


where 6,, y; and 6,, m, are the polar angles of the radius vectors r, and r,, respecti- 
vely. If we substitute this expansion and (88.3) into (88.5) and bear in mind that the 
function (88.3) does not depend on the angular variables, all terms except those for 
which 7] = m = 0 will vanish when we integrate over the angles. We get then for the 
integral (88.5) 


4e* (Z\° ¢° 1” ” 2 
Q = — (2) | e 24ri/a El e 72r2/9y2 dry + { @ 22r2/4y, ar| ry dr,. 
wm \a 0 ri Jo r 


Integrating by parts, we get finally for the average value of the interaction energy of 
the electrons 
_ 5Ze* 


ae (88.6) 


Q 





Substituting (88.6) and (88.2) into (88.4) ,we find the ground state energy of the system 
in first order perturbation theory: 


_ -2(z _ ;) (88.7) 


Let us evaluate the ionisation energy of the helium atom and of the corresponding 
helium-like ions. The ionisation energy J, that is, the energy required to remove one 
electron is equal to the difference of the energy — Z7e7/2a of the remaining electron 
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in the field of the charge Ze and the energy (88.7). We have thus 


2 22 2 
Z 5 
~2(7_>\)_2¢ _2 (7_ >). (88.8) 
a 8 2a 2a 4 
We can obtain a more accurate value of the energy and the wavefunction of the 
ground state of a system of two electrons by applying a straightforward variational 
method. In the ground state both electrons are in states of zero angular momentum 


and their spins are antiparallel. We can thus choose our normalised trial function in 
the form (88.3), replacing Z by a variational parameter f: 


vo = (2) exp | ae + | (88.9) 
w\a a 


According to Section 51, the problem of determining the ground state energy reduces 
to an evaluation of the integral 


E(B) = § polo d°r, dr2, 


where H is the Hamiltonian (88.1). Substituting the explicit expression (88.1) for H 
into E(B) and using the relation A?/u = ae?, we can write E(B) as a sum of three 


terms: E(6) = E,(8) + E(B) + E:(8), 
where 





2 
2é@ 


1 
E,(8) = 5 ze | wo(Wi + V3) Po d*r,d°r, = 2 


2 
Ex(§) = -Ze? | ve (~ + =) dr, d'r, = 228°, 
a 


ry ro 


5 2 
E;(8) = [ve ar, d*r, = =o. 
a 


‘12 


The energy of the system as a function of the parameter f will thus be of the form 


Bp) = £ | - (22 -2)8], 
a 8 


From the minimum condition dE/d8 = 0, we find 


5 
=Z-——. (88.10) 
Po 16 
We find thus for the ground state energy of the system 
5 25 Je? 
E, = E = -|77--Z+—]-, (88.11) 
0 = EBo) | 8 =| a 


and for the wavefunction 


vo = -(2) exp | Sarat (38.12) 
A a 


a 
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where 

. 5 

*= Z—-— (88.13) 


is the effective nuclear charge. 

The wavefunction (88.12) differs from the hydrogen-like wavefunction (88.3) in 
that the effective nuclear charge rather than the actual nuclear charge occurs in (88.12); 
this takes into account the fact that each electron is partially screened from the nucleus 
by the other electron. 

Using (88.11) to evaluate the ionisation energy, we find 


2,2 2 
y= —-E, - 22 22 | 7? 974), 
4°" 128 





(88.14) 


In Table 11 we have given (in atomic units) the experimental value of the ionisation 
energy as well as the values following from equations (88.8) and (88.14) for a number 
of ions. 


TABLE 11, IONISATION ENERGY OF TWO-ELECTRON SysTEMs (mIN Atomic UNITS) 
Experimental value From equation (88.8) | From equation (88.14) 


He 0-9035 0-75 0-85 
Li* 2°7798 2°62 2°72 
Be**  5:6560 5°50 5-60 
C*t* 14-4070 14-25 14-35 





It follows from Table 11 that even a simple variational method gives satisfactory 
agreement with experiment. Hylleraas} has shown that by using a trial function with 
several variational parameters, one can obtain the energy of two-electron systems 
with spectroscopic accuracy, that is, accurate apart from a correction of order 10-°. 
Hylleraas obtained for the ionisation energy of the helium atom a value J = 0-9037— 
in good agreement with the experimental value—using a function with 8 parameters. 


89. ExcITED STATES OF THE HELIUM ATOM; ORTHO- AND PARA-HELIUM 


In zeroth approximation the two electrons are in the ground state of the helium 
atom in hydrogen-like 1s-states. A short-hand notation for that state is (1s)?. Inside 
the bracket the electron state is given and the index gives the number of electrons in 
that state. Such a description of states is call an electron configuration. The first 
excited state of the helium atom corresponds to the electron configuration (1s) (2s)! 


Tt E. A. Hyieraas, Zs. Phys. 54, 347 (1929); 60, 624 (1930); 65, 209 (1930). 
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or (1s) (2s). The wavefunctions of this configuration corresponding to the two Young 


diagrams [ | ] and H can be written as follows 


, = Ae fp ..(1) p22) + 9:e2) P21, 
V2 
; (89.1) 
®, =e [91,(1) Y25(2) ~ P1s(2) V2;(1)]. 
J2 





The total wavefunctions must be antisymmetric, and we can thus, in accordance with 
Section 87, state that the coordinate wavefunction ®, must correspond to a spin state 
with antiparallel spins—total spin equal to zero—while the wavefunction ®, corre- 
sponds to a spin state with parallel spins—total spin equal to 1. States with anti- 
parallel spins are called para-states. States corresponding to the functions ®,—in 
particular, the ground state of the helium atom—are para-states. States in which the 
electron spins are parallel are called ortho-states. 

The para- and ortho-states ®, and ®, of the (1s) (2s) configuration have in the 
zeroth approximation the same energy. However, if we take into account the inter- 
action between the electrons, the energies of these states turn out to be different: the 
energy of the para-states ®, is somewhat higher than that of the ortho-state ®,. One 
can easily check this on the basis of simple qualitative considerations. It follows from 
the form of the functions (89.1) that the function ®, vanishes, but the function ®, 
has its largest value when the coordinates of the two electrons are the same. The 
electrons are thus more often far from one another in the ®, state than in the ©, state. 
The average energy corresponding to the Coulomb repulsion of the electrons is thus 
less in the ®, state than in the ®, state. The difference in the energies of the para- and 
ortho-states of the (1s) (2s) configuration occurs thus because of the correlation in the 
motion of the electrons which is a consequence of the symmetry of the wavefunctions 
under a permutation of the spatial coordinates. 

To find the energies of the ortho- and para-states (89.1) in the first approximation 
of perturbation theory, it is sufficient to evaluate the average value of the Hamiltonian 
(88.1) in these states. Bearing in mind that g,, and 2, are hydrogen-like functions 
corresponding to energies e,, and e2, we get the energy of the para-state 


= [GAO dt = e,,+6,+Q0+4, (89.2) 
and the energy of the ortho-state 
E, = §®,A®, dc = e, + &25 + Q-A, (89.3) 
with ; 
Q- | PO) LOL ars dr, (89.4) 
A= [eo ld) — Pre(2) Pall) dry dr. (89.5) 


qm l2a 
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The integral Q is usually called the Coulomb integral. It determines the average value 
of the Coulomb interaction energy of the electrons, neglecting the correlation between 
the motion of the electrons caused by the symmetry of the functions. The integral A 
is usually called the exchange integral. It determines that part of the Coulomb inter- 
action which is intrinsically connected with the correlation in the motion of the two 
electrons. The extra term in the energy due to the integral A is usually called the 
exchange energy. It is sometimes stated that the exchange integral “determines the 
frequency with which the two electrons interchange their quantum states”. This 
interpretation is based upon the neglect of the spin states of the electrons, It does not 
reflect any real process. The exchange energy is that part of the Coulomb interaction 
energy of the electrons caused by the peculiar correlation in the motion of the elec- 
trons caused by the appropriate symmetry—with respect to a permutation of the 
spatial coordinates, not with respect to a permutation of the particles themselves—of 
the coordinate wavefunctions. 


The interpretation of the exchange integral as giving the frequency of interchange of the two 
electrons is usually based upon the following considerations: the two stationary states with energies 
E, and E, given by equations (89.2) and (89.3) correspond to the two coordinate wavefunctions 


W,=@, eth and W, = @,e-iEstlh, (A) 


where ®, and ®, are given by (89.1). Let us now consider the non-stationary state described by the 
function 


1 
pt) =e Cr, + WY). 
a 
Substituting (A) into this expression and using (89.1) to (89.3) we get 


p(t) = [pis(1) pas(2) cos St + ipys(2) Prs(1) sin dt] e~F>F, 
where 


1 


J 
@o = 5 (1s + &28 + ), b= 


For t = 0 we have thus y(0) = 9,,(1) 92;(2). The function y(0) describes a state in which the first 
electron is in the 1s-state and the second electron in the 2s-state. At t = 2/26 = 2h/2A we have 


+5) = ip,,(2) P2(1) e7 tor /28 


This function describes a state in which the first electron is in the 2s-state and the second electron in 
the 1s-state. One says, therefore, that the electrons change their quantum state. One sees, however, 
easily that these considerations are incorrect, if we take the spin states into account. Indeed, taking 
the spin variable into account we find that the stationary states with energies E, and E, are not 
determined by the functions (A) but by the functions 


Wy = @y,eitih and Wl = D,yetEatlh, (B) 


where ®, and ®, are given by (89.1), while the spin functions ¥, y, are given by equations (87.8) 
and (87.9). The functions (B) refer to two different spin states of the atom and we cannot use them 
to form linear combinations which can be used to confirm the above interpretation. 
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To evaluate the integrals Q and A we must substitute into (89.4) and (89.5) the 
explicit form of the hydrogen-like wavefunctions 


1 3/2 3/2 
MW =— Z emia Q2s = _ Z 2- Zr e224 
Jn a 4 J 20 a a 


The experimental values of the energies of the para- and ortho-states of the helium 
atom in the (1s) (2s) configuration are, respectively, equal to 





2 2 
E,= —21462, £, = —2:175©%. 
a a 


The excited states of a helium atom corresponding to the (1s) (2p) configuration 
can also be divided into para- and ortho-states, corresponding to the coordinate 
functions 


D, = 7 [p,.(1) p2p(2) + Piel) Pax(DI. 
/2 


' (89.6) 

2,= P [pis(1) P29(2) — P1s(2) G2p(1)]. | 
The experimental values of the energies of these excited states are, respectively, equal 
to 


2 2 
B= 21242, ge = ~2-1332. 
a a 


To find the complete wavefunctions of the ortho- and para-states corresponding 
to the (1s) (2s) configuration, we must multiply the functions (89.1) by the appro- 
priate spin functions. We have thus 


Yours = ®,(1, 2) xa(1, 2), 


where the function y,(1, 2) is given by (87.8). 
In correspondence with (87.9), the ortho-state is determined by the three functions 


Portho = @,(1, 2) %s1 (1, 2), 
Porcho = G,(1, 2) %s2(1, 2), 
Portho = @,(1, 2) %s3(1, 2), 


which correspond to the three possible spin states—differing in the orientation of 
the total spin S$ = 1. 

Excited states corresponding to other electron configurations—in which the two 
single-electron states are different—can also be divided into para- and ortho-states. 

The energy levels of the helium atom—and of helium-like ions—can thus be 
divided into two systems of levels: para-states corresponding to symmetric coordinate 
functions, and ortho-states corresponding to antisymmetric coordinate functions. 
12 a* 
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There is one spin function—total spin zero: electron spins antiparallel—for each 
para-state. There are three spin functions—total spin 1, z-component of the spin 
0, +1—for each ortho-state. The para-state energy levels are called singlet levels and 
the ortho-state energy levels triplet levels. 

As long as we neglect the spin-orbit interaction, F1-transitions, involving emission 
or absorption of light, between triplet and singlet states will be forbidden—because 
of the orthogonality of the spin functions. The singlet and triplet states of the helium 
atom are thus in this approximation independent. If the helium atom falls into the 
lowest excited triplet state, w,[(1s) (2s)], it will remain for a long time (months) in 
that state, as a change in the orientation of the spin of one of the electrons is difficult 
to bring about. Because of the long life-time of this state, it is called a metastable 
state. Helium atoms in singlet or triplet states can thus be considered as two different 
kinds of atoms. A helium atom in a singlet state is called parahelium. A helium atom 
in a triplet state is called orthohelium. Parahelium atoms have no magnetic moment 
and form a diamagnetic gas. Orthohelium atoms have a magnetic moment and form 
a paramagnetic gas. The spectral lines of parahelium atoms are single. The spectral 
lines of orthohelium consist of three close levels (triplets) corresponding to the three 
spin states whose energies differ slightly when we take into account relativistic correc- 
tions f. 

The splitting of the levels in the triplet states is caused by the interaction between 
the spin- and the orbital angular momenta—spin-orbit interaction—and by the 
magnetic interaction between the spins of the two electrons. In the (1s) (2s) triplet 
states and in other states of zero orbital angular momentum there is no splitting, 
since there are no preferential directions in the atom. In the (1s) (2p) state and in 
other states with an angular momentum there is a preferential direction—the direction 
of the angular momentum—and the spin states corresponding to different values of 
the component of the spin along this direction will differ in energy. If the nucleus has 
spin and a magnetic moment there is a further, hyperfine, splitting of the energy 
levels depending on the total angular momentum of the whole atom. A quantitative 
study of the fine-structure and hyperfine-structure splitting of the levels of the helium 
atom can be found in the survey article by Bethe and Salpeter+. 


90. SELF-CONSISTENT HARTREE-FOCK FIELD 


We shall now study approximate methods to evaluate the energy states of atoms 
containing more than two electrons. Neglecting the spin-orbit interaction, we can 
write the Hamiltonian in the system of coordinates fixed at the atomic nucleus in 


ft Strictly speaking, the lines can be more complicated as both the upper and the lower level may 
be split into three, but either one can neglect the splitting of one of the levels as compared to that 
of the other level, or one of the levels may not be split at all, for instance, if it is a triplet S-level. 
+ H. Berue and E. SALreter, Handb. Phys. 35, 88 (1957). 
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the form = ~ _ 
H=)H,+4¥ Viats (90.1) 


where H, is the Hamiltonian of the /-th electron in the field of a nucleus of charge Ze 
and V,, = e?/r,, is the operator of the interaction of two electrons; the prime on the 
summation sign indicates that the summation over k and / does not include terms 
with k = 1. 

It is convenient to use a variational method when evaluating the ground state 
energy of an atom (see Section 51). In that case, the wavefunction of the atom is 
determined from the equation 

dF = 6 | p*Hy dz, (90.2) 


provided y satisfies the condition [ p*y dc = 1. 

The success of the variational method depends on the choice of the trial function y. 
We construct a trial function from the wavefunctions of the different electrons as 
a simple product 
Wri, V2, -+-> ¥z) = Gils) Yalta) --. Pz(tz)- (90.3) 
The choice of the function yw as a simple product of coordinate functions of different 
electrons corresponds to the assumption that the electrons move independently of 
one another in the atom. The function (90.3) does not satisfy the symmetry require- 
ment under permutations of pairs of particles; we have thus not taken into account 
the correlation in the motion of the electrons caused by the symmetry effect. In the 
following, we shall also consider wavefunctions with the correct symmetry. 

Substituting (90.3) into the integral J = f p*Hy dz and bearing in mind that 7, 
operates only upon the coordinates of the /-th electrons, we can transform the inte- 


gral as follows 
J=¥ fot Aig. d’r, +45) J of et Vpn dr, dn. (90.4) 


Using the additional normalisation conditions | 9; 9, d°r, = 1 we can write equation 
(90.2) in the form 


oy = 5 [ont i . z fe Vt vn} py din, = 0, (90.5) 


where the variation dg} satisfies the condition 
J opty, d°r, = 0. (90.5a) 


Multiplying each of the equations (90.5a) by a Lagrangian multiplier —«, and adding 
them to equation (90.5) we find 


6J = y. [dor i + 2 /% Vis Pr d*r, — as gy, d°r, = 0. (90.6) 
I (FL 


The variations dg} in the integrals (90.6) are independent, so that equation (90.6) 
can only be satisfied when the equations 


[4 +> [ot VQ d°n, — «| g=0, 1/=1,2,...,Z (90.7) 
k( #1) 
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are satisfied. The set of equations (90.7) is a non-linear set of integro-differential 
equations in the unknown single-electron functions 91, 2, ..-, Yz- 

The system of equations (90.7) for a determination of the single-electron functions 
and the energies e, was first of all proposed by Hartreeft on the basis of physical 
ideas about the average field produced by the electrons. Fock+ obtained the set of 
equations (90.7) by using a variational principle. To solve the set of equations (90.7), 
Hartree applied the method of successive approximations. As zeroth approximation, 
he used hydrogen-like functions gy? ; with these functions, he evaluated the sum 


Win) = > [08 Font dr, 
k(#l) 


which is the average interaction energy of the /-th electron, interacting with all other 
electrons which are in the states described by the functions g?. Substituting this value 
for the sum occurring in (90.7), we get a set of equations—which are now independent 
—from which we can now determine the functions g; in first approximation 


[f, + 4? — flo =0. 


Solving this set of equations, we can evaluate a new potential energy, 


vin= ¥ | ght Papi dr, 
kC #2) 


which we can use to evaluate the functions y{?’ of the second approximation 


[M+ Vi — e1] gi? = 0. 


If this process converges, we can continue it until we obtain a potential energy 


Vir) = YX [ot Ver d°r,, (90.8) 
kC #1) 
which in the set of equations 
LA, + Vir.) — e] gr) = 0 (90.9) 


will lead to almost the same wavefunctions ¢, which are used to evaluate the potential 
energy (90.8). The potential energy (90.8) obtained in this way is called the sel/- 
consistent Hartree field. 

By introducing the self-consistent field (90.8), we have reduced the many-electron 
problem to a single-electron problem, that is, to the solution of the Schrédinger 
equation (90.9) containing the coordinates of only one electron. The state of the atom 
is, in that case, considered approximately as a combination of single-electron states. 
Such an approximation is based upon the use of the wavefunctions of the atom in the 
form of the product (90.3) of the single-electron functions. Strictly speaking, it is im- 


tT D. R. Hartree, Proc. Cambridge Phil. Soc. 24, 111 (1928). 
+ V. Fock, Zs. Phys. 61, 126 (1930); 62 ,795 (1930). 
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possible to write the total wavefunction of the atom in the form of the product (90.3); 
the self-consistent field method, therefore, takes into account only the main part of 
the interaction between the electrons, but not the total interaction (see Section 93). 

In practical applications, the self-consistent Hartree field is averaged over the 
direction of the radius vector r,; the potential energy is thus made spherically sym- 
metric and this makes it possible to look for a solution »,(r) as a product of spherical 
harmonics and functions depending on r only. 

The values ¢, in equation (90.9) determine the energy states of the different elec- 
trons in the atom. The ground state of the atom corresponds to a distribution of 
the Z electrons in accordance with the Pauli principle—one electron per state—over 
the states of lowest energy. The excited states of the atom are obtained when an 
electron makes a transition from an occupied state to one of the empty states with 
a higher energy. When such a transition takes place, the self-consistent field Y also 
changes slightly; however, when the state of a single electron changes little, the change 
in ¥ will be very small—since ¥ is determined by the states of all the electrons in 
the atom—and this cannot be taken into account in approximate calculations. 

The total energy E of all the electrons in the atom is determined by the expression 
(90.4) if we substitute into the integral the wavefunctions corresponding to the solu- 
tions of the set of equations (90.7). One sees, however, easily that this energy is not 
equal to the sum of the energies e, of the single-particle states. Indeed, it follows 
from (90.7) that 


&; = | ore d°r, + 2X, | eter VQ d*r, d*r,. 
C# 
Z 
The electrostatic interaction is taken into account twice in the sum >» €,, and we 
have thus from (90.4) 


Zz 
= Y e, —4 »y [eter VPP Ar, d*r,. 
11 kel 


We have mentioned already that the choice of trial function in the form of a simple 
product does not allow us to take into account the correlations in the motion of the 
electrons caused by the antisymmetry of the complete function. A self-consistent 
field which takes into account these correlations was obtained by Fockf using a 
trial wavefunction which has the correct symmetry properties. In Fock’s method, the 
trial function is constructed using the wavefunctions of the different electrons depend- 
ing both on the spatial and the spin variables. If &, denotes the set of the spatial and 
spin coordinates and if y,(£) is an orthonormal set of functions, we can choose the 
normalised, antisymmetrised trial function in the form 


wilEx) yilE2) ... wiz) 
WE, & ) = a wales) valE2) - sd alex) . (90.10) 


Z! 
vill 1) vill 2) +++ wz(Ez) 
t V.A. Fock, Zs. Phys. 61, 126 (1930); 62, 795 (1930). 
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The wavefunction (90.10) characterises the state of the electrons in the atom by a set 
of eigenfunctions y,, yz, ..., Yz, but in contrast to the function (90.3) it does not 
show in which state each electron of the system is. 

Although this function takes the identical nature of the electron correctly into 
account, it is still not the most general form of trial function which can be used in 
the variational method. 

The choice of the single-electron functions y,(6) occurring in (90.10) is based upon 
the assumption that the different electrons move in the effective spherically symmetric 
field, produced by the nucleus and the other electrons. The states of the electrons are 
thus characterised by the quantum numbers J, m, and s,. 

We shall write the normalised antisymmetrised function (90.10) in the abbreviated 
form 


Yes, &s, eee £7) = Det {w1, W2> oeen Wz}. (90.11) 


The ground state of atoms with a closed electron shell corresponds to only one 
function such as (90.10). The wavefunction of the ground state of beryllium, for in- 
stance, corresponding to J = L = S = 0, can be written in the form 


PEs, oeey £4) = Det {Wis+s Pis— 3 Wrst 3 W25-}. 


The + and — signs denote the spin states of an electron. 

For atoms with incomplete shells we must choose for the antisymmetrised function 
to be used as trial function in (90.2) a linear combination of functions such as (90.10). 
These linear combinations are such that they correspond to well-defined values of 
the total, the orbital, and the spin angular momentum of the atom as a whole. The 
excited states of the beryllium atom, for instance corresponding to the (1s)? (2s) (2p) 
electron configuration, can correspond to the values S=0, J=L=1, or S=1, 
L=1,J=0, 1,2. The functions of these states are obtained by using the rules for 
addition of three angular momenta (see Section 42)—two spins and L = !—which 
lead to the twelve determinants 


Det {Wis+ 2 Pi1s— > Past > W2pm-}> Det {Wise > WPi1s— > Was- , Yopm+}s 
Det {Wise > YPi1s— ? Wrst > Yopme}s Det {Pis4 , Wis-> Was— 2 W2pm-}> 
with m=0, +1. 


The correlations between the electrons are determined by the symmetry properties 
of the coordinate part of the wavefunction. We showed in Section 87 that the sym- 
metry of the coordinate functions depends on the total spin of the system. States 
with different values of the total spin of the system will, in Fock’s method, correspond 
to different self-consistent fields. We shall show this, using as an example a system 
of two spin-} particles. 

Let the Hamiltonian be of the form 


A= Al + A+ Vi, (90.12) 
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where H? and H° are Hamiltonians, operating only upon the coordinates of a single 
electron. Let us find the equations determining the para-states of the system—total 
spin equal to O—when the single-electron states refer to two different, mutually ortho- 
gonal, normalised functions y, and ¢,, for instance, for the (1s) (2s) configuration. 
The coordinate wavefunctions are symmetric in para-states and we must, therefore, 
choose for the integral (90.2) trial functions of the form 


W = {p1) yo(2) + 9202) po(1)}. (90.13) 


J2 
Using (90.12) and (90.13), we find for the integral 
J = [VHP d*v, d’r, 
= f ptH°p. d*r + | pBH ps d°v + § p3(1) pF(2)P 12 pol2) pall) 471 d?r2 
+ J p32) pE(2) Vi2g0(1) pe(2) d?r1 a? 4p. (90.14) 


Taking the variation of (90.14) with respect to the functions g* and of and using 
the conditions 
J oto, d?r = bx, i,k = a,b, 


we are led to the variational expression 
OL] — E. | pty. d*r — E, | pty, d*v] = 0. 
We thus find a set of two equations 


(H° + Voy — E,) Pa + V Pr = 0, } 


nd f (90.15) 
(H + V aa _ E,) Po + V avPa = 0, 


where 

Vi = J pfQ) Vi2g(1) d*r, 
is the integral which takes into account the Coulomb interaction between an electron 
in the state », with an electron in the state »,, neglecting the correlation between the 
motions of the electrons. The integral Y,, is defined in a similar way. Finally 

V sa = J p#() Vi292(1) ar, 


is the exchange integral which takes into account the correlation between the electrons 
which is caused by the symmetrisation of the coordinate functions. 
In the ortho-states—S = 1—the coordinate wavefunction is antisymmetric, 


Y = {9(1) ps2) — gal2) P01}; 
J/2 


and the set of Fock equations is thus of the form 


[H° + V5 — E,) Ga — V sar = 0, } 


wae ‘ (90.16) 
[H + V aa _ £,] Po — V abPa = 0. 
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The set of equations (90.16) differs from the set (90.15) in the sign of the exchange 
integrals, The exchange integrals do not occur in (90.15) and (90.16), if we do not 
take the correct symmetry properties of the wavefunctions into account. In that case, 
the two sets of equations are the same and go over into the less exact Hartree equations, 
where the energy levels of the para- and ortho-states are the same. 

For atoms with many electrons, we are led to very complex sets of integro-differen- 
tial equations which determine the single-electron states. We refer to the literaturet 
for the explicit form of the equations. Fock and Petrashen# have given the solutions 
of the Fock equations for the Li and Na atoms. The theoretical results agree well with 
experiments. 

The self-consistent Hartree-Fock field has been widely applied to calculate the 
eigenfunctions and energies of complex atoms. The practical application of this 
method encounters large computational difficulties when one solves the set of integro- 
differential equations numerically. Such a calculation requires the use of calculating 
machines. 


91. THE STATISTICAL THOMAS-FEREMI MTHOD 


The mathematical difficulties of a numerical solution of the set of integro-differen- 
tial equations of the Hartree-Fock method which we considered in the preceding 
section, increase enormously when the number of electrons in the atom increases. 

One can use the statistical method suggested by Thomas and Fermiff to determine 
the basic features of the electron distribution and the field in complex atoms. When we 
use statistical considerations, we cannot explain the individual properties of each 
atom, but this method enables us to elucidate the general properties of atoms, such 
as their radius, ionisation energy, and polarisation, and their change with a variation 
in nuclear charge. 

The statistical Thomas—Fermi method was first introduced to find the electron 
density distribution in heavy atoms. Recently, this method has also successfully been 
applied to other systems containing many particles, such as molecules, crystals, and 
nuclei. We refer to the literature++ for a detailed exposition of the statistical method ; 
in the present section, we shall give a brief exposition of the method for the case of 
atoms. 

The majority of the electrons in heavy atoms are in states with large quantum 
numbers, or put differently, in states for which the electron wavelength is considerably 


Tt V. A. Fock, Zs. Phys. 61, 126 (1930); 62, 795 (1930). P. GompAs, Theorie und Lésungsmethoden 
des Mehrteilchenproblems der Wellenmechanik, Birkhauser, Basel 1950. 

+ V. Fock and M. PETRASHEN, Phys. Zs. Sowiet Un. 6, 368 (1934); 8, 359 (1935). 

tt L. H. Tuomas, Proc. Camb. Phil. Soc. 23, 542 (1926). E. Fermi, Acc. Lencei 6, 602 (1927); 
Collected Papers, University of Chicago Press. 

++ P. Gompis, Die Statistische Theorie des Atoms und ihre Anwendungen, Springer, Vienna, 1949. 
‘NN. H. Marcu, Adv. Phys. 6, 1 (1957). 
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smaller than the size of the atoms. We can under these circumstances apply the quasi- 
classical approximation, that is, we can approximately discuss the electron momentum 
as a function of its position. Let —eg(r) (e > 0) be the potential energy of the electron 
at the point r. The maximum of the total energy must be the same everywhere in the 
atom in a stationary state of the atom, as otherwise the electrons would move from 
one part of the atom to another. We shall denote this constant value by —e4. If 
P(r) is the maximum absolute value of the momentum at r, the condition that we 
are dealing with a stationary state can then be written in the form 


2 
Pal) _ ea(r) = ed. (91.1) 
2p 
On the other hand, in the ground state the electron density n(r) in a small volume v 
will determine the maximum electron momentum. The connexion between the maxi- 
mum momentum and the density follows from the requirement—of the Pauli prin- 
ciple—that the number of electrons n(r) v be equal to the number of possible electron 
states, 2(4z/3) [p3,(r)/(27h)] v, in a phase volume (42/3) p3(r) v. Hence 





3 
Prat) 
n(r) = . 91.2) 
Substituting the value of p,, from (91.1) into (91.2) we get 
[2ue(p — AT”? 
nr) = ——___——_. 91.3 
(r) Pare (91.3) 


We shall assume that the atom is spherically symmetric. The boundary of the atom 
r = R is determined by the condition n(R) = 0, so that at the boundary 


g(R) = A. (91.4) 
If the atom is neutral, outside the atom the field of the nuclear charge Ze will be 
completely screened by the atoms so that for a neutral atom 
g(R) = A=0. 
If the number of electrons N in the atom is not equal to Z, we have the following 


condition at the boundary of the atom 


o(R) = 4 = 2—%) 


(91.4a) 


As r > 0 the potential must be the same as the nuclear potential, that is, g(r) > Ze/r 
as r > 0, or, bearing in mind that A is constant, we can rewrite this condition in the 


form lim [r(() — A] = Ze, as 70. (91.5) 


The electrostatic potential y(r) is connected with the electron density through the 


Poisson equation 
V*9 = —4a0, @ = ~en(r). (91.6) 
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Eliminating n(r) from (91.3) and (91.6) and bearing in mind that for a spherical field 
V? = r—-*(d/dr) (r*d/dr) we get the Thomas—Fermi equation 


1 d/.,4d 4e[2ue(p — A)]'? 
— 2 fp? 2 \(y — 4) = SEP A 91.7 
(- 5) (PA) 3xh?* O17) 


It is convenient to write this equation in a dimensionless form. 
We put 


2 
ep ~ A) = 226, p= bxz", (91.8) 
. 


where 
ha h? 
b= 1 (3) "aw 088530, a=. 
2\4 pe 
We then get the equation 
—a’@ 


xo p, (91.9) 


Apart from the boundary conditions (91.4a) and (91.5), we must require that at the 
boundary of the atom the electric field strength —dg/dr changes continuously to the 
expression (Z — N) e/r”, that is, that the condition 


_ E (p - 4] _ (Z ~ N) (91.10) 
or r=R 


is satisfied. If we write xo = RZ‘?/b, conditions (91.44), (91.5), and (91.10) become 





(91.11) 





Z-—wN d® Z—N 
P(x) = ———,, BO) =1, xo] — =~ 
(0) = 2S*, 90) = 1, ¥0] ol. 
Let us consider the case of a neutral atom (Z = N) when ® must satisfy equation 
(91.9) as well as the boundary conditions 


@(0) = 1, P(x.) = G(x) = 0, (91.11a) 


where the prime indicates differentiation with respect to x. It follows from equations 
(91.9) and (91.11 a) that all derivatives of ® with respect to x vanish at x = xy. The 
function ®(x) vanishes thus identically for all finite values of x,. The radius of a 
neutral atom is then according to the Thomas-Fermi equation infinite, that is, 
Xo = 00. Fermi and other authors have found the solution of (91.9) with the boundary 
conditions (91.11a) by numerical methods for the case x» = 00. The most accurate 
solution is due to Bush and Caldwell}. For small values of x we can expand the func- 
tion ®(x) in a power series 


P(x) = 1 — 1-588x + 4x"? + «. 


T V. Busn and S. H. CALDWELL, Phys. Rev. 38, 1898 (1931). 
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Sommerfeldt has shown that ® can for large values of x (x > 10) be written in the 
form x \eapla 
@O(x) = | 1 + | — », 4=0772, 
144 
It follows from (91.4) that A = 0 for a neutral atom and we have thus from (91.8) 
413 1/3 
p-Z P(x) _ eZ ag, rZ 
xb r b 


Substituting this value into (91.3), we find the electron density distribution in the 
atom: 








3/2 
n(r) = BZ? E 2) (91.12) 
x 
with 4) ty a3) 
xi ~ rZ , B= omer (377h*)~*. 
b 0-885a b 


It follows from (91.12) that the electrical charge density distribution is similar for 
different heavy atoms. The characteristic length parameter is the quantity 


bZ~*!3 = 0-885aZ~*/?, 


We show in Fig. 12 the radial electron density distribution D(r) = 4zn(r) r? for a 
mercury atom, calculated from the Thomas-Fermi theory (full-drawn curve). For 
comparison, we have shown by the dotted curve the electron distribution calculated 
by the Hartree method. (The distance r is expressed in atomic length units, 
a = h?/pe* = 1). 


120 


20 
fs) O-2 0-4 O-6 0-8 ro 
r 
Fic. 12. The radial electron density distribution D(r)—in reciprocal atomic length units—in a 
Mercury atom. 


fT A. SomMERFELD, Zs. Phys. 78, 285 (1932). 
+ D.R. and W. Hartree, Proc. Roy. Soc. A 149, 210 (1935). 
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The statistical method does, of course, not take into account the individual pro- 
perties of separate atoms and does not give a true picture of the electron shells and 
the density distribution of the relatively weakly bound valence electrons. Various 
authors have tried to remove the essential incorrectness of the Thomas-Fermi theory 
which leads to the slow decrease in the electron density at large distances; they have 
introduced corrections, such as elimination of the electrostatic self energy of the elec- 
tronsf or taking into account the exchange energy.+ Introducing these corrections 
improves the agreement between theory and experiment considerably. 

The solution of the Thomas-Fermi equation (91.9) depends for ions upon the 
quantity (Z — N)/Z occurring in the boundary conditions (91.11). Moreover, for 
positive ions the theory leads to a finite radius of the ion even without corrections. 
Recently, the Thomas-Fermi method has been successfully applied to the calculation 
of excited states of alkali metal atomsft. 


92. THE PERIODIC SYSTEM 


In the preceding two sections we considered approximate methods for evaluating 
the wavefunctions and energy states of atoms in the periodic system. The main result 
of these calculation methods was the proof that we can in atoms speak approximately 
about the motion of the different electrons upon which the field of the nucleus and 
the self-consistent field of the other electrons acts. This result enables us to study 
the qualitative regularities in the structure of atoms, using simple, elementary con- 
siderations. 

The total electrical field acting upon an electron in an atom differs from the Coulomb 
field of the nucleus, but, to a good approximation, it can be considered to be spheri- 
cally symmetric. The state of an electron in such a field will be characterised by the 
four quantum numbers n, J, m, and m,. Retaining the terminology introduced by 
the hydrogen atom, we shall call these quantum numbers; principal quantum num- 
ber, orbital quantum number, magnetic quantum number, and spin quantum number. 
The last three quantum numbers determine: the orbital angular momentum, its z- 
component, and the z-component of the electron spin. The principal quantum num- 
ber n determines the energy of the state uniquely in a Coulomb field. In complex 
atoms we find, neglecting the spin-orbit interaction, that the electron energy depends 
on the two quantum numbers n and /; these numbers are used to denote the corre- 
sponding energy states: n/. One normally uses instead of the numerical values / = 
= 0, 1,2, ... the notation s, p, d, fj g, ... 

We show in Table 12 the order in which the electron energy states are usually 
observed in atoms, in order of increasing energy. In each row of the Table we give 


Tt E. Fermi and E. AMALDI, Mem. Acc. Italia 6, 117 (1934); Fermi’s Collected Papers, Uni- 
versitely of Chicago Press. 

+ P, A. M. Dirac, Proc. Camb, Phil. Soc, 26, 376 (1930), H. JENSEN, Zs. Phys. 101, 141 (1936). 

Tt H. J. BRUDNER and S. Borowrrz, Phys. Rev. 120, 2053 (1960). 
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states which differ little in energy. The differences in energy of the states corresponding 
to different rows of the table are relatively large. The set of states occurring in a single 
row of the table form an “electron shell’. It can be seen from the table that the energies 
of the states in complex atoms differ from the energies of the hydrogen atom states, 


TABLE 12, ELECTRON SHELLS IN ATOMS 


Total number 


Number of shell Electron states of states in shell 









1 ts 2 
2 2s, 2p 8 
3 3s, 3p 8 
4 4s, 3d, 4p 18 
5 5s, 4d, Sp 18 
6 6s, 4f, 5d, 6p 32 
7 Ts, 6d, 5f, ... 


In the hydrogen atom the 3s, 3p, and 3d states, for instance, have the same energy,, 
but in complex atoms the energies of these states are different. The 3s state has the 
lowest and the 3d state the largest energy. This difference in energy can be understood 
from simple qualitative considerations, if we take into account the self-consistent 
field acting upon a given electron and produced by the other electrons. To evaluate 
this effect, we can, to a first approximation, use the wavefunctions of hydrogen-like 
atoms. We showed in Section 38 that, in states with an orbital angular momentum 
corresponding to a quantum number /, the radial part of the wavefunction decreases 
asr'asr — 0, because of the presence of the effective repulsive potential A7/(/ + 1)/2mr?. 
Electrons in s-states can thus penetrate closer to the nucleus than electrons in d- or 
J-states; electrons in s-states experience, therefore, to a larger extent the full attraction 
of the nucleus than electrons in d- or f-states. As a consequence, the energy of the 
4s-state turns out to be less than that of the 3d-state. The screening appears to be 
particularly important for f-states; the 4f-level, for instance, turns out to lie lower 
than the 6s-state. 

In the ground state of atoms, the electrons fill, in accordance with the Pauli prin- 
ciple, the lowest energy states. No more than two electrons can be in each s-state, 
no more than 6 in a p-state, no more than 10 in a d@-state, and no more than 14 in 
an f-state. In the helium atom (,He) two electrons fill the first shell: (1s). In the 
neon atom (, )Ne) two shells are completely filled: (1s)* (2s)? (2p)*-configuration. 
Three shells are filled in the argon atom (,,A); four in the krypton atom (3;,Kr); 
five in the xenon atom (,,Xe); and six shells are filled in the radon atom (g,Rn). In 
these atoms with completed shells, the total orbital angular momentum and the total 
spin are equal to zero. These atoms are very stable, they have great difficulty in form- 
ing chemical compounds with other atoms and interact weakly with one another: 
inert gases. 
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The first electron in each new shell fills an s-state. All atoms with one electron out- 
side completed shells have closely similar chemical properties and they are alkali 
metals: ;Li, ,,;Na, ;9K, 37Rb, 55Cs, g7Fr. 

We show in Table 13 the electron configurations of the atoms of the first 18 elements 
of the periodic table. 


TABLE 13. ELECTRON CONFIGURATIONS OF ATOMS 


Number 
of shell Zz Element ls 2s 2p 3s 3p 
I 1 
2 
3 Li 2 1 
4 Be 2 2 
5 B 2 2 1 
II 6 Cc 2 2 2 
7 N 2 2 3 
8 oO 2 2 4 
9 F 2 2 5 
10 N 2 2 6 
11 2 2 6 1 
12 2 2 6 2 
13 2 2 6 2 1 
Hl 14 2 2 6 2 2 
15 2 2 6 2 3 
16 2 2 6 2 4 
17 2 2 6 2 5 
18 2 2 6 2 6 





There are 18 states in the fourth and fifth electron shells. There are 32 different 
states in the sixth electron shell. Among these states there are 14 4/-states. As we 
mentioned a moment ago, the radial function of the f-states decreases steeply as 
r > 0. We show in Fig. 13 the radial distribution of the electrical charge in hydrogen- 
like atoms for 4s-, 4p-, and 4f-states. We see that in the 4f-states the electron does 
not penetrate close to the nucleus, but all the same, it moves in regions of the atom 
which are closer to the nucleus than the outer regions to which the 4p- and especially 
4s-states extend. Electrons in the 5s- and 6s-states reach even more remote regions. 
The 4f-states begin to be filled after the element lanthanum (,7La) in which 54 elec- 
trons fill the first five shells, while the last three electrons fill the configuration 
(5d) (6s)?. In the atoms of the next 14 elements, 5gCe, 55Pr, 69 Nd, ¢6,Pm, 625m, 63Eu, 
6aGd, ¢51b, 66Dy, 67Ho, ggEr, 69Im, 790 ¥b, 7,Lu, which are called the rare earth 
elements or lanthanides, the 4f-states are occupied. Since the electrons in the 4f-states 
occupy the inner regions of the atom, the outer layer of lanthanum and of the rare 
earth atoms remain practically unchanged—(6s)*-configurations; we shall see in 
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Section 118 that this means that the chemical properties of these elements are very 
similar and they belong to the same square of the periodic table as lanthanum. 





Fic. 13. The radial distribution of the electrical charge in hydrogen-like atoms for 4s-, 4p-, and 
4f-states. 


In another group of elements, 99Th, 9;Pa, 92U, 93Np, o4Pu, 9;Am, 9,Cm, 97Bk, 
osCf, o9Es, 100m, 19;Mv, the consecutive increase in the number of electrons in 
the atom corresponds to the filling up of the 5/-shell without a change in the confi- 
guration of the external electrons. The (7s)? configuration of the external electrons is 
the same for all these elements and is the same as the configuration of the actinium 
atom, g9Ac; these elements are, therefore, called the actinides and they belong to the 
same square of the periodic table as actinium. 

The shell structure of the electronic states of the atoms which follows from the 
laws of motion for electrons, explained by quantum mechanics, was to a large extent 
foreseen by the outstanding Russian chemist, Mendeleev, in 1868, that is, long before 
the appearance of quantum mechanics. Mendeleev discovered the periodic law of 
the chemical elements, which he expressed in a table of “a periodic system of elements 
in groups and rows’. Mendeleev’s periodic system of elements consists of ten hori- 
zontal rows, which form seven periods and nine groups (vertical columns) where 
chemically similar elements are placed one under the other. The initial Mendeleev 
table contained only eight groups, since, at that time, the inert gases were not 
known. The distribution of the elements by Mendeleev over the periodic table turned 
out to reflect accurately the structure of atoms found by modern quantum mechanics. 
One electron shell in an atom corresponds to each period of the periodic table. 


93. SPECTRAL AND X-Ray TERMS 


We characterised in the preceding section the electron states in atoms by electron 
configurations, that is, by indicating the single-electron states. The ground state of 
the lithium atom, for instance, is (1s)? (2s), the configuration of the ground state of 
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the neon atom is (1s)? (2s)? (2p)®,... In the ground state of the atoms of the inert 
gases, He, Ne, A, ..., where the electrons have completed one, two, ... electron shells, 
the total orbital angular momentum and the total spin angular momentum of all the 
electrons are equal to zero. Hence, the total angular momentum of all the electrons 
is also equal to zero. For alkali metal atoms, Li, Na, ..., with a single electron outside 
completed shells, this electron is in a state of zero orbital angular momentum—ns- 
state—and the total angular momentum of the electrons is equal to the electron spin, 
that is, 4. 

The quantum number L of the total orbital angular momentum operator of all the 
electrons in the atom, L = Y 1,, which can take the values 0, 1, 2, 3, ..., is indicated 
by the notation S, P, D, F, G, ... The quantum number S of the total spin operator 
of all electrons, § = YS: can take the values 0, 4, 1, 3, ... The number 2S + 1 
is called the multiplicity of the state—or of the term. This number is written to the 
upper left of the letter characterising the total orbital angular momentum. The quan- 
tum number J of the total angular momentum operator of the atom, J = L + S, 
can, of course, take the values 0, 4, 1, 3, ... This number is written to the lower 
right of the letter giving the value of L. The ground state of the atoms of the inert 
gases can thus be written as +S). The ground state of the alkali metal atoms is 751, . 
This is, for instance, the notation for the ground state of the lithium atom, corre- 
sponding to the (1s)? (2s) configuration. Excited states of the lithium atom will corre- 
spond to the configurations (1s)? (2p), (1s)? (3s), (1s)? (3p), (1s)? (3d), ... Each confi- 
guration of the kind (1s)? (mp) (x 2 2) corresponds to two states ?P,,, and *P;,, differing 
in total angular momentum. When spin-orbit coupling is taken into account the 7P3,, 
energy levels will be somewhat higher that the 7P:,, levels, corresponding to the same 
electron configuration. The configurations (1s)? (nd) (n = 3) will lead to *D;,, and 
?-Ds,, states. 

The ground states of atoms with several electrons outside completed shells is thus not 
uniquely determined, once the electron configuration is given. Several states, differing 
in the total angular momentum, correspond to each electron configuration. In the 
self-consistent field approximation, that is, when we assume that upon each electron 
there acts a spherically symmetric field Y (i) corresponding to the averaged interaction 
of the other electrons and the nucleus, the states of the atom differing in the total 
angular momentum of the electrons will have the same energy. This degeneracy is 
partly lifted by two kinds of interactions: 

(a) It is partially lifted by that part of the Coulomb interaction which is not taken 
into account by the spherically symmetric self-consistent field. This interaction which 
is characterised by the operator 2 

Fi) =T—- VW (93.1) 
Kriz, 
will be called the residual interaction. 


(b) It is also partially lifted by the spin-orbit interaction. The spin-orbit coupling 
operator for a single electron can be written in the form 


Ven () = ar) (8), (93.2) 
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where /, and s, are the operators of the orbital and the spin angular momentum of 
the electron. 

We showed in Section 66 that the spin-orbit interaction is one of three operators 
which must be introduced to study relativistic corrections to the motion of an electron 
in a central field. For a qualitative discussion, it is sufficient to take only (93.2) into 
account. 

The magnitude and the character of the splitting depends on the relative importance 
of these two interactions. In atoms, the residual interaction is usually larger than the 
spin-orbit coupling. We can, in that case, neglect in the Hamiltonian the spin-orbit 
coupling to a first approximation. This approximation is called the Russell-Saunders 
case. In the Russell-Saunders case the total orbital angular momentum of all the 
electrons, 


E= ph, (93.3) 
and the total spin of all the electrons, 
§=Y4, (93.4) 


are integrals of motion as well as the total angular momentum J of all the electrons. 
The sums in (93.3) and (93.4) are, of course, vector sums. 

We can now characterise the state of an atom by the four quantum numbers 
L, S. M,, and Ms, which determine, respectively, the squares of the orbital and the 
spin angular momentum and their z-components. One often uses instead of the quan- 
tum numbers L, S, M,, and Ms, the four numbers L, S, J, and M, where J and M 
are quantum numbers determining the square of the total angular momentum and 
its z-component. The energy of the states depends only on the quantum numbers L 
and S—as long as we neglect the spin-orbit interaction. If we use the quantum num- 
bers L, S, M;, and M,, this follows immediately from the fact that there are no 
preferential directions in the atom, so that the energy is independent of the quantum 
numbers M, and M,. Since the state L, S, J, and M is a linear combination of states 
L, S, M,, Ms with different M, and M,, but the same LZ and S, the energy of the 
states L, S, J, M cannot depend on J and M. 

The Russell-Saunders approximation in which L? and S? are integrals of motion, 
is called the LS-coupling case. This kind of coupling is the basic qualitative feature 
when atomic states are described in the vector model of the atom. Jn this model, the 
orbital angular momenta of the different electrons are considered to be independent 
of their spin angular momenta. The total angular momentum of the atom is formed 
by the vector addition of the total orbital angular momentum E and the total spin 
angular momentum S. 

The set of (2S + 1)(2L + 1) states belonging to a well-defined electron confi- 
guration with given values of S and L is called a spectral term or simply a term. If 
L = S the multiplicity of the term, 2S + 1, determines the number of different values 
of J, that is, the number of levels in which the term is split when the spin-orbit 
coupling is taken into account. If L < S the number of different J-values will be 
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equal to 2L + 1, that is, the number of levels will be less than the multiplicity. When 
S = 0, 2S + 1 = 1 and the corresponding terms are called singlets; when S = 4, 
2S + 1 = 2 and the terms are called doublets; for S = 1, 3, 2, ..., we have, respec- 
tively, triplets, quartets, quintets, ... 

Let us illustrate this. The (1s) (2s) configuration in the helium atom may correspond 
to the para-helium singlet term 'S,—corresponding to S = 0—or to the ortho-helium 
triplet term 3S,—corresponding to S = 1. We showed in Section 89 that the energy 
of the triplet term is less than the energy of the singlet term. Since the total spin in 
the 3S, state is equal to I and the orbital angular momentum equal to 0, there is 
only one value, 1, for the total angular momentum and the energy of the three possible 
states remains degenerate, even when spin-orbit coupling is taken into account. The 
(1s) (2p) electron configuration of the helium atom corresponds to one para-helium 
term, ‘P,, and to three ortho-helium terms *P,), °P,, 3, which differ in the value 
of the total angular momentum: 0, 1, 2. When the spin-orbit coupling is taken into 
account the energies of these terms become different. 

As is the case for the helium atom, the energy terms of all other atoms with two 
electrons outside completed shells, such as ,Be with the (1s)? (2s) configuration, ;.Mg 
with the (1s)? (2s)? (2p)® (3s)? configuration, 25Ca, 33Sr, 5¢Ba, or ggRa, can be of 
two kinds: singlets and triplets. The ground state of these atoms corresponds to a 
15, term. 

The (1s)? (2s)? (2p)? configuration of the carbon atom corresponds in the LS- 
coupling scheme to the following terms 


3Po, 3P,, >P2, 1D, and 1$o, 


which are written down in order of increasing energy. When spin-orbit coupling is 
neglected, the first three terms have the same energy. 

The position of the terms corresponding to a single electron configuration satisfies 
in the LS-coupling scheme the so-called Hund rules: } (a) The state with the largest 
value of S corresponds to the lowest energy; (b) Among the states with a given value 
of S the state with the largest value of L has the lowest energy. To find which value 
of J corresponds to the lowest energy for the terms which for given values of S and L 
are split up by the spin-orbit coupling, we have the following empirical rule: (c) For 
the ground state, J = |Z ~— S|, if the incomplete shell is less than half full, and 
J = L + S, if the incomplete shell is more than half full. 

We mentioned earlier that the LS-coupling scheme corresponds to the Russell— 
Saunders approximation, which assumes that the energy of the residual interaction 
is appreciably larger than the spin-orbit interaction. In some heavy atoms and in 
atoms with nearly completed electron shells, it is possible that the spin-orbit inter- 
action is larger than the residual interaction. 

Let us consider the limiting case when we can neglect the residual interaction as 
compared to the spin-orbit interaction (93.2). The states of the different electrons 


t F. Hunn, Zs. Phys. 33, 345 (1925). 
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can then be characterised by the quantum numbers a, /, j, m, since the squares of the 
orbital and the total angular momentum of each electron will be integrals of motion. 
The total angular momentum of all the electrons will be the sum of the total angular 
momenta of the separate electrons, that is, we have J = Vis where j; = 1, + §. 
The state of an electron shell will thus be characterised by the set of quantum numbers 
n;, 1, J; for each electron and the quantum numbers J and M for all the electrons. 
One says in that case that we have the jj-coupling case. When the residual interaction 
is neglected, the states with different values of J and M, but the same n,, /,, j, are 
degenerate. Under the action of a weak residual interaction, states with different 
values of J will split up. 

The pure jj-coupling case is not realised in atoms. Usually the intermediate coupling 
case is realised, since the residual and the spin-orbit interactions are of the same 
order of magnitude. 

Excited states of atoms are always quasi-stationary, since there is always a possi- 
bility that the atom goes over into its ground state, emitting one or several photons. 
The smallest excitations of an atom correspond to quantum transitions into more 
highly excited states of the most weakly bound, “‘ optical electrons’’, that is, the elec- 
trons which in the ground state fill the shell with the highest energy. In the sodium 
atom, for instance, with the configuration (1s)? (2s)? (2p)® (3s) and potassium with 
the configuration (1s)? (2s)? (2p)® (3s)? (3p)® (4s) the optical electrons will be the 3s- 
and the 4s-electrons. In the rare earth atoms the 4f-electrons will be the optical 
electrons, ... One must, of course, remember what is meant by such a statement. All 
electrons are equivalent in an atom and it is impossible to say which of the electrons 
is in a given state. 

The small value of the excitation energy when optical electrons make transitions 
is due to the fact that these electrons can make a transition to neighbouring unoccupied 
states. The excitation of the inner electrons in medium-heavy and heavy atoms, such 
as the electrons of the first, 1s-shell is only possible when we impart to the electron 
a large amount of energy sufficient to let it make a transition to an unoccupied state 
in an outer shell. This energy usually corresponds to the energy of X-ray quanta. 

When we remove in a medium-heavy or heavy atom a 1s-electron—which of the 
two is inessential in first approximation—from the inner shell, we get a configuration 
with one empty space—one “hole”—in the 1s-shell. The energy to form this confi- 
guration is very high. Such a state is called an X-ray K-term. The K-term corresponds 
thus to an excited state of an atom, where there is one empty space in the electron 
1s-shell. When the electron shells rearrange themselves, this is accompanied by the 
filling of this empty space by an electron coming from another shell, and X-ray 
quanta are emitted. The transition of an electron from the 2p-state is, for instance, 
accompanied by the emission of a photon of wavelength ~0-12 A in urnanium and 
of a photon of wavelength ~ 1-9 A in iron. 

The formation of “‘holes” at other places in the completed electron shells leads 
to other excited states—X-ray terms—which we can classify by the quantum numbers 
n, I, j of the unoccupied state: 25:,,, 2p1),, ..., or by the special notation Z,, Ly, ... 
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Table 14 gives a list of these special symbols. States corresponding to small values of 
the quantum number n differ little from hydrogen-like states because the screening 
of the nuclear field by the other electrons is not appreciable; states with the same 


TABLE 14. NOTATION OF X-RAY TERMS 
Hole state Is, 254), 2P,), 2P3/, 355), 3? 1), 3Ps/, 3d; 3d, 451), 


X-ray term K Ly Lyn Lin M,; My Mi Mi My Ny 


value of m have thus approximately the same energy. The deviation of the self-con- 
sistent field from the Coulomb field leads to a small splitting of the levels corre- 
sponding to different values of / and relativistic corrections, suchas spin-orbit coupling, 
leads to a splitting of levels corresponding to different values of j: regular, or rela- 
tivistic doublets. 

For a more rigorous treatment, one must take into account the dependence of the 
X-ray terms on the structure of the outer electron shells. 

Quantum transitions accompanied by the emission of X-rays correspond to tran- 
sitions of electrons from outer shells into unoccupied states. One sometimes says that 
such transitions correspond to a transfer of “‘holes”. For instance, the transition of 
a 2p1,, electron into an empty Is.,, state corresponds to the transfer of a “hole” 
from the K- to the L,;-shell. In this interpretation, the ground state of an atom corre- 
sponds to having the ‘‘hole”’ in the outer, unfilled shell. 


94. THE SHELL MODEL OF THE ATOMIC NUCLEUS 


Atomic nuclei are built up out of protons and neutrons with spin 4 and mass about 
1840 times the electron mass. These particles interact through short range nuclear 
forces—the range is of the order of 10-15 cm—and protons also repel one another 
by the normal Coulomb forces. 

One calls protons and neutrons nucleons. Because of the strong interactions be- 
tween nucleons, one can speak about states of the nucleus as a whole, rather than 
about the states of the separate nucleons. The so-called shell model of the nucleus 
has, however, turned out to be extremely useful to elucidate in an approximate con- 
sideration many nuclear properties; in this model we assume that it is possible to 
describe states of the nucleus in terms of the states of the separate nucleons. 

The shell model starts from the assumption that in the atomic nucleus each nucleon 
moves to some extent independently in an averaged field produced by the othernucleons. 
Such a field reminds one of the self-consistent field acting upon an electron in an atom, 
but this analogy is by no means complete. The atomic nucleus contributes basically to 
the average field of the atom. As the mass of the nucleus is large compared to the mass 
of the electrons, we may assume the position of the nucleus to be fixed and the self- 
consistent field as relatively stable. There is no such stabilising centre in atomic nuclei 
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and, moreover, the nuclear forces have a short range which only just exceeds the aver- 
age distance between the nucleons in a nucleus. The role of the residual interaction 
in the nucleus is relatively important. The possibility of introducing single-nucleon 
states to describe the properties of nuclei is made easier by the Pauli principle: a 
change in the state of a nucleon can only occur when it receives sufficient energy to 
make a transition to a state which is not occupied by other nucleons. The average 
mean free path of a low-energy nucleon in nuclear matter is thus approximately 
20 x 10-13 cm, that is, appreciably larger than the nuclear diameter. 

For many nuclei, the average nuclear field is spherically symmetric. The states of 
the separate nucleons in the nucleus can thus be characterised by the values of the 
quantum number / determined by the orbital angular momentum of the nucleon. In 
contrast to the case of atoms, the spin-orbit interaction plays a relatively important 
role in the nucleus. For medium-heavy and heavy nuclei the spin-orbit coupling is 
so large that the total angular momentum of the nucleus is determined using the 
jj-coupling case. 

The order in which the energy levels of the nucleons occur in a nucleus is deter- 
mined by the explicit form of the potential energy as a function of the distance from 
the centre of the nucleus. Recently, it has been established that this dependence 
can approximately be expressed by the function 


V(r) =V%o ! + exp (‘ = “y (94.1) 


a 





witha = 0-5 x 10-!3em, R = 1:33 A‘? x 10-13 cm, 4: mass number of the nucleus, 
and %) ~ 50 to 60 MeV. For heavy nuclei the form of the potential curve is nearly 
that of a rectangular potential well. We studied the position of the energy levels in 
such an idealised well in Section 36. The spin-orbit coupling leads to a splitting of 
the level with given /(+ 0) into two levels corresponding to the values j = / + 4. 

We found in Section 67 the spin-orbit interaction for the nuclear potential. For 
a central field VV = (r/r) (0V/dr) so that we have from (67.20) 


- h 10V.- -; 

Wauet ~ (2mc)? r or (o : L), (94.2) 
where L = [Ff A p] and Vis the potential energy for the interaction of a given nucleon 
with all the other nucleons. We must bear in mind that the true interaction between 
a given nucleon and all the other nucleons occurs in equation (94.2) while the potential 
energy (94.1) is an averaged interaction which depends smoothly on r. If § = tho 
and J = L +s, we have 2(§- L) = J? — L? — s?. We have the eigenvalues J? = 
=h?j(j + 1) and L? = #7171 + 1) so that the average value of Whe i a State with 
well-defined values of / and j will be equal to 


Wouet = Vee ih jat+d, (04.3) 


A@G+1), if j=/-4, 
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where 





The explicit form of V(r) is unknown, so that we must determine A from experi- 
mental data. 

It follows from (94.3) that due to the spin-orbit interaction, an energy level with 
a well-defined value of / is split into two levels. The amount of the splitting is pro- 
portional to the quantum number /; the level with the largest value of the total angular 
momentum j = / + } lies below the level with j = / — 4. 

In Fig. 14, we have given the relative position of the energy states of the nucleons 
in a nucleus, when the spin—orbit interaction is taken into account. In accordance 
with the Pauli principle, there cannot be more than 2j + 1 nucleons in a given energy 
level. 





Fic. 14. The energy levels of the nucleons in the atomic nucleus. On the left we have indicated the 
value of / and on the figure the value of j. The numbers in circles give the numbers of neutrons, or 
protons, which fill all levels up to a given energy. 


Groups of states, whose energies are nearly the same are called nucleon shells. 
The first shell for neutrons corresponds to the 15:,,-state. There can be two neutrons 
in this shell. The second shell corresponds to the 1ps,, and 1p), states. There can be 
six neutrons in that shell. The third shell is formed by the 1ds),, 2s:,,, and 1ds),- 
states, ... The proton shells correspond to the same quantum numbers. The proton 
and neutron shells differ little in energy for light nuclei. In that case, the numbers of 
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protons and neutrons are almost the same for stable nuclei. If, for instance, there 
would be more neutrons than protons, the neutrons would have to fill higher energy 
levels. Such a nucleus would be unstable. The neutron would emit an electron and 
an antineutrino, become a proton, and occupy a lower energy level. If, on the other 
hand, there should be more protons than neutrons, a proton would emit a neutrino 
and a positron and become a neutron. 

In heavy nuclei, the Coulomb repulsion between protons, which increases pro- 
portionally to the square of the number of protons, becomes appreciable. The proton 
energy levels will, therefore, lie above the corresponding neutron energy levels. In 
that case, stable nuclei will contain more neutrons then protons. 

When the number of protons or the number of neutrons reaches the values shown 
in the circles in Fig. 14, the lower-lying shells are completely filled. These numbers 
2, 8, 20, 28, 50, 82, and 126, are called magic numbers. Examples of such nuclei are, 
$He, *80, $0Ca, 788Pb. These nuclei can to some extent be compared with the atoms 
of the inert gases for which the electron shells are filled. They are the most stable 
nuclei and do not so easily enter into nuclear reactions. 

The large stability of nuclei with completed proton and neutron shells is also 
connected with the ‘effective pairing of nucleons”’. It turns out that the interaction 
between pairs of neutrons (or protons) with z-components of the total angular mo- 
mentum which differ only in sign is considerably stronger than the interaction be- 
tween other pairs of nucleons. This pairing effect is caused by the residual interaction 
between the nucleons in a nucleus. In nuclei with even numbers of protons and even 
numbers of neutrons (even-even nuclei) all nucleons are paired. The total angular 
momentum of an even-even nucleus is, therefore, always equal to zero in its ground 
state. One needs 1 to 2 MeV to produce an excited state of such a nucleus, because 
the “pairing must be broken”. For nuclei with filled neutron and proton shells, 
excitation of the nucleus corresponds to an energy of 6 to 8 MeV, since we can only 
“break the pairs’? when one of the nucleons goes into a higher, unoccupied shell. 

In the simplest, primitive variant of the shell model of odd atomic nuclei—the single- 
particle model of the nucleus—-one assumes that all nucleons in the nucleus except the 
last, odd nucleon are bound in pairs, forming the “inert core’. The angular momentum 
of the nucleus—the spin of the nucleus—its magnetic moment, and the first excited 
states of the nucleus are determined by the state of this odd nucleon in the field of 
the “inert core’’. In a more refined shell model the nucleus is considered as a well- 
defined number of nucleons forming filled shells together with the outer neutrons and 
protons in incompletely filled shells. Using then the j/-coupling approximation for 
medium-heavy and heavy nuclei and LS-coupling for light nuclei, one considers 
states of the nucleus corresponding to different values of the total spin and takes 
the residual interaction between the nucleons into account. For more details about 
the shell model, we refer to a review article by Elliott and Lane} or to standard text 
books on nuclear physics. 


ft J. P. Exviorr and A. M. Lane, Hb. Phys. 39, 241 (1957). 
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2. 
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4, 


10. 


11. 


12. 


13. 
14, 


PROBLEMS 


Consider a system of two deuterons, each of them to be considered as a compound system of 
one neutron and one proton. Discuss especially in how far it is possible to describe the system 
by wavefunctions which are symmetric in the two deuterons. 
Prove directly that the wavefunction of six spin-4 particles, which is described by the product of 
a spin function corresponding to a Young diagram [4, 2] and a coordinate function corresponding 
to a Young diagram [2, 2, 1, 1], is properly antisymmetrised. 


. If o, denotes the spin variable of the i-th electron, taking on the two values +1 and —1, and if 


the components of the operator G, are the Pauli matrices, prove that the following relations 
hold: 


Oxf = f(64 99 Fs —Fps Tt, vs Gn), 
Gryf = 101 f (G1, +s S11) 81, Oras > Os 
ofa o,f (6x, very Tpit Oty Tpry very G,). 


Hence show that the operator of the square of the total spin angular momentum of the system 
of n electrons, $7, can be written in the form 


a 1 a 
$2 = n— =n? + Dd hes 
4 kel 
where Ty is the operator which permutes the spin variables o, and o,;. 
Show that if the Hamiltonian of a system of two spin-} particles is symmetric in the spins, the 
magnitude of the total spin S$ is an integral of motion. 


. The §He nucleus has two neutrons in the lp3,, level. Use the Pauli principle to determine the 


possible values of the total angular momentum of these neutrons. 


. Use the wavefunction (88.9) of the helium atom to evaluate the electrostatic potential of the atom 


and also the diamagnetic susceptibility of helium. 


. Estimate the order of magnitude of the following quantities according to the Thomas-Fermi 


model: 
(a) the mean distance between the electron and nucleus; 
(b) the mean average of the Coulomb interaction between two electrons in the atom; 
(c) the mean kinetic energy of one electron; 
(d) the mean velocity of an electron in the atom; 
(e) the energy necessary for the complete ionisation of the atom; 
(f) the mean angular momentum of an electron; 
(g) the mean radial quantum number of an electron. 


. Express approximately the energy of the atom in terms of the electron density @(r) in the Thomas-— 


Fermi model. 


. Derive the Thomas-Fermi equation by requiring that the total energy be a minimum under a 


variation of the density @(r). Take into account that for a neutral atom @ is normalised: Jed?r =N., 
Use a variational method to find the best electron density in a Thomas—Fermi atom, using a 
trial function of the form ge = Ay~3e-”, where y = J (x/o) with « the variational parameter. Bear 
in mind that as y-> 0, @ behaves as y~3. 

Show that the virial theorem is valid for the Thomas—Fermi model and hence show that in that 
model the electrostatic interaction energy of the electrons in a neutral atom is 4 of the magnitude 
of the interaction between the electrons and the nucleus. 

Evaluate the total energy of complete ionisation of an atom or ion in the Thomas—Fermi approx- 
imation. 

Give the possible values of the total angular momentum for 15S, 35, 3P, 2D, and +D-terms. 
Which terms are possible for the following configurations: (ns) (n's), (ns) (n'p), (ns) (n'a), 
(np) (x'p), (np), (nd)?, (es) (r'p)*? 
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15. 


16. 
17. 


18. 


19. 


20. 


21, 


22. 


13* 


Find the ground state terms for the following elements: O ((1s)? (25)? (2p)*), Cl ((1s)* (2s)? (2p)® 
(35)? @p)°), Fe (1s)? (2s)? (2p)* (3s)? Gp)® Ga)® 45)), Co (1s)? (2s)? (2p)® (3s)? (3p)° Ga)? (4s)*), 
As (1s)? ... (3p)° (3d)*° (4s)? (4p)°), and Tb (15)? ... (4p)® (4d)*° (4f)? (5s)? (Sp)® (6s)”). 

Find the parity of the lowest terms of the elements K, Zn, B, C, N, O, and Cl. 

Use the wavefunctions of the single-electron problem to construct the eigenfunctions associated 
with the quantum numbers S, L, Ms, and M, for the (xp)? configuration. Hint: Consider the 
action of the operators £, — if, and $, — i$, upon the antisymmetrised functions of the zeroth 
order approximation. 

Find the eigenfunctions for each of the two 7D terms of the (nd)* configuration. 

Two electrons move in a spherically symmetric field. Consider the electrostatic interaction of the 
electrons to be a perturbation and find the perturbation energy in first order for the terms of 
the (mp) ('p) configuration. 

Find the mean value of the operator ff = esi + Bode in the state characterised by the quantum 
numbers J, M,, J,, and Jz, when J= J, + Jo. 

Find the magnetic moments (in nuclear magnetons) of the 1°N and the +70 nuclei. In /5N, one 
proton in the 1p1;, state is needed to complete the shells, while 170 has apart from completed 
shells one neutron in a 1ds;, state. The magnetic moments of a free proton and a free neutron 
are, respectively, #4, = 2.79 and x, = —1.91. 

What would be the numerical value of the magnetic moment of the deuteron, if the deuteron were 
ina>S,,a1P,,aP,, or a 7D,-state? : 

Assuming the ground state of the deuteron is a superposition of the 7.5,- and the *,-states, find 
the weight of the 7D,-state, if the magnetic moment of the deuteron is 0.85 nuclear magnetons. 


CHAPTER XI 


QUANTUM THEORY OF SCATTERING 


95. ELASTIC SCATTERING OF SPIN-ZERO PARTICLES 


It is well known from classical mechanics that in the non-relativistic approx- 
imation, the problem of the scattering of a particle of mass m, by a particle of mass 
m,, when the interaction V(r) between the particles depends on the relative coordinate 
rf =r, — fz, can be reduced to the problem of the scattering of a fictitious particle 
with the reduced mass u = m,m,/(m, + m,) in a potential field V(r). This reduction 
of the problem of the elastic scattering of two particles to the motion of a fictitious 
particle with the reduced mass yu in the potential field V(r) is realised by the simple 
change to a system of coordinates fixed in the centre of mass of the colliding particles. 
In the following, we shall use only the centre of mass system. 

Elastic scattering is the name of scattering in which the internal states and struc- 
tures of the colliding particles do not change. The initial stage of the scattering 
process is the motion towards each other of two particles at infinite distance from 
one another (Fig. 15). When they approach each other, the interaction between the 
particles changes their motion and after that the particles fly away. The final stage 
of the scattering process is when the particles move away from one another. 





Fic. 15. Scattering in the centre of mass system; 9: scattering angle. 


It is often convenient to consider instead of a temporal description an equivalent 
stationary problem. When we use such a stationary description, we assume that 
there is a continuous current of particles coming in from infinity which changes 
because of the interaction with the scattering centre into a current of outgoing 
(scattered) particles. The scattering problem consists in the evaluation for a given 
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force field of the current of the scattered particles—at infinite distance from the scat- 
tering centre—as a function of the current of the incoming particles. 

Since the scattered particles move as free particles at large distances from the centre, 
the energy of their relative motion is always positive and not quantised. We are thus 
dealing with the continuous spectrum in the scattering problem. Thus, in the sta- 
tionary formulation the scattering problem of a particle of mass yw with positive 
relative energy EZ in a potential field V(r) reduces to solving the Schrédinger equation 


(V" +k’) wr) = * 


pr) (95.1) 


with 
k? = 2nEh’. (95.2) 


We shall assume that V(r) is non-vanishing in a limited region of space, |r| S d. 
We shall call this part of space the range of the force or the scattering region. Outside 
the range of the force, the particles move freely and their state can be a plane wave 


pr) = expi(k,:r), ke = k?, (95.3) 


satisfying the wave equation (95.1) without its right-hand side. The wave-vector k, 
is connected with the momentum p of the relative motion by the simple relation 
p = hk,. We normalised the function ,(r) by requiring the particle flux density to 
be numerically equal to the velocity of the relative motion, that is, 
hk, 


. oh 
Ja = —— (PV Pa — GaV PS) = (95.4) 
2pi 


Let j, describe the flux of the “incoming” particles whose state corresponds to 
the plane wave (95.3). The particles are scattered because of the interaction. Our 
problem consists in finding those solutions of equation (95.1) which can be written 
as a superposition of the plane wave (95.3) and scattered waves coming from the 
region of the range of the force. We can easily obtain such a solution by using the 
Green function of the operator of the left-hand side of equation (95.1), which is the 
operator for the motion of a free particle. The Green function of a free particle is 
the function G(r|r’), which satisfies the equation with a point source 


(V2 + k?) Gelr’) = 6(r — r’). (95.5) 


If we know the solution of equation (95.5), we can always write the general solution 
of the equation 
(V? + k?) 0) = Ar) (95.6) 
in the form 
P(r) = pr) + § Grier’) Ar’) dr’, (95.6a) 


where ¢(r) is a solution of equation (95.6) without its right-hand side. 
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We shall show in the next section that the solution of equation (95.5) correspond- 
ing to an outgoing—scattered—wave is of the form 


, exp (ik|r — r’ 
Geol) = ~SPE TD, (95.7) 


so that we can use (95.6) and (95.6a) to transform equation (95.1) as follows 


exp (ik|r — r’ , , ' 
vale) = gar) — A, [AP OD per yer) ar (95.8) 
27h jr—F'| 
This is an integral equation which determines the complete wavefunction y, of the 
scattering problem. 
At large distances—r > d—wecan write k|r — r’| ~ kr — (k,: r’), where k, = kr/r; 


the asymptotic form of y,(r) is thus 
ikr 


Wal?) = Palr) + Ava —> r > d, (95.9) 
r 
with 
be —iky-r' , , , 
Ava = ~<a | eT Vn) ple) dr. (95.10) 


If we bear in mind that , = exp (k, - r) is the plane wave determining the motion 
of a free particle with momentum p, = hk,, we can rewrite (95.10) as follows 


i ~ 
Ayg = — Vi|ya>- 95.11 
b nh? <Pol Vl pa> ( ) 





The function A,, is called the scattering amplitude. We see from (95.11) that the 
scattering amplitude is proportional to the reduced mass and that it depends on the 
energy of the relative motion, on the angle between the vectors k, and k,, and on 
the scattering potential. It follows from (95.9) that at large distances from the 
scattering centre the wave y,, = A,,e""/r completely determines the scattering 
amplitude A,,. 

The scattering is usually characterised by the differential scattering cross-section 
do(0, p) which determines the ratio of the number of particles scattered per unit 
time into an element of solid angle d2 = sin 6 d6 dp to the flux density of incoming 
particles. Per second, j-r? dQ particles will pass through an element of area r? dQ, 
where the radial flux density j, is given by 


. h OWse oye hk 
je = —| pe GE — ye PE] = A Ane, OI. 
or or pr 








Using (95.4), we find, therefore, the following connexion between the differential 
scattering cross-section and the scattering amplitude 





dQ; (95.12) 


for the case of elastic scattering, k = k,. 
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The differential scattering cross-section is thus uniquely determined by the scat- 
tering amplitude; to evaluate the latter from equation (95.11), we must know the 
solution of the integral equation (95.8). If we can consider the interaction energy 
V(r) as a small perturbation, we can solve equation (95.8) by the method of successive 
approximations. The result is 





~ Hr) (r') d°r’ + (95.13) 





pat) = Par) — on 2 - 


Substituting (95.13) into (95.11), we find a series expansion for the scattering amplitude 


Aba = 5 = <Hp| V| Pa> 











el Jr-r’ 
+(— mo YO Ve) gar’) d°r dr’ 
2nh? r’| 
If this series converges and if we retain the first N terms, dropping the remainder, 
the approximate expression we obtain is called the N-th Born approximation. In 
particular, we get in the first Born approximation 


A® = \Vig.>. (95.14) 





Substituting (95.14) into (95.12), we can evaluate the differential cross-section for 
elastic scattering in the first Born approximation: 


do™ = (345 “) pl Floadl? dQ. (95.14a) 


Hence, we must replace in equation (95.11) the function p, by the incoming wave y, 
when we want to evaluate the scattering amplitude in the first Born approximation. 

Let us now study the limits of applicability of the Born approximation. It follows 
from (95.13) that replacing in the integral (95.11) the function y, by the incoming 
wave is only possible, if in the scattering region, where V(r) is large, the following 
inequality 


— Vee) gale) ar ‘ 








lpa(r)| > bs 





2nh? = 
is satisfied. Usually, V(r) has its largest value at r = 0. Putting in the above ine- 
quality r = 0 and substituting the expression for ¢,(r), we get the general condition 
for the applicability of the Born approximation in the form 


Mer VO exp i[kr + (k,.¥)] d°r 
r 





(95.15) 








xa 


For small energies of the relative motion, when kd < 1, we can replace in the inte- 
gral in (95.15) the exponential by unity. The inequality (95.15) becomes in that 
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case 
with 


Qu d?V < h? (95.15a) 


1 
4nd? 





V= 








According to the uncertainty relations, the quantity 4?/2ud? characterises the kinetic 
energy of the particle in a region of linear dimensions of order d. Inequality (95.15a) 
reduces thus to the requirement that the kinetic energy of the particle is appreciably 
larger than its potential energy. 

If the potential energy V(r) is spherically symmetric, we can integrate in the inte- 
gral (95.15) over the angular variables. If we choose the z-axis along k, and use 
the fact that k = |k,| we get for the condition for the applicability of the Born 
approximation for the case of a spherically symmetric potential: 


Bu 





| Vir)[e7"" — 1] dr| < kh’. (95.16) 
G 

For large values of the energy of the relative motion, when kd > 1, the contribution 
from the term containing the exponential vanishes, and condition (95.16) becomes 
simply _ 

BV d? < kh?d, (95.16a) 


where V=d7' i Vir) dr|. For small energies, when kd < 1, we can expand the 
ie) 
exponential in the integral in (95.16) in a power series. Taking the first two terms 
of that series, we get again inequality (95.15). 
Let us consider the explicit form of the condition for the validity of the Born ap- 
proximation of a few kinds of potential energy. 
(a) Exponential potential: V(r) = V. exp (—r/ro). In this case we have 
ee] . 2 
V(r) [e2 — 1dr = —2Volkro 
o 2ikro —_ ] 


and condition (95.16) reduces to the inequality 
QuVor? < h2/1 + Ar. 


If kro < 1 this condition becomes 2uVors < h?, while for kr, > 1, we get 
UV oro < kh’. 

(b) Screened Coulomb potential: V(r) = (Z;Z,e7/r) exp (—ar) with a = I/ry. To 
evaluate the integral dr 


[= | e "Te?" _ 1] “ 
0 r 


we differentiate it with respect to the parameter a; we get then 


or _ e"[e7** — 1]d = 1 _ 1 . 
0 a a- 2ik 
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Integrating this expression over a, we find J = Ina — In(a — 2ik) + C. When 
a= 0, = 0, so that C = 0, and we have 


I= —In(1 ~ 2ikro) = —In V1 + 4k?r6 +i, where tan® = 2kry. 
Condition (95.16) has thus for the screened Coulomb potential the form 
uZ,Z,e*[(In V1 + 4k7r2)? + GY! < kh?, 


The value of © does not exceed z/2 and the value of the logarithmic term changes 
little with a change in the screening radius, so that we can take for the general con- 
dition for the applicability of the Born approximation for the Coulomb interaction: 


Z,Ze? < ho, (95.17) 


where v = hk/u is the relative velocity of the colliding particles. 
(c) Square-well potential. In this case, V(r) = ~V, for r < d and vanishes for 
all other values of r. The inequality (95.16) then becomes 


d 
| Vole?” — 1] ar 


ie) 


Vo... i ; r 
oe {sin? kd + kd[kd — sin 2kd]}'? = oe <i. 











an 
kh? 
Since k?h?/u = 2E where E is the energy of the relative motion, we can write this 


inequality in the form 
Vo < 2E. (95.18) 


It has been established in nuclear physics that to describe the elastic scattering of 
neutrons by atomic nuclei, we can, to a first approximation, use a potential well 
with Vo ~ 50 MeV and d = 1.3 A’? 10-13 cm, where A is the mass number of the 
nucleus. We can thus for the study of scattering of neutrons by atomic nuclei apply 
the Born approximation only for energies of the relative motion satisfying the 
inequality 

E> 25 MeV. (95.19) 


The scattering amplitude is in the Born approximation—y, > 9, = exp i(k, + r)-— 
according to (95.10) of the form 
Ag) = ~ 3 [eter (95.20) 
2h 
where fig = hA(k, — k,) is the momentum transferred in the scattering process. 
Formula (95.20) allows a simple interpretation: each unit volume makes to the 
scattering amplitude a contribution — (u/2mh?) V(r) e”. The factor e “determines 
the phase shift of the wave scattered by a volume element at r relative to the wave 
scattered by a volume element at r = 0. If V(r) has everywhere the same sign, in 
the forward scattering g = 0, all volume elements give contributions which are in 
Qu 1328 
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phase and the scattering amplitude has its maximum value: 
A®(0) = 4. Vir) d°r. 
ba (0) oni? (r) 


In other directions of scattering the contributions from different volume elements 
differ in phase. The effect of the interference of waves, scattered by different volume 
elements, can be taken into account by the ratio 


which is usually called the form factor. 


96*. THE FREE-PARTICLE GREEN FUNCTION 


The Green function for the free motion of a particle is determined by equation 
(95.5), We write this equation in the form 


G(r |r’) = (V2 + k7)71 6 — #’). (96.1) 


Substituting into (96.1) the integral representation of the 6-function in terms of the 
eigenfunctions of the operator of a free particle, 


o(r _ r’) = (2)? fear? a°q, 
we find 1 larry) 


G(r[r) = G(r — er’) = d°q. 96.1a 
Clr) = 60 — r= | aa (96.1) 








We can integrate over the angles and get 


] +a ge'™ dq 
G(x) = =, 96.2 
@) wal. ke — q’ (96.2) 





with x = [r — r’|. 

We can evaluate the integral in (96.2) using the residue theorem. Its value remains 
undefined until we have determined how to go round the poles g = +k. The rules 
for going round the poles follow from the boundary conditions imposed upon 
G(x) as x > 00. To find the solution corresponding to outgoing waves, we must 
choose the path of integration labelled A in Fig. 16. The integral (96.2) is then 
equal to 27i times the residue of the integrand at the only pole g = k which lies in- 
side the contour of integration. We find thus 


e 
Go4)(%) = ~ Anx’ 


ikx 


(96.3) 





To find the Green function G,_,(x) corresponding to incoming waves, we must inte- 
grate (96.2) over the contour B of Fig. 16. In that case, the pole g = —k will be 
inside the contour and we have 


—tkx 





G(x) = — (96.4) 


Anx 
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The rule for going round the poles can also be found formally by replacing k by 
k + ie in the denominator in (96.2) for the case of G.4,(x), where ¢ is a small positive 
quantitiy which after the integral has been evaluated must be made to vanish. If we 
make this substitution, the poles of the integrand g = +(k + ie) are shifted into the 


e q e q 
-k a 
i l 
I I 
(o>. (oe. 
° e 
-k-ie k-i¢ 


Fic. 16. Rule for going around poles the to get the Green functions G,,, and G,_,. 


complex plane (Fig. 16C) and inside the contours we have only the pole k + ie. 
After integration, we must take the limit « > 0. To obtain G,_,(x) we must replace 
k by k — ie in the integrand in (96.2) (Fig. 16D). 

In several cases, it is not necessary to have the explicit form of the Green function 
in intermediate calculations and it is convenient to use a symbolical notation. We 
shall use equation (95.1) to illustrate how this is done. 

To be able to generalise later one, we write equation (95.1) in the form 


[E, — Holy = Vy, (96.5) 
where 
H, = ——V’ (96.6) 
Qu 
is the operator of a free particle with reduced mass uw and E, is the energy of the 


relative motion. The formal solution of equation (96.5) corresponding to an “‘in- 
coming” wave , satisfying the equation 


[E, — Hole. = 0 (96.7) 
will be 
Ya = Pa + [E, _ Hy\* Vy. 


To find the solution which contains only an outgoing scattered wave, we must 
indicate how to go around the poles corresponding to the energy E,. This can be 
13 a* 


382 Quantum Theory of Scattering [XI, 96] 


done most easily by replacing E, by the complex quantity £, + ie. The required 
solution then has the form 


yo? =m, + [E, + ie — Ho)7* VS. (96.8) 


The solution of equation (96.5) corresponding to incoming waves will be deter- 
mined by the equation 


va = Pa + [Ey — ie — Ho]”* Vy”. (96.9) 


Equations (96.8) and (96.9) are integral equations. To write equation (96.8) out in 
explicit form, we must expand the function Vy{*? in terms of the eigenfunctions 9, 


of the operator Ho, that is, in terms of the functions satisfying the equation 
[E, — Ho] @, = 0. (96.10) 


In our case, the operator Hy is the operator of the kinetic energy of a free particle 
and its eigenfunctions are plane waves, normalised in g-space: 


3/2 il@-r) ng 
Oy = (nye, Ba NT (96.10a) 
au 
Expanding Vy{*? in terms of the complete orthonormal systems of functions 9, 
we have 


Pye? = f vy Meal Miv0?> aq, (96.11) 
where 


<G_| Vi ye > = (220) *? fe OVE’) pr") d*r’. (96.12) 


Substituting (96.11) into equation (96.8) and using the fact that the y, are the eigen- 
functions of the operator Hy (see (96.10)), we can write 


VivS?> 3 
oO) = pr) + Pa SPalVIPa > gg, 
WO) = pale) + | Tee ag 


Substituting (96.10a), (96.12) and E, = h?k?/2u into this equation, we find the ex- 
plicit form of the integral equation 


Qu Ver’) ye?) efarnry d°q d°r' 


(Hy) 
Ya (vr) = g(r) + (On) (k + ie’)? _ Fa 





, (96.13) 


where e’ = pe/h?k. Using the fact that 
i(q:-r—r’) 


2x)? | —"S 8g = Gr — 
Qz) law 4 = G(r — #) 


and (96.3), we see that equation (96.13) is exactly the same as the integral equation 
(95.8). 
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97. THEORY OF ELASTIC SCATTERING IN THE BORN APPROXIMATION 


The scattering of particles when they are colliding can be considered to be a quan- 
tum transition involving states of the continuous spectrum from an initial state 
corresponding to free motion with momentum p, = Ak, into a final state of momen- 
tum fk, under the influence of a perturbation operator V(r) which determines the 
energy of the interaction between the colliding particles. We shall show that the 
evaluation of the probability for such a transition in the first approximation of 
perturbation theory corresponds to the first Born approximation in scattering 
theory. 

If we describe the initial state of the plane wave > 


Pa = ee, (97.1) 
normalised to one particle per unit volume, and the final state by 
g =, (97.2) 


we get from the considerations of Section 77 in first approximation for the prob- 
ability per unit time that a transition takes place from the state m, into a state y, 
with its momentum directed within a solid angle dQ 





2 - - 
dPy, = — KXgoi Vl ea>l? do, (97.3) 
where 5 
do = 4% de (97.4) 
(22h) 


is the number of final states per unit volume with their momentum directed within 
the solid angle dQ, while v, is the relative velocity of the particles in the final state. 

If we divide the transition probability (97.3) per unit time by the flux density of 
the incoming particles, which is numerically equal to v,, the relative velocity, and use 
(97.4), we get for the cross-section for scattering into an element of solid angle dQ 
—_ dP, ba [I'v 


= ——— |@s| Vel? dQ. (97.5) 


do 
Ug (2xh’)’ v, 





When the scattering is elastic v, = v, and formula (97.5) reduces to equation (95.14a) 
obtained in the first Born approximation. 
Using the explicit form of the wavefunctions, we can change the transition matrix 


element to Lol Flood = | Vir) be"? ar = Vik, — hea), (97.6) 


where Ap = A(k, ~ k,) is the momentum transferred during the scattering. The 
matrix element which determines the scattering cross-section is thus the Fourier 
transform of the potential corresponding to the momentum transferred during the 
scattering. In the case of elastic scattering 


|kK,| = [Aa] =k and |k, ~ k,| = 2k sin 46, (97.7) 
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where @ is the scattering angle. The probability for scattering over an angle 0 is thus 
connected with the probability that a momentum Ap = 2Ak sin 40 is transferred. 
If the potential V(r) is spherically symmetric, we can in (97.6) integrate over the 
angles: 
4x “ . 
V(k, — k,) = mol V(r) r sin (|k, — | r) dr. (97.8) 
[Ky ~ k,l 0 
In this case, the Fourier transform of the potential depends thus only on the absolute 
magnitude of the momentum transferred and the cross-section for elastic scattering 


becomes 2 1 
V (2% sin 5 a) 


2 
B dQ. (97.8) 
If V(r) is an even function of r, we can write (97.8) as follows 


2nh?)* 








+o 

Vk, — k,) = _ 2m V(r) eb he Halp dy, (97.8b) 
i [k, ~ k,| -— 0 

Let us now evaluate the explicit form of the elastic scattering differential cross- 


section for the simplest potentials: 
(a) Screened Coulomb field: V(r) = (Z,Z,e7/r) exp (—r/ro). We get for this case 
4nZ Ze" 
rT 
[ky _ k,|" + “2 
Yo 


Vik, — Kal) = 


Using (97.7) and substituting this expression into (97.8a), we get the explicit form 
for the differential scattering cross-section 


2uZ1Ze7 
2.21, @ 


“2 
Fo 


2 
do = dQ. (97.9) 


4p” sin? ly + 
2 
AS ’o > 00, the screening vanishes and equation (97.9) becomes the Rutherford 


formula 
de Fea | = Fee |. (97.94) 
dQ | 2p? sin? 46 2uv’ sin? 40 

where » is the relative velocity. 

Comparing (97.9a) and (97.9), we see that the screening of the Coulomb field 
does not effect the elastic scattering for any angles 6 > 0, where 4, satisfies the 
equation 2pro sin}@ = h. For @ < 8 the scattering cross-section changes slowly, 
approaching a finite maximum value for 6 = 0. 

(b) Gaussian potential: V(r) = Vo exp (—r?/2r2). This potential is an even func- 
tion and we can, therefore, use equation (97.8b). We get then 


Vilky — Kal) = (27)'? roVo exp [~4(ky — ha)” re], 
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and for the differential scattering cross-section 


2.6772 

do = =e exp | ~-*3 sin? ; | dQ. (97.10) 
The elastic scattering cross-section decreases, therefore, monotonically with increas- 
ing scattering angle. 

(c) Rectangular spherical well: V(r) = —V, for r < ro and V(r} = 0, if r > ro. 
In this case also, the potential is an even function of r. Using equation (97.8b), we 
find 
4nV, 


lk, — kel? \r cos (|k, — Kal ro) — 


Vk — ha) = 
(hs — hy) = 5 


sin (\k, — Kal oh 
\Ke ~ k,l 
(97.11) 


Substituting (97.11) into (97.8a), we get the differential scattering cross-section. 
The interesting feature of the cross-section for elastic scattering by a potential 
corresponding to a rectangular spherical well is that at large relative energies 
the scattering cross-section oscillates with a change in scattering angle. 

At small relative energies, that is when £ = kro < 1, we can expand the scat- 
tering cross-section in a power series in the small parameter £. One then sees easily 
that in all three examples considered here the cross-section for elastic scattering is 
independent of the scattering angle up to terms of order é?. This property is common 
to all potentials with a finite range ro. It follows from this that in a study of the 
elastic scattering of slow particles we cannot distinguish one potential from another. 


In considering scattering as 2 transition from an initial to a final state under the influence of the 
perturbation V(r), we used for the description of the initial and final states the plane waves (97.1) 
and (97.2). However, plane waves are, strictly speaking, unsuitable for an exact description of the 
scattering process by the method of quantum transitions as they always have an infinite extension 
and are thus always “present” in the scattering region. For a rigorous description of the scattering 
process, we must describe the initial state by a wave packet, since a beam of incoming particles will be 
collimated in space and is incident upon the scattering region only during a certain length of time, and 
the scattered waves can only appear after the incoming wave has reached the scattering region. If the 
initial state is described by a wave packet, the value of the momentum in the incoming wave will 
be given with a margin Ap ~ #/R, where R represents the linear dimensions of the packet. In all 
cases when the experiments are performed with well-collimated beams of particles, the dimensions 
of the wave packets will be appreciably larger than the dimensions of atomic systems, R > rp. The 
lack of definition of the values of the momentum in the wave packet will thus be very small compared 
with the change in momentum caused by the potential which produces the scattering. This justifies 
the simplification of replacing the wave packets by plane waves. 


98. PARTIAL WAVE METHOD IN SCATTERING THEORY 


If the potential of the field producing the scattering is spherically symmetric, the 
angular momentum is an integral of motion. In other words, states corresponding 
to different values of the angular momentum will independently take part in the 
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scattering. It is, therefore, convenient to write the incoming wave as a superposition 
of partial waves, each corresponding to a different value of the angular momentum. 

We choose the z-axis of our coordinate system along the momentum of the in- 
coming wave; we can then write 


p,(r) = e* = x (21 + 1) i'j,(kr) P,(cos 6), (98.1) 


where the j,(kr) are the spherical Bessel functions defined in Section 35. Bearing in 
mind that at large distances from the centre the spherical Bessel functions reduce to 
the simple expression . 

jMer) we Sr = He) ie ey 1, 
kr 
we can write the asymptotic value of (98.1) as follows 


g(r) = (kr)? y (21 + 1) i'P,(cos 6) 0,(r), (98.2) 


where 
o(r) = sin (kr — 41x) = die P12 _ eler—taimy (98.3) 


The first term in the brackets in (98.3) corresponds to incoming and the second to 
outgoing spherical waves. 

Each partial wave in (98.1) is thus at large distances from the centre a super- 
position of two spherical waves, an incoming and an outgoing one. 

The solution of equation (95.1) determining the scattering of a particle in a spheric- 
ally symmetric potential field V(r) of finite range, can also be looked for in the form 
of a superposition of partial waves. We put thereto 


ie) 


wr) = (kr)~* ¥ (21 + 1) i'R,(r) P,(cos 8). (98.4) 


=0 


Changing to spherical polars in equation (95.1) and substituting in that equation 
(98.4), we get the equation 


E _W+ dD, | Rv) = ZO Rw (98.5) 
r 








dr? h 
for the radial function R,(r). The wavefunction (98.4) must be finite at r = 0, and 
the function R,(r) must thus satisfy the boundary condition 
R,(0) = 0 (98.6) 


If the potential V(r) changes not faster than r—! as r + 0, equation (98.5) goes, as 
r > 0, over into the equation 


[oe -Je 0. 


2 2 
dr r 





From this equation and condition (98.6), it follows that R,(r) ~ rt? as r > 0. 
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We are interested in those solutions of equation (98.5) which at large distances 
from the centre are a superposition of the radial part (98.3) of the partial wave 
corresponding to the quantum number / in the incoming wave and outgoing, scat- 
tered waves. The interaction of the current of incoming particles with the scattering 
field changes only the amplitude of the outgoing waves in (98.3). We can thus write 
the asymptotic value of the radial function R,(r) in equation (98.5) as follows 


Rr) dife7 ikr—'fgtn) Se" ‘aly 


= sin (kr — Hx) + 4i(-)' (1 —S)e™, if kr>J. (98.7) 


The coefficient S,, which in (98.7) determines the change in the outgoing waves, 

depends on the energy of the relative motion and is called the diagonal matrix element 

of the scattering matrix corresponding to an orbital angular momentum /. 
Substituting (98.7) into (98.4) and using (98.2), we can find the asymptotic value 


of the wavefunction 
ikr 


vr) & g(r) + A)—, kr > i, 
r 


and we can express the scattering amplitude A(@) in terms of the matrix elements 
of the scattering matrix 


AO) = = y (21 + 1) (1 ~ S,) P,(cos 6). (98.8) 


The matrix elements of the scattering matrix 8, determine the scattering amplitude 
uniquely. They are complex numbers. In the case of elastic scattering, the matrix 
elements of the scattering matrix can be expressed in terms of real phase shifts—or 
scattering phases—é, through the equations 


S,=e7"', or, S,— 1 = 2ie’' sin 6,. (98.9) 


Since the exponential function is a periodic function, the determination of the phase 
shifts by (98.9) is not unique. If we require that the phase shifts tend to zero as the 
interaction V vanishes, the phase shifts can lie either within the interval 0, x or 


within the interval > . We shall use in the following the interval 2, z. 


2 2 
Since in the case of forward scattering, 6 = 0, the Legendre polynomials are 
equal to 1, we find from (98.8) a simple connexion between the forward scattering 
amplitude A(0) and the elements of the scattering matrix: 


y (22+ 1)C — S)). (98.10) 


i 
A(0) = — 
0) 2k 1=0 


388 Quantum Theory of Scattering [XI, 98] 


Using (98.8) and (98.9), we can express the differential cross-section for elastic 
scattering (91.12) into an element of solid angle dQ in terms of the phase shifts: 





do 
— = |A(6)/? 
0 |A(6)| 
= k~* ¥ (2/7 + 1) 2’ + 1) P,(cos 8) P,.(cos 6) sin 6, sin 6, cos (6; — 6,). 
itr 
(98.11) 
Integrating this expression over all angles and using the relation 
P,(cos 8) P,.(cos 8) dQ = —™_ 4,,., 
21+ 1 
we get the integral cross-section for elastic scattering 
os a yi (0 + 1) sin? 6. (98.12) 
t=0 


The integral scattering cross-section can thus be written as a sum of partial scat- 
tering cross-section o, referring to well-defined values of /: 


o= > oH, 
. i=0 
with 
3, = 7 Ql + 1) sin? 6, = Ol +1 [1 —Si. (98.13) 


The factor 2/ + 1 in (98.13) can be considered as the statistical weight of the /-th 
partial wave, that is, as the number of states differing in the quantum number m. 

It follows from (98.13) that the maximum possible value for the scattering cross- 
section is equal to 


(O)max = = (27+ 1). (98.14) 


If we use (98.9), it follows from (98.8) that the imaginary part of the forward 
scattering amplitude has the form 


Im A(0) =~ ¥, (21 + 1) sin’ 6,. 
t=0 


Comparing this value with (98.12), we see that the integral cross-section for elastic 
scattering is related to the imaginary part of the forward scattering amplitude through 
the simple relation 
c= = Im A(0), (98.15) 
the so-called optical theorem. 
The application of the partial wave method is particularly convenient in the case 
when the interaction forces determining the potential energy V(r) has a short range d, 
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such as is the case, for instance, for nuclear forces or the forces between neutral 
atoms. In those cases, only partial waves with small values of / will participate in 
the scattering of particles with low energy. One sees this easily using simple, quali- 
tative considerations. At distances r larger than the range d, only the centrifugal 
repulsive force with a potential energy A7/(7/ + 1)/2ur? will act upon a particle in 
a quantum state with quantum number /. The particle will thus mainly move at 
distances r satisfying the inequality 
27,2 
A +N) RK Lp (98.16) 
Qur? Qu 

where E is the energy of the relative motion. It follows from (98.16) that we can 


call the distance ro/ = J i + 1)/k the distance of closest approach. If r < ro,, 
the probability for observing the particle is exponentially small. If the range d is 
less than rp,, the corresponding partial wave will practically not reach the region 
where V(r) acts and will not take part in the scattering. Hence, partial waves with 
a quantum number /, satisfying the inequality 


kd < Jil +1), (98.17) 





will practically not take part in the scattering. 


For a more rigorous determination of the dependence of the phase shifts 6, on the quantum 
number / we shall consider together with equation (98.5), written in the form 


d?R, W+i1) Qu 
eee “2 ye Vir) | R: = 0, RO)=0, 


another equation, corresponding to a free particle: 


dg i+ 1) 
Get & “z [8 = 0, B10) = 0. 





Multiplying the first of these equations by g; and the second one by R,, subtracting the second 
expression from the first, and integrating from 0 to @, we find the equation 


dR di 2u [° 
a —R | =H) vORMaWar. (98.18) 
dr dr =o 0 


We showed in Section 35 that the solution of the equation for g, is of the form 
&ilr) = kr jkr), (98.19) 


where j,(kr) is a spherical Bessel function. If we choose ¢ sufficiently large, so that we can use for g; 


the asymptotic value 
gir) = sin (kr —412), kr >I, 


and if we look for the asymptotic solution for the function R,(r) in the form 


Ri(r) = sin (kr — 4 + 5), (98.20) 


390 Quantum Theory of Scattering [XI, 98] 


we find, substituting these asymptotic values into the left-hand side of equation (98.8), an equation 
determining the phase shifts 6,, if we know the solution R, corresponding to the asymptotic value 
(98.20) 


; 2u [° 
sin 8) = —=F | VO) Rie) ir) ar. (98.21) 
; 


This equation is exact. To obtain an approximate estimate of the magnitude of the phase shifts, we 
can substitute in (98.21) instead of R,(r) the function g,(r); we get 





Qk? (* 
k sin 6, ~ — ; . [ VOI 2kr) r? dr. (98.22) 
ce) 


If d is the range of the potential and if kd < 1, we can use the asymptotic value for the spherical 
Bessel function: 





ak (kr) 
ARN ~ ToS. Qin)’ 


We then get from (98.22) 


2ulkdy2**3 d \2Et 
8, — EO et) ore. 98.23 
nt IL-5... + DP |, OW) ™ (98.23) 


It follows from (98.23) that the phase shifts are odd functions of &. When / increases, the phase 
shifts decrease fast, when kd « 1. For instance, 


br (kd)? 82 (kdy* 3 (kd) 


do. 9” «Sy «225 «dy 11025" 


If the energy of the relative motion is such that kd < 1, we say that we are dealing 
with the scattering of slow particles. It follows from (98.17) and (98.23) that when 
slow particles collide only s-waves, | = 0, participate in the scattering, that is, only 
the phase shift 6) is non-vanishing. 

The study of the scattering of partial s-waves reduces to a solution of equation 
(98.5) for / = 0, that is, of the equation 

2 
(G + “) Ro(r) = a V(r) R(r). (98.24) 


To determine the phase shift 6,, we must write the solution of equation (98.24) for 
large values of r in the form 


R,(r) = e! sin (kr + 5), (98.25) 


which we obtain from (98.7) when S, = exp (2id9). In the next section we shall 
study the solution of equation (98.24). 

We shall show presently that only s-waves, / = 0, take part in the scattering of 
particles of low energy, and that the differential scattering cross-section is independent 
of the scattering angle: 
sin? 


a dQ. (98.26) 





do, = 22 dQ = 
4n 
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If waves with several values of / participate in the scattering, it follows from (98.11) 
that the differential scattering cross-section will be determined by the interference 
of waves with different values of /. For instance, if waves with ] = 0 and / = 1 take 
part in the scattering, we have 


do = a [sin? 59 + 6 sin dp sind, cos (69 — 6,) cos 8 + 9 sin? 6, cos? 6] dQ. (98.27) 


The interference of scattered s- and p-waves leads thus to a violation of the symmetry, 
with respect to an angle of 90°, of the forward and backward scattering, which would 
occur when only s- or p-waves were scattered. 

If the scattering is characterised by several non-vanishing phase shifts, we can 
use (98.11) to determine the phase shifts from a knowledge of the differential scat- 
tering cross-section as function of the angle 6. Such an inversion of the experimen- 
tal data is called phase-shift analysis of the scattering cross-section. 

The scattering theory problem is the evaluation of the phase shifts or of the 
scattering amplitude for a given interaction potential V(r). In a number of cases 
—for instance, in nuclear physics—we try to solve the inverse problem, that is, the 
determination of the form of the potential from measured values of the phase shifts. 
The larger the number of phase shifts which we know, the more we can deduce 
about the character of V(r). 


99*, ELASTIC SCATTERING OF SLOW PARTICLES 


We showed in the preceding section that the scattering of slow particles, for which 
kd < 1, is determined by the equation 


(G + ) Ror) = a V(r) Ro(r), (99.1) 


with the boundary condition 
R,(0) = 0 (99.2) 


at r = 0, and the asymptotic form 
Ro(r) = C sin (kr + 69) (99.3) 


at large distances. Before studying the general solution of this equation, we shall 
consider some very simple cases. 


(a) Scattering by a rectangular spherical potential well: 


-V,, if rsd, 


V(r) = 
) { 0, if r>d, 
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corresponding to an attractive well. The solution (99.3) satisfies equation (99.1) for 
all values r > d. Inside the well, equation (99.1) becomes 





d 
(5 +K *) Rov, Rox(0) = 0, (99.4) 
with 
K? =k? + K2, K2= “. (99.4a) 
Equation (99.4) is satisfied by the wavefunction 
Roi(r) = C, sin Kr. (99.5) 


As we are only interested in the phase shift, it is not necessary to equate both the 
wavefunctions and their first derivatives at r = d, but only the logarithmic derivatives 
R-' dR/dr of the functions (99.3) and (99.5). We get then 


k cot (kd + 69) = Kcot Kd. (99.6) 
If we use the notation 
Kcot Kd = D-? (99.7) 


for the logarithmic derivative of the wavefunction of the interior region at r = d, it 
follows from (99.6) that 


tand, = AD ~ tankd (99.8) 
1+ kD tan kd 


or 
do = arctan kD — kd. (99.8 a) 


The phase shift 6, determined from (99.8) is a multi-valued function and we are 
only interested in the principal value lying within the interval 5 SO8 > 

(kd) 

For small values of the energy of the relative motion tan kd ~ kd + —— 3 


and we can thus simplify (99.8) to 
k(D-—d—- (kay 
3k] 


tan do & 
1 +k?Dd 


If the inequalities kd < 1 and k?Dd < 1 are satisfied, we can still further simplify 
the expression for tan 69: 





tan Kd 1} (99.9) 


tan dy + k(D — d) = kd 
; d) | as 
In that case, we find for the integral scattering cross-section 


4x. 2 2 2 tan Ke 2 
o = — sin’ 6) & 4n(D — = 4a d~| 1 ——— ] . 99.10 
wt sin? 8, m2 4a(D — d) | a | (99.10) 
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For small energies of the relative motion and deep potential wells, we have the 


approximate equality 
K? =k? + Ko = Ko. (99.11) 


The cross-section for elastic scattering by a deep rectangular spherical well for 
small energies of the relative motion is thus given by the formula 


2 
Oo = 4nd?) 1 — BO Kod | (99.12) 
Kod 


It follows from (99.9) and (99.12) that if the equation 
tan Kd = Kd (99.13) 


is satisfied, the phase shift and the scattering cross-section both vanish. For certain 
values of the depth of the potential well, therefore, it will not lead to s-wave scatter- 
ing, if the energy of the incoming particles is such that equation (99.13) is satisfied. 
This is called the Ramsauer effect. Ramsauer noticed in 1921, that the effective 
cross-section for scattering of electrons of atoms of the inert gases, A, Kr, Xe, 
was very weak for electron energies by about 0.7¢V. Such a peculiar feature 
of the scattering could not be explained by classical theory. Quantum theory gives 
a simple explanation of the Ramsauer effect. The field of the inert gas atoms de- 
creases appreciably faster with distance than the field of any other atom, so that, to a 
first approximation, we can replace this field by a rectangular spherical well and 
use equation (99.10) to evaluate the scattering cross-section for slow electrons. If 
the energy of the electrons is approximately 0.7 eV, equation (99.13) is approximately 
satisfied and o ~ 0. 

If equation (99.13) is not satisfied and if Kd + (n + 4)”, n = 0,1,..., we find 
that the phase shift 6) tends to zero as k > 0 and that the cross-section (99.10) 
tends to a finite limit. The sign of the phase shift 4, is, for small energies, deter- 
mined by the sign of the difference 


& = tan Kd — Kd. 
If Kd< > this difference, and thus 69, is positive. As Kd 5 the scattering 


cross-section tends to infinity. This is not in contradiction to equation (98.14) which 
gives the maximum possible partial scattering cross-section, since as k > 0, 


(00)max > 00. When 5 < Kod < x the sign of &, and of 69, becomes negative. 


When slow particles are scattered by a potential well, satisfying condition (99.11) 
and the equation Kod = (n + 4) x, the scattering cross-section reaches its maximum, 
resonance value. If we bear in mind that according to (36.11) the condition for the 
presence of an s-level with zero energy in a rectangular spherical well is cot Kod = 0, 
we see that the cross-section for the scattering of slow particles by a spherical poten- 
tial well reaches its maximum value when there is an s-level with E = 0 in the well. 
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If Kod = 7 there is only one s-level in the well with E = 0. If Kod = om, there 


will be two s-levels in the well, one of which has an energy E = 0. When Kod = 5 I, 
there are three s-levels, ... 2 

If we extrapolate the wavefunction (99.3) into the region of small r and normalise 
it to be 1 at r = 0, we get the function 


g(r) = cos kr + cot do sin kr. 


For small energies and small values of r, such that kr < 1, this function can be 
written as , 
gr)=1—-, (99.14) 
a 
where 
a= —[kcot6,]~! (99.15) 


is called the scattering length. It follows from (99.14) that the scattering length is 
that value of r for which the function g(r) corresponding to the extrapolation of the 
asymptotic solution (99.3) to small r, vanishes. For small depths of the potential 


well, when Kod < 5 and when there is no s-level in the well, the phase shift 6 
M4 

is positive and the scattering length a negative (Fig. 17). When Kod = > the first 

s-level appears in the well with an energy E = 0; in that case, 6) = 2/mand the 

scattering length a = +00. When 2/2 < Kod <2 the phase shift is negative and the 

scattering length positive. 





arm, 8g 5 a<0, 8>0 


a>o, 5,<0 


Fic. 17. Scattering length for different shapes of the interaction potential. 


Equation (99.12) determines the phase shifts in the approximation where equation 
(99.11) is satisfied. When the depth of the potential well is not very large, we must 
use equation (99.9) to determine the energy-dependence of the phase shift 59. The 


: . . : wT of, 
maximum scattering cross-section, corresponding to 69 = —, will in that case be 
determined by the condition 2 


fp 
Kd = G + ad d = (2n + 1) > (99.16) 
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The value of the energy of the relative motion corresponding to the value of k 
satisfying condition (99.16) is called a virtual energy level. 

If we remind ourselves that the logarithmic derivative of the wavefunction at the 
surface r = d is given by equation (99.7), we see that the maximum of the partial 
scattering cross-section og coincides with the condition that the logarithmic deri- 
vative, D-1, vanishes. 


(b) Scattering by a spherical potential barrier : 


i < 
Vir) = Vo, if rsd, 
0, if r>d. 


In that case, equation (99.1) becomes inside the barrier 





d? 
E + «| Roilr) = 0, Rox (0) = 0, (99.17) 
where 
Ke =k? — K2, K2= a. (99.18) 


Outside the barrier the form of the solution is given by (99.3). Inside the barrier, 
we have 


(99.19) 


Roi = Cy sin Kr, if k = Ko, 
Ror = CsinhQOr, if k <= Ko, 


with Q = J (Ko — k?). For small energies Q x Ky and we get thus by equating the 
logarithmic derivatives of the functions (99.3) and (99.19), with kd < 1, 


65 = arctan kD — kd, (99.20) 
where 
_ tanhQd _ tanh Kod 


Q Ko 


As tanh Kod < 1, it follows from (99.20) that as k > 0 the phase shift 6) always 
tends to zero. 

In the limit of an infinitely high barrier—impenetrable sphere—D ~ 0 and 
69 = —kd. We can obtain that result also directly from the condition that the 
asymptotic function (99.3) should vanish on the surface of the sphere r = d, as in- 
side the sphere the function must be equal to zero. 

The integral cross-section for s-scattering tends as k > 0 to the finite limit 


D (99.21) 


2 
tanh Kod _ | (99.22) 


oo = asin? do = tnd] 


ie) 


When Kod increases, the cross-section (99.22) for slow particles monotonically 
approaches the limit o, = 4% d? corresponding to the scattering by an 
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impenetrable sphere. The value og = 42 d? is four times the classical cross-section for 
scattering by a solid sphere of radius d. When the energy of the relative motion 
increases, the value of 6) determined by (99.20) can, for kd > 1, become equal to 
nz, where n is a negative integer. In that case, the partial s-scattering cross-section 
tends to zero. However, when kd > 1, waves with / + 0 will also take part in the 
scattering and the total scattering cross-section will, therefore, not vanish. 

(c) Potential energy of arbitrary shape. It is convenient to use the momentum 
representation when solving equation (99.1) for an arbitrary potential energy V(r). 
Because of the boundary condition (99.2), we can only allow sine terms in the ex- 
pression of R,(r), and we have thus 


Ro(r) = { R(q) sin gr dq. (99.23) 
t0) 
Substituting (99.23) into (99.1) and using the equation 
| sin gr sin q'r dr = 4nd(q — 7’), 
0 


we get the s-scattering equation in the momentum representation: 


@? - 2) R@ = | Va, 4’) R(q’) da, (99.24) 
0 
with 
; 4p [” . | 
Vq, 7’) = Ta V(r) sin gr sin q’r dr. (99.25) 
7 0 


We can replace equation (99.24) by the integral equation 





RQ) = Ag+ aoa Maa Ray’, 0928 


where the term Ad(g ~ k) is the solution of the equation for a free particle, as 
(q? — k*) 6(q — k) = 0, and corresponds to an incoming wave with energy of the 
relative motion equal to A?k*/2u. We are interested in the solutions of (99.26) which 
in the coordinate representation have the asymptotic form (99.3), that is, 


R,(r) = Csin (kr + 69) = Cos d,[sin kr + tan do cos kr]. (99.27) 


To find such solutions, we transform (99.26) to the coordinate representation and 
find 


Rr) = Asinkr + | 3@_ sin gr dq, (99.28) 
og ~k 
where 
Bq) = J Vg, 9) R(q’‘) dq’ (99.29) 


is a regular function of gq. 
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The constant A and the way we go round the pole gq = k when evaluating the 
integral in (99.28) are determined by the requirement that as r > oo the function 
(99.28) must go over into (99.27). We must note that the scattered wave in (99.27) 
corresponds to a standing wave and not to an outgoing wave, as was the case in 
(98.7). To find the asymptotic behaviour of the function (99.28) in the form (99.27), 
we must evaluate the integral in (99.28) by taking its principal part. We write in the 
integral in (99.28) 





1 1 1 { 
2 2= D177 tap 
q —k 2qla—k qtk 
to split off the singular part. Since the second term in this expression is regular, its 


contribution to the integral will vanish as r > oo, and for a similar reasen we can 
change the lower limit of the integral to — oo. We have thus 


. +o _° 
BC) sin gr dq x BY sin gr dq, as 40. 
q —k 2k J-»q—k 


If we write g — k = x and denote the principal value of the integral by P | we can 
write for sufficiently large values of r 


+0 of +0 +O 4 
al sma dq = sin kr 2| COS AT ax + cos kr 2] SINT x 
-oq—k x Xx 











—o —@O 


Bearing in mind that 





we find finally 


2B(k) 


R(r) = Asinkr + coskr, as ro. 


Comparing this expression with (99.27), we find 


A = Ccosdo, xO = Csindo, 


or 

B(k) a ; Nyt 

—— = — | Vik, gd) R dq . 99.30 
OkA  DkA (k, q') R(q’) dq (99.30) 


tan do 


If we know the solution of the integral equation (99.26), we can substitute it into 
(99.30) and thus find the phase shift 6,. In particular, if we can apply the Born 
approximation, we must substitute into (99.30) R(qg) = Ad(q — k) and using (99.25), 
we then get 


(tan dy)? = uw) = sal V(r) sin? kr dr. (99. 0a) 
te) 
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The difficulties of finding a solution of the integral equation (99.26) and, in some 
cases, an insufficient knowledge of the interaction potential energy V(r) makes it 
difficult to use equation (99.30) for a calculation of the phase shift 6,. One must 
then have recourse to an indirect method, which makes it possible to express the 
phase shift 6) in terms of some experimentally determined quantities. Let us, for 
instance, write 
| 1 7 | 
f® =|— — = k cot (kd + do) (99.31) 
Ro Pr =a 
for the logarithmic derivative of the radial wavefunction (99.27) outside the scattering 
region. We can then directly express the s-scattering phase shift in terms of f(x) 


69 = arctan Fk kd, kd <1, (99.32) 
Sk) 


In the case of a rectangular potential well (kK) = D~' and this formula becomes 
(99.8a). In the general case, however, it is necessary for the calculations to know 
the wavefunction within the scattering region. 

It follows immediately from (99.32) that if the logarithmic derivative f(k) vanishes 


for a certain value ky, the phase shift |d)| = ” and the s-scattering cross-section 
reaches its maximum value 2 


2 4a 
09 = 781 bo = —- 
0 ie) 


The energy Ey = h?kG/2 corresponding to the value k = ky, for which the logarith- 
mic derivative f(k) vanishes, is, for this reason, called a resonance energy and one 
says that the potential: well possesses a virtual energy level Ey. For a rectangular 
well, the condition that the logarithmic derivative vanishes reduces to equation 
(99.16). 
To evaluate the logarithmic derivative f(k) we must know the solution of the 
Schrédinger equation 
h? d? 
| -i = + Vir) - é| R,(r) = 0 (99.33) 
2u dr 
for the s-state inside the scattering region, r < d. If the energy E satisfies the con- 
dition E < |V(r)| and if there is in the potential well a discrete s-level with a negative 
energy —e such that e < |V(r)|, Ro(r) will for r < d differ little from the solution 
of the equation 





[-k f+vo+ ‘| R(r) = 0. (99.34) 


When r = d, equation (99.34) becomes 
2 2 
| -5 as | R'() = 0. 
fe 
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The solution of this equation corresponding to a bound state has the form 


R'(r) = A exp (-z V 24°), 


At r = d we must, therefore, have 


dar} [1 aR) V2 
R' dr rca R" dr bea h 


As forr S$ d, R’ = Ro, we can put 
— 
Vv 2, 
fk) —~. 


35 
ji (99.35) 


We can, thus, when ¢ and E are appreciably less than |V|, express the logarithmic 
derivative in terms of the energy of the bound s-state. Using (99.35), we find 


-i1 2 
oO) © 4x [# + ] — 2a (99.36) 


The effective cross-section (99.36) reaches its maximum, when the energy of the 
relative motion E = 0, This maximum is the larger, the smaller ¢ is; when « = 0, 
we approach a “true” resonance. 

Equation (99.36) describes relatively well the dependence of the scattering cross- 
section upon the energy of the relative motion, up to 5 MeV, for the scattering of 
neutrons by protons in triplet states, that is, in states with the spins parallel. In that 
case, ¢ ~ 2.23 MeV corresponds to the binding energy of a neutron and a proton, 
forming a deuteron, and « = 4M, where M is the nucleon mass. The maximum 
cross-section is then 


2 
doch =~ 3.10774 cm’. 





(So) max = 


It follows from the definition (99.15) of the scattering length and from (99.31) that 
in the limit of zero range, d = 0, the logarithmic derivative is equal to the recipro- 
cal of the scattering length with the opposite sign. In that approximation, the scat- 
tering length, the logarithmic derivative, and the phase shift are thus connected by 
the relation 


1 = keotdy =f). (99.37) 
a 


Using this relation and (99.35), we can evaluate the scattering length a, for neutron- 
proton scattering in the triplet state 
h 


J 2pe 
In the case of neutron-proton scattering in singlet states, that is, states where the 
spins are antiparallel, the scattering length is negative, a, = —2-4 x 10-12cm. The 


a = =~ 5.10°'? cm. 
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neutron and the proton do not form a bound state in the singlet state. In that case, 
the energy ¢, = h?/2ua? ~ 40 keV corresponds to a virtual level of the system; the 
scattering length is appreciably larger than the range of the nuclear forces which 
is about 10-13 cm, even though it is not infinite. The scattering cross-section is 


given by the equation 
-1 2 
Cos = 4 G + | = ras (99.38) 
ME + Es 


$s 


Since the square of the scattering length occurs in equation (99.38), a study of the 
elastic scattering of neutrons by protons in the singlet state does not determine the 
sign of the scattering length; this is also the case for the triplet state. 

Other examples of the use of the logarithmic derivative to determine scattering 
cross-section will be studied in Section 109. 


100*. ELASTIC SCATTERING IN A COULOMB FIELD 


We studied in the preceding sections elastic scattering, assuming that the potential 
energy V(r) differs from zero only in a certain region of space, r < d. In that case, 
the asymptotic radial function had for the case of s-scattering the form (99.3) with 
a constant phase shift 6,. Sometimes the potential, although decreasing with distance, 
decreases insufficiently fast, and we can no longer speak about a finite range of the 
forces. An example of such an interaction is the Coulomb interaction with energy 
V(r) = +Ze? Jr. 

At large distances from the centre the potential V(r) is small and changes smoothly, 
so that we can use for the determination of the asymptotic form of the wavefunction 
for large r the wavefunction (24.7a) of the quasi-classical approximation—with 
« = 0, in order that R,(0) = 0: 


Bale) = Fein [, /lE — VO] an, PME A, (100.1) 


vp ie 


We can always choose a value r = g such that E > V(g) so that 





1 / mE Vol BVT), 
~-V 2u[E -— Vin) xk - , if rZe. 
hi fal )] ch? e 
Splitting the interval of integration in (100.1) into two parts, from 0 to g@ and from @ 
to r, we can write 
A, 
Ror) = wa sin (kr + do), 


VP 
where 


5p = —ko + Al Jule — V(r) dr — al Vin) dr. (100.2) 
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If at large r B 


pitt 





V(r) = 
with n > 0, we find 


Hm V(r) dr = 4. 
ro O Jo no 

The phase shift 6) tends, therefore, as r > oo to a finite limit. If, however, V(r) = Bjr 
as is the case in the Coulomb field, we have 


| Vin) dr = Bin. (100.3) 
e @ 
The phase shift 6) increases thus with increasing r as Inr. This result is the same 
also for phase shifts with / + 0. When / + 0, we must replace V(r) in (100.2) by 
the effective potential 
2 
Wor) = Vin) + ED 

2ur 
and the integration must extend over the classically accessible region r > r,, where 
r, is determined by the condition E — W(r,) = 0. 

Since the phase shifts 6, vary as In r as r > 00, it is inconvenient to use the partial 
wave method of Section 98 to evaluate the scattering in a Coulomb field. It is, in 
this case, relatively easy to obtain an exact solution of the problem without having 
recourse to partial waves. The simplest way to solve the problem is by using para- 
bolic coordinates, £, 4, » (see Section 21). 

If we take the z-axis along the wavevector of the incoming wave, we can by vir- 
tue of the axial symmetry of the problem choose the wavefunction to be a function 
of the variables £ and 7 only, where € = r — z and y = r+ z. Using expression 
(21.7) for the Laplacian and r = 4(€ + 4), we get the Schrédinger equation for 
scattering in the field + Z,Z,e?/r: 


2 2 2,2 
HAT 2 (e22) 4 2 (y28)] 2 Zev FE, cane 
2uE+nLeé\ a én\ On f+y 2u 


The solution of this equation corresponding to a sum of a plane wave and out- 
going spherical waves can be written in the form 





yO, n) = exp Bik — 4) 96). (100.5) 
Substituting (100.5) into (100.4) we find the following equation for ®(€) 
d’® dD 
& — + (1 — iké) — —Ak@ = 0,7 100.6 
dé? ( dé (000.8) 
where > 3 
a=+ 2:16 =+ Z,Z2€ , (100.7) 
h’k hv 


and v is the relative velocity. 
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Equation (100.6) is the equation for the confluent hypergeometric function of 
argument iké (see Mathematical Appendix D), whence 


@(€) = CF(—iA, 1, iké), (100.8) 


where C is a normalisation factor. Using the asymptotic expansion of the confluent 
hypergeometric function 


PACES, _ oa — B+ | 4 EO) 2,0-0 
I'(B — «) z P(x) 


we can write D(é) in the form 


C(—iké)* [: _ “| + Ce'(iké) 
ra+@| kel iKer(—id) 


iA Inké 2 +4 thE —iA Inké 
= Ce'!24 eo J-— a _— Dee ; 
ra¢+a ikE|  ikED(1 — id) 


where we have used the equation 


F(a, 8, z) = if z>1, 


O(£) = 


(—iké) = exp [420A + id In k€]. 


Substituting the asymptotic value of ®(€) into (100.5) and changing to spherical 
polars: 47 — & = 2z, 7 + & = 2r, we get the following asymptotic expression for the 
complete function: 


Er, ) = Ceil2n4 [ _ ? Jetramee SO eins In wt. (100.9) 
rd +ia) 2ikr sin? 16 r 

where 

AV(1 + id) exp [~2i/ In sin 46] 


A(6) = 3 
2k (1 — id) sin? 36 


(100.10) 


is the scattering amplitude. The first term in (100.9) is the incoming wave e”“, while 
the distorted factor 
1 _ #? __ e4 Ink(r—-z) 
2ik sin? 46 


takes into account the fact that the Coulomb field acts even at large distances from 
the centre. The flux density due to this wave is, as r > 00, 
hkC? 


2 


, (100.11) 


ei lana 


_ ih, 
= — (p*Vy — pVy*) = —_—_—_ 
j oui” y — pVy*) ras. 








since the corrections to the flux density, caused by the distortion of the plane wave, 
are proportional to 1/r. The second term in (100.9) corresponds to an outgoing 
spherical wave which also contains an additional logarithmic term in its phase. The 
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expression for the particle flux into a solid angle dQ is equal to 











2 Viona 2 
jr da =" |_@ | a@y ao; 
w [Fd +i) 
whence 
do A? ZiZ.e\ . _ 
— = |A()|? = ——,— = | =) sin * 40. (100.12) 
dQ 4k” sin” 40 2uv 


This formula is the same as the classical Rutherford formula and as equation (97.7a) 
derived in first Born approximation. This fortuitous agreement is true only for the 
Coulomb field. 

We see from (100.5) and (100.8) that the total wavefunction in the Coulomb field 
which has the asymptotic form (100.9), that is, which contains an outgoing spherical 
wave, can be written in the form 


y? = Ce F(— id, 1, iké), (100.13) 


where £ = r — z = 2r sin? 36. If we normalise y‘*? to give unit flux at large distances 
from the centre, we see from (100.11) that we must take 


C= /# PQ + id eth", (100.14) 
hk 
Using the asymptotic expression of the hypergeometric function for small values of 


its argument, F(a, B, z) = 1 + (2/8) + ..., we can evaluate the absolute square of 
the wavefunction (100.13) at the origin: 


IyPo)? = Ic? =~ ira + ia? e-™. 
¥ hk 


Using also the well-known properties of the gamma-function, 





rd+x=2xF(x), F@)rd — ix)=- ad > 
sinh 2x 
we find 
nA 
rd +A? = ~r@rd — id = 2A e - 7 
ez _ 


We have thus 
2|A| a 


GQ)? = 2 IA 
WO? = ICP = 


(100.15) 
The limiting value of (100.15) for small values of the relative velocity of the collid- 
ing particles is of interest. It follows from (100.7) that [A] > 1 for small v, so that 


2nZ,Ze" 


> for attractive forces; 





|y'*(0)|? = ; (100.16) 
22Z Ze en 221 Z2e7/hv 


a? , for repulsive forces. 
v 
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It follows from (100.16) that the probability of finding particles with electrical charges 
of the same sign close to one another is exponentially small for small relative 
velocities. This turns out to be extremely important in nuclear reactions involving 
charged particles. 

Apart from the solution py given by (100.13), which asymptotically corresponds 
to the sum of a plane wave and an outgoing spherical wave, there is also a solution 
yp of equation (100.4) which is asymptotically the sum of a plane wave and an 
incoming spherical wave. We can obtain y‘—> formally from y‘*> by changing to 
the complex conjugate of y‘+> and after that changing z to —z. We have thus 


wy = Ce™F(iA, 1, —ikn), (100.17) 


with 7 = r + z. One sees easily that solution (100.17) can be obtained from equation 
(100.4) by the substitution 


y En) = & PE Gy). 


101. EXCHANGE EFFECTS IN ELASTIC SCATTERING OF IDENTICAL 
SPIN-ZERO PARTICLES 


In the preceding sections we considered the collision of non-identical, spin-zero 
particles. We shall now consider elastic collisions of identical spin-zero particles. 
Examples of such particles are «-particles, 17C- and ‘®O-nuclei, inert gas atoms, ... 
The internal state of these particles is not changed during elastic scattering processes 
and the state of each particle is thus completely defined once we give its position in 
space. 

We showed in Section 86 that a system of two spin-zero particles can be described 
only by functions which are symmetric under an interchange of the particles. This 
symmetry property of the wavefunction must also be taken into account in the 
theory of the scattering of identical particles. Taking the identical nature of the 
particles into account leads in scattering theory to new effects which are usually 
called exchange effects. 

The relative motion of the two particles is in the centre of mass system deter- 
mined by the radius vector r = r,; — rz, where r; and r, are the coordinates of the 
two particles. If the initial state is defined as the relative motion of the particles 
along the z-axis, the wavefunction of the system will, for large r, be of the form 


ylr) = et 4 4O eur, (101.1) 
r 


as long as symmetry effects are neglected. If our system consists of two identical 
spin-zero particles, we must symmetrise the function (101.1). We see that when the 
two particles are interchanged, the vector r changes its sign. This means that r re- 
mains unchanged while 6 changes to a ~- 6. The symmetric wavefunction will thus 


[XI, 101] Exchange Effects in Scattering of Spin-zero Particles 405 


be of the form 


(101.2) 


wim net a rte 4 AO 4 A=) or) 


r 


where N is a normalisation factor. The first two terms in (101.2) determine the 
initial motion of the two particles in the centre of mass system: one particles moves 
along the z-axis in the positive direction while the other moves in the opposite 
direction. If N = 1, the function (101.2) is normalised in such a way that the flux 
density corresponding to each of the colliding particles has an absolute magnitude 
v = hk/u, which is equal to their relative velocity; ~ is here the reduced mass. The 
second term in (101.2) corresponds to the scattered wave. Both when scattering 
occurs at an angle 9 and at an angle x — 6, scattered particles appear in the direction 
OB as can be seen from Fig. 18; the number of particles scattered per unit time into 
an element of solid angle dQ in the direction 9 is thus equal to 


jr? dQ =" |4@) + An — 0)? dQ. 
le 


The elastic scattering cross-section when one of the particles is deflected into the 
solid angle dQ is thus equal to 


do = |A(6) + A(a — 0)|? dQ. (101.3) 


Xs @ 
0 a) 
A A 


Fic. 18. Two possibilities for the scattering of identical particles when the particles 
fly away in the directions OA and OB. 


If we neglect the symmetry of the wavefunction, the cross-section for the scattering 
of one particle into the solid angle d2 would simply be equal to the sum of the 
scattering cross-section for the angles 6 and x — 6, that is, 


do’ = {|A(6)|? + |A(x — 6)|?} dQ. (101.4) 


The difference between the cross-section (101.3) and (101.4) is caused by an ex- 
change effect, that is, it is due to the correlation in the motion of the particles arising 
from the symmetry of the states under an interchange of the particles. 

Let us apply this result to the case of Coulomb scattering, for instance, x-«-scat- 
tering. Using the explicit form (100.10) of the scattering amplitude for this case, 


we find 
2,2\2 24 
do = (; e 1 n 1 n 2 cos (4 In tan 19) (101.5) 
sin" 40 cos” 40 sin* 46 cos* 46 





14* 
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with A = Z*e?/hv. Mott was the first to derive this equation and the elastic scattering 
of identical spin-zero particles caused by the Coulomb interaction is thus called 
Mott scattering. The last term in (101.5) is caused by the exchange effect. This term 
has its largest value at 6 = 90°, corresponding to an angle of 45° in the laboratory 
system of coordinates. At that angle, the terms corresponding to exchange lead to 
a doubling of the differential cross-section as compared to its value, if exchange is 
neglected. The exchange effect is essentially a quantum effect. As 4 0, A> 0; 
the last term in (101.5) then oscillates rapidly and averaged over a small angular 
interval leads to the vanishing of the exchange effect. The quantity 4 is also large for 
low relative velocities and when we average the cross-section over a range of angles, 
the terms corresponding to the exchange effect vanish. For the same reasons, it is 
impossible to take exchange effects into account at small angles of scattering. 


102. EXCHANGE EFFECTS IN ELASTIC COLLISIONS OF JDENTICAL PARTICLES 
WITH SPIN 


If the colliding particles have spin, the state of the system is determined by a 
function depending both on the coordinates and the spins. In the general case, the 
total angular momentum of the system is an integral of motion in a collision of 
particles. Often one can neglect the relatively improbable change in spin orientation 
in collisions (see Section 110); the total spin angular momentum and the total 
orbital angular momentum are then separately integrals of motion. We can, in such 
a case, write the total wavefunction ® of the system of two particles as a product 
of a coordinate function y and a spin function y. In the centre of mass system the 
coordinate function depends only on the vector r, determining the relative motion. 
The spin function y(s,s,) depends on s, and s,, which determine the orientation of 
the spins of the two particles relative to some direction in space. Let us assume that 
two identical spin-} particles, such as electrons, protons, ..., are colliding. The total 
spin of the system can then be either 0 or 1. In the first case, where we have a singlet 
spin state, the coordinate function must be symmetric under an interchange of the 
particles (see Section 87). The coordinate wavefunction will thus have the same 
form as the function (101.2) and the scattering cross-section is 


do, = |A(0) + Ae — 8)? dQ, if S=0. (102.1) 
In the triplet spin state, when S = 1, the coordinate wavefunction is antisymmetric: 
wn) = eM — e+ A@) = AG — 9) e*, (102.2) 

r 


and we have for the scattering cross-section 
do, = |A@) — Aa — A? dQ, if S=1. (102.3) 


In the particular case when the scattering is due only to Coulomb forces, the scatter- 
ing cross-section in the singlet spin state is the same as (101.5), while the scattering 
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cross-section in the triplet spin state is equal to 


Ze\7T 1 1 2 cos (A In tan? 46 
do, = (22) [_1_ ,_1__ _ 2eos Gin tan 3) 02.4) 
2uv sin" 46 cos’ 46 sin” 40 cos” 46 





It follows from (102.4) that at 6 = 90° in the centre of mass system the elastic scatter- 
ing cross-section do, = 0. If the scattering is by particles with a well-defined orien- 
tation of their spin, we find thus that for scattering at an angle 6 = 90°, corresponding 
to an angle 6,,, = 45° in the laboratory system, we shall observe only particles with 
a spin orientation antiparallel to the spin of the target particles. 

Scattering is usually studied with unpolarised particle beams bombarding un- 
polarised targets so that we observe an average value of the cross-section. Since 
there is one spin function in the singlet spin state, while there are three in the triplet 
state, we see that the average of the cross-section will be equal to 


202\ 2 2 
do = do, +3 do, = (22) [1-1 _sosG@inta 29) 02.5) 
4 4 2pv sin" 46 cos” 46 sin* 46 cos” 46 








with 


where we have assumed that each spin state has the same probability. 

Williams} found excellent agreement between equation (102.5) and experimental 
data when studying the scattering of 20 keV electrons in a Wilson chamber. 

Let us now turn to a study of the general case of the scattering of identical spin-s 
particles, where the spin is measured in units 4. The symmetry of the coordinate 
function of the relative motion of the particles depends on the symmetry of the 
spin function of the system under an interchange of the spins of the particles. There 
are (25 + 1)? different spin states for two spin-s particles; these states will differ 
from one another in the values of the total spin of the system and its z-component. 
Using the rules for vector addition (Section 41) we can show that the total spin S 
of a system of two identical particles will take on 2s + 1 different values 


S = 2s, 2s—1, 2s—2,...,0. (102.6) 


If the spin function of one particle is 9,,,, each value S of the spin of the whole system 
will correspond to a wavefunction 


X¥sm(1, 2) = Y (s1, S25 M1, M2 SM) Ps,m,(1) Psym,(2)- (102.7) 


my, 


Using the symmetry property (41.18) of the vector addition conditions and the 
equation s,; = 52 = s, we see that when we interchange the two particles, the spin 
function y51, (1, 2) is changed as follows 


Xsm(1, 2) = (- 1)*-§ Xsm(2, 1). (102.8) 


tT P. Witttams, Proc. Roy. Soc. A 128, 459 (1930). 
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On the other hand, the total wavefunction ® must, according to the properties of 
systems of identical particles (Section 87) under an interchange of the two particles, 
change as follows 


Psy(1, 2) = Yso(1, 2) Xsa(1, 2) = (—1)* Osue(2, 1), (102.9) 


that is, this function is symmetric if s is an integer and antisymmetric when s is not 
an integer. Comparing (102.8) and (102.9), we see that 


Ysm(1, 2) = (—1)* Psa(2, 1). (102.10) 


The coordinate wavefunction of a system of two identical particles is thus symmetric 
if the total spin of the system is even, and antisymmetric if the total spin of the 
system is odd. 

A consequence of this general theorem is that when two identical particles are 
scattered, the differential scattering cross-section will be determined by the equations 


dot*>) = |A(0) + A(x — #|? dQ, if S is even, (102.11) 
do = |A(0) — AG — |? dQ, if S is odd. (102.12) 


When particles with arbitrary spin-orientations are scattered, the total spin S$ of 
the system is not fixed, and if all possible spin states are equally probable, the scat- 
tering cross-section will thus be equal to 


do = W(S.) do“ + W(So) do, (102.13) 


where W(S,) and W(Sp) are the relative number of spin states corresponding to 
even and odd of S. It follows from (102.6) that 


st+1 


WS.) = 2st | (102.14a) 


, if sis an integer, 











5 ? if s is half-odd integral; 


, if sis an integer, 








(102.14b) 


1 , if sis half-odd integral. 
2s + 1 











It follows from (102.11) and (102.12) that the differential scattering cross-section 
is unchanged when we replace 6 by « — 6. A general property of the differential 
cross-section for the scattering of identical particles is its symmetry in the centre 
of mass system relative to a scattering angle @ = 90°. 
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103*. GENERAL THEORY OF JNELASTIC SCATTERING 


We studied in the preceding sections only elastic scattering, when the internal 
states of the colliding particles is not changed. To consider inelastic collisions, it is 
necessary to take into account the internal degrees of freedom of the colliding par- 
ticles. We shall assume that a particle of mass yu is scattered by a complex system A; 
we shall denote the internal degrees of freedom of this system in their totality by &. 
If the mass of the particle is appreciably less than the mass of the system A—which 
will happen, for example, when an electron is scattered by an atom or a nucleon by 
an atomic nucleus—the origin of the centre of mass system of coordinates will 
coincide with the centre of mass of the system A. We shall assume that the incoming 
particle is not identical with any particle in the system A. If we denote by r the po- 
sition coordinate of the incoming particle, the Schrédinger equation determining 
the scattering will be of the form 


[¥ ~ He) + =v] Vr, &) = Vir, é) Pr, é), (103.1) 
i 


where E, is the total energy, H(&) the Hamiltonian determining the states of the 
system A, and V(r, £) is the operator for the interaction between the particle and 
the system A. If —,(€) and e, are the eigenfunctions and eigenvalues of the operator 
H(6), the eigenvalues and eigenfunctions of the operator 





A, = A( — e Vv? (103.2) 

can be written in the form _ 
Eu, =o + OL, (103.3) 

au 
®,, = (He. (103.4) 


The eigenfunctions are normalised by the equation 
1 wor! ' ' 
Ome x | polE) pie’) eh @-"? d?q = 6 — E'S — 1’). (103.4) 
Jt) b 


We shall assume that the initial state, the “incoming wave’’, is determined by the 
function 
D, = Doy, = olf) &*", (103.5) 


corresponding to the ground state of the system A and a relative motion of the 
particle and the system A with an energy f?k2/2u; thus, E, = & + h?ki/2y. In the 
final state, the system A changes to a state m,, so that the final state is determined 


by the function 
Dyp, = 7(§) elke) | 


corresponding to an energy E, = &, + h?k;/2u, where h?k;/2u is the energy of the 
relative motion after the scattering. Because of the law of conservation of energy, 
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we must have the equation E, = E,, from which it follows that the energy of the 
relative motion after the scattering is determined by the equation 








The different final states differing in the quantum number d and, thus, in the internal 
energy of the system A are called scattering channels. A scattering channel is called 
open, if the initial and final states satisfy the condition 

Wh, 


Ep — Ey + = 0. 





In that case, the energy of the relative motion of the particles after the scattering 
is positive, that is, they can move away to infinity—real scattering processes. A scat- 
tering channel is called closed if we have the inequality 

2,2 
ft Ke <0. 


Eg — & + 





We are interested in solutions of equation (103.1) corresponding to an “incoming 
wave” ®, and scattered, outgoing waves. To obtain such solutions, it is convenient 
to change from the differential equation to the corresponding integral equation. 
We shall first of all evaluate the Green function G of the operator of the left-hand 
side of equation (103.1). By definition, this function must satisfy the equation 


(Eq — Ha) G(ré|r'é’) = d(r — rE — &/). (103.6) 


The Green function corresponding to outgoing waves is then given by the expres- 
sion 
d(r — r’) o(E — &') + a 
Ge rE |P'E" = - = gs >, (103.7) 
weirs) E, — fy + in de 
where 


er Sen Dx are da 
~ Qay 





E, — Evg + in 
el@ r-r’) 3 
rare pl) ie d°q, (103.7a) 
2,2 
ke = - £9 ~— & + fay (103.8) 
h 2u 


The small positive quantity 7 in (103.7a) determines merely the rule for going around 
the pole, so that after the integral has been evaluated, we must take the limit y — 0. 
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For open channels, that is, for states b for which k; > 0, we can use the equation 
(see Section 96) 
l@r elkelrl 
——_— d°9g= — (103.9) 
mm a kg -q t+in 4n|r| 


to reduce the Green function of the channel to 





UIE) = 4 ole) ot) — 
& (ré|r'é') = — a(é . 

f) nh? PAS) Po rr 

The integral equation corresponding to the differential equation (103.1) with an 
“incoming wave” ®, can be written in the form 


» mi) |e Be’ i 








(103.10) 


efkelr—r'l 


PU, 2) = ri 


VE) PEO WE) dl’ a?’ 








On > 
+¥ . ge (rE |r’ E') VE) PEP W'E) dé’ d?r', (103.11) 
oo 


where the first sum corresponds to all possible open channels—scattering and 
reaction channels—; the second sum over b’ corresponds to all closed channels, 
kz. < 0. The Green functions of the closed channels are directly determined by 
equation (103.7a). The superscript + of ‘+? indicates that this function corresponds 
to an outgoing scattered wave. Equation (103.11) is often written symbolically as 
follows 

WOO — G+ [E, — A, + inh (VES, (103.11a) 


suggested by Lippmann and Schwinger.t 

To determine the scattering amplitude, we must find the asymptotic value of 
(103.11) at large distances from the centre when only open channels contribute to 
wp, £) (see Section 107). For large values of r, we have k,|r — r’| kyr — (ky. ’), 
where k, is a wavevector in the direction of r. We can thus write the asymptotic 
value of (103.11) for large r in the form 


ether 





Pr, &) = Br, ) + » Aseta(E) — (103.12) 
where 
Apa = ~3 | gt) eH, &) BO, B dr dé 
MLA 
= 55 Oo Pwo» (103.13) 


is the amplitude for scattering from the state ®, of (103.5) into the state 
D, = gee, 


+ B. A. LippMANN and J. Scuwincer, Phys. Rev. 79, 469 (1950). 
QM 14a 
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corresponding to a transition of the system A into the state »,(é) and the scattering 
of the particle into the direction A, with an energy of the relative motion equal to 
hike /2u. In particular, if b = a, the scattering amplitude (103.13) corresponds to 
the elastic scattering. 

To determine the differential scattering cross-section corresponding to the a > b 
transition, we must multiply (103.12) by the function g#(é) and integrate over all 
values of the internal variables £; we then get for the scattered wave the expression 


ikar 
jews A,(8)-—, if b=a, 
r 


F(t) = (103.14) 


ikpr 


An(9)-—, if b+; 
r 





6 is here the angle between k, and the direction of scattering. The flux of particles 
scattered per unit time into a solid state dQ around the direction k, is thus equal to 
(fk, |) |Avo(8)|? dQ. 

The flux density of incoming particles is equal to v, = Ak,/ so that we find for 
the required scattering cross-section 





k, 2 Wk, Syl t)2 
Aya = — |A,_(0)|° d2 = — |<, |V|% dQ. 103.15 
r x, va(9)| Oni? ky \<®,| V| >| ( ) 


Multiplying (103.15) by the flux density of the incoming particles, we get the number 
of particles scattered per unit time into an element of solid angle dQ: 





dP,, = = \cos| PV? |? dos, (103.16) 
where 
do, = : 
(2th) 


is the number of final states per unit volume and unit energy. 
If the function of the initial state ©, is normalised to one particle in the volume 
that is, if we put instead of (103.5) 


1 . 
@, = @o(E) eka ” 
Vv 
and if we ask for the number of final states in the volume 7, that is 
_ VW phk, dQ 
(2zh)° 


Ob ? 
equation (103.16) will determine the probability for the transition a > b per unit 
time when two particles, in the volume 7%, collide. 

Formulae (103.15) and (103.16) are exact equations determining, respectively, 
the probability for a transition per unit time—to states of the continuous spectrum— 
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and the scattering cross-section. To evaluate these quantities we must know the 

solution of the integral equation (103.11). If we replace in these expressions the 

value of Y‘*? by its zeroth approximation ®,, we obtain, respectively, the elastic 

and inelastic scattering cross-sections in the first Born approximation (large relative 

velocities) 2 

do® = (=45) ke ep, | P1,)|? dQ, (103.17) 
anh") k, 


and the probability for a transition per unit time in the first perturbation-theory 
approximation 
AP = = |(,|V1,>1° do (103.18) 


with the matrix element determined by the integral 


(P,|V(D,> = | Violr) eX *"? d*r, (103.19) 
in which ; 
Viol) = § pf) V(r, §) ol) dé. (163.20) 


104. SCATTERING OF AN ELECTRON BY AN ATOM, NEGLECTING EXCHANGE 


Let us apply the results of the preceding section to the calculation of the cross- 
section for elastic and inelastic cross-section of electrons by an atom with a single 
electron. In the present section, we shall assume that we can distinguish between 
the electrons of the system. We give the incoming electron an index 1 and the electron 
in the atom an index 2. In section 106, we shall take into account the fact that the 
electrons are identical. 

The electron in the atom is described by the Hamiltonian 

2 2 
A(2) = ft Vi - Ze (104.1) 

2p ry 
which has the eigenvalues ¢, and eigenfunctions »,(2) which were considered in 
Section 38. The relative motion of electron 1 and the atom is determined by the ope- 
trator —(f?/2) Vj (the mass of the atom is appreciably larger than that of the elec- 
tron); the interaction of the electron with the atom is characterised by the operator 

2 2 
Volryr) = — — 22. (104.2) 


ri2 ry 
The scattering of an electron by a hydrogen atom is thus determined by the equation 


(Ey — Ho) P(1, 2) = Vo(1, 2) HU, 2), (104.3) 
where 


2 
Hy = H(2) — ne V?. (104.4) 
Qu 


140* 
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The Green function of the operator Hy)—see (103.10)—corresponding to a solution 
of (104.3) in the form of outgoing scattered waves, can be written in the form 














etkalrs— ry’| 
Grae) = —— yy Pxlt2) Pala) ~ (104.5) 
2x a Ir: — vil’ 
with 
2,2 2,2 
it In =e tei gs 20 
2u 2u 


The integral equation corresponding to equation (104.3) with an “‘incident wave”, 


= pilko-ri) 
reduces thus to ®,(1, 2) =e Polt2) 


Pn) = Go(1, 2) — pa 5 





iky|ri—Fi‘] 


é 3 Vo(rirs) PSP rir) d2r, d7rh, (104.6) 


Ini — ri 


if we only consider open channels. After multiplying equation (104.6) by p*(r2) 
and integrating over the coordinates of the second electron, we find the function 


FP (ry )= J pk(r2) WS (rir) d® ro, 


corresponding to a scattered wave while the n-th state of the atom is excited, and 





f°) = Fis (r1 )- ef horns 
L gitalri—ri 
-- 4, | piles) voles) PMU) ae, ras (1087 
ry —_ 1 


At large distances from the centre, r,; — 00, the function (104.7) has the asymptotic 
form 


faa (1) =A 





(104.8) 


where the amplitude for the scattering of electron 1 at an angle @ while the atom 
is excited from the state 0 to the state n is determined by the expression 





A,o(8) = 


In the matrix element in (104.9) 
@, = 9,(r2) en? (104.10) 


(104.9) 


is the “final state” function, while Y§*? is the solution of the integral equation 
(104.6). 
The cross-section for scattering into the element of solid angle dQ is equal to 


don9 = = | AyoO)! dQ. (104.11) 
0 
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The calculation of the scattering cross-section reduces to solving the integral 
equation (104.6) or a system of coupled integral equations which are obtained from 
(104.7) by writing 

Po (rite) =D) Fro (rs) Paltz). (104.12) 


Substituting (104.12) into (104.6) and multiplying by p%(r2) we find after integrating over r. the 


set of equations 


hers) B » ptty.t eiknir—r' | 
Fors) = dno erry) — ari D | Vn) Fo yD 
2th? “a 





d°r, 
Ira — ry v 


with 
Vint) = j PR(r2) Vo(rira) Para) 4 3p. 


Substituting also (104.12) into (104.9), we find an expression for the scattering amplitude in terms 
of the functions FY (r,): 


Ano(8) = — sn zr { eilkn-D Van(r1) FERC) drt. 


For large velocities of the incident electron we can apply the Born approximation, 
that is, we can in (104.9) replace Y§*(r,r,) by ©). In that case, we have 


(®,| V(rit2)|Po> = fk? Vro(rs) d*ry, 


where g = ky — k, so that hg is the momentum transferred by the electron to the 
atom during the scattering cross-section, and 


Vio(¥1) = J prs) V(ryh2) Polr2) d°r,. (104.13) 
In the particular case of elastic scattering 
(Bo|V|Bo> = J? Voo(r) d’r = V,, (104.14) 


where Vo, is the potential energy of the interaction between the incident electron 
and the atom, averaged over the ground state of the atomic electron. We can ex- 
press this potential energy by means of the Poisson equation, e < 0, 


V?Voolr) = —4atee(r) (104.15) 
in terms of the average electric charge density in the atom 
o(r) = Zed(r) — en(r), 


where n(r) is the electron density in the ground state of the atom. Substituting into 
(104.15) the expansions 


1 
(2x)° 





. 1 
Voo(r) = [ven d°q and o(r) = as fee” dq, 
3 


we find 
g?V, = 4neg,. 
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Hence 


4 a 
Y= = [oe er gy a4 


g 





me [Z — F@)], (104.16) 
q 


where 
Fg) = Jnr) e@? d*r (104.17) 


is the atomic form-factor which depends on the electron density distribution in the 
atom and on the magnitude of the momentum transferred in the scattering, hg. If 
the electron density is spherically symmetric, we have 


F(q) = =| rn(r) sin qr dr. (104.17a) 
. . q@ Jo 
For elastic scattering 
q = 2ksini0, k = |Kol. (104.18) 
Substituting (104.14) into (104.9) and using (104.11) and (104.16) we find in the 


Born approximation the cross-section for the elastic scattering of the electron by 
the atom: 


do® = | dQ = ee dQ. (104.19) 


In conclusion, we evaluate the explicit form of the atomic form-factor (104.17a) for 


the ground state of the hydrogen atom. The ground-state wavefunction for the 


hydrogen atom is eta 


Por) = —=——, 
° J ma’! 


where a is the Bohr radius. Hence 





—2rja 


nr) = >: 
ma 





Substituting this value into (104.17a) we find 
4” opla o ot 1 
F(q) = — e~ 77/9 y sin gr dy = ————__. (104.20) 
a°q Jo [1 + 4q7a’)’ 
For small scattering angles, when 


qa = 2kasin 36 < 1, 
we find 
F(q) = 1 — 49a’. 


Substituting this value into (104.19), we find, for Z = 1, 
4 
do = (2) dQ, qa<\. 


We can see that in the region of small scattering angles, the scattering cross-section 
is independent of the scattering angle. 
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For large scattering angles, when ga > 1 the scattering cross-section, 


2 4 
do =" (_£ _) aa, 
4 \hk sin 46 


is the same as that for the Rutherford scattering by the atomic nucleus with Z = 1. 


105. THEORY OF COLLISIONS INVOLVING REARRANGEMENTS OF PARTICLES; 
REACTIONS 


In the preceding sections of the present chapter, we developed a scattering theory 
in which we only allowed internal excitations of the colliding particles without 
changes in their composition. However, apart from those collisions, it is also possible 
that complex particles collide in such a way that the composition of the particles 
changes in the collisions. We shall call such collisions reactions or collisions involving 
a rearrangement of particles. We shall study only such reactions where there are two 
particles in the final state. 

When considering collisions involving a rearrangement of particles, we can de- 
scribe the system by a Hamiltonian H which can be written in two forms: 


H=H,+V,=H,+ Vp, (105.1) 


where H, and H, are Hermitean operators describing the kinetic energy of the relative 
motion and the internal states of, respectively, the colliding and the dispersing 
particles; and V, and V, are the operators of the interaction between the colliding 
and the dispersing particles, respectively. 
Let 
2 
a,=--+ 
2a 


be the Hamiltonian of the kinetic energy of the relative motion with reduced mass yu, 
and of the internal states of the colliding particles. Its eigenvalues and eigenfunctions 
are, respectively, 


V2 + A.) (105.2) 








242 

E, = fi ka +e, = 0, (105.3) 
2ba 

D, = 9,6) he". (105.4) 


As a result of the collision, the structure of the colliding particles changes. The 
Hamiltonian of the kinetic energy and the internal states of the new, dispersing 


particles will be denoted by 


-~ h? 
A, = -—Vi+ AO (105.5) 
2htp 
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Let 
A 2 
Ex_ = 7” + &, 2 0, (105.6) 
lat 
D,, = 9,,(0e@™ (105.7) 


be the eigenvalues and eigenfunctions of the operator H,. 
The collision problem is completely determined by the Schrédinger equation 


[E, — HY, = VP, (105.8) 


with the proper boundary conditions. As boundary condition, we require that at 
large distances from the centre of mass of the whole system, the function Y, is 
described by a superposition of the wavefunction of the colliding particles, 


De = gng(B) eH", (105.9) 


corresponding to an energy E, = (h?ka/2u,) + E,,, and scattered, outgoing waves. 

It is convenient to replace equation (105.8) by an integral equation, simultaneously 
taking into account the boundary conditions. We can write such an equation in 
symbolical form (see Section 103). 


PO — 62 + [E, — A, + inh 1 VO. (105.10) 


The wavefunction ¥{* satisfying the integral equation (105.10) determines all 
scattering processes and reactions in the system. To split off processes connected 
with reactions in the channel 6, we must write this function in a form which as 
r, > 0 would correspond to an outgoing, scattered wave in the variable r,. 

Because of (105.1), the function VSP = WIP (,, 6) = MP (r,, satisfying 
equation (105.8)—and the integral equation (105.10)}—at the same time satisfies the 
equation 

[E, — H,]) WP = Vw. (105.11) 


The Green function of the operator of the left-hand side of equation (105.11) will 
for open channels be of the form 








elkelto—Fe'l 
G(r,C [752°) = (¢) px (¢’) ——_ , 
Ir, — Fsl 
where 
272 
ie = Hele, — c,, + 2/20. (105.12) 
h 2ba 


Bearing in mind that for large r, we can have only outgoing waves, we find the 
asymptotic form of the function Y{* for large values of r;: 


ol?o—Fo'| 


© | rie) Valet) VSMC a a, 


b 


Pw.) = 
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or tkyrp 
Pr) = Y On(L) Aral) — ; (105.13) 
Ny b 
where 
Apa) = [V,|Po> (105.14) 





is the scattering amplitude, nm a unit vector in the direction of the scattering, 
D, = on,(0) eh, (105.15) 


and k, the wavevector of the scattered wave. The wavefunction ¥‘*, appearing 
in (105.14), is a solution of the integral equation (105.10). 

Experimentally, one observes the flux of one of the reaction products correspond- 
ing to a transition into one of the states occurring in the sum (105.13). The flux 
of such particles into unit solid angle in the direction nm can be expressed in terms 
of the scattering amplitude and is equal to (#k,/u,) |Asa()|?. Dividing this flux by 
the flux density of the incident particles, Akp/u., we get the cross-section for this 
reaction, Lnptek Seana 
dong = ons Kol Pal a >I? dO, 
where the final state is characterised by the function (105.15) and k, defined by 
(105.12). 


106. SCATTERING OF AN ELECTRON BY A HYDROGEN ATOM, INCLUDING EXCHANGE 


We considered in Section 104 the scattering of an electron by an atom under 
circumstances where we could consider the incident electron and the electron in 
the atom to be different particles. The asymptotic value of the wavefunction 


PIP) = elthary) Pol) 








efknlri —ry'| 
~ On _? » rales | onl) 7 Vdrirs) PP rir) d°r, d°r, 
1 
(106.1) 
reduced in that case for large values of r, to 
tkyry 
Pe (rita) = eM Ppo(t2) + Y. Paltz) Ana) (106.2) 
n ry 
where 
Ana(8) = — V|P>, D, = e™"9,(r5), (106.3) 





and V, is determined by (104.2). 
If we consider the electrons to be different, we have the possibility of the capture 
of electron 1 into the n-th state of the atom while the electron 2 is emitted in the 
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direction characterised by the angle 6, as well as the process, considered earlier, 
where electron 1 is scattered, while the atom is excited into the n-th state. Such a 
process corresponds to a rearrangement collision described in the preceding section. 
The operator of the interaction between electron 2 and the atom, in which electron 1 
occupied the place of electron 2, is of the form 
2 2 
Zi 
Vilrits) =~ —, (106.4) 
rio r 
and the final state corresponds to the function 
O,(rir2) = pAlri) er. 
The asymptotic value of the wavefunction V{*?(r,r,) at large values of r, can, in 
accordance with (105.13), be written in the form 
elknr2 
PEP Oe) = ¥. galls) Bua) , if r2 is large, (106.5) 
n 


ro 





where 


Bye(@) = — 35 Pol Val BoD. (106.6) 





Hence, the differential cross-section for the scattering of an electron with the 
excitation of the atom into the state n, while at the same time the electrons are ex- 
changed, is determined by the expression 


Ang = = |B) dQ. (106.7) 


To take the identical nature of the electrons into account, we must correctly 
symmetrise the coordinate wavefunction Y{*?(r,r,), determined by (106.1), with 
respect to an interchange of the coordinates of the electrons | and 2. In a system of 
two electrons, the symmetry of the coordinate function depends on the spin function 
of the system. If the spins are antiparallel—singlet spin-state—in the collision, the 
coordinate wavefunction must be symmetric in r, and r,, or, 


Yo= PCr) + WEP (rors). (106.8) 


Using (106.2) and (106.5), we see that the function (106.8) has for large values of r, 
the asymptotic value 


thyr 1 
P= bea (63) + Y Gala) [Ana + Bra] e, ifr, is large. (106.9) 


ry 





For large values of r, the same function has the asymptotic value 


tk,?2 
P= elo o(r1) + Y Pals) [Ano(9) + Byo(8)]<—, if rz is large. (106.9) 


ro 
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It follows from (106.9}—or (106.9a)—that in the singlet spin-state the differential 
cross-section for the scattering of an electron by an atom while the atom is excited 
into the n-th state is determined by the expression 


do, = _ |Ano(8) + Byo(8)[? dQ. 


If the spins are parallel—triplet spin-state—in the collision, the coordinate wave- 
function must be antisymmetric in r, and r,. Therefore, 


wy, = Pres) —_— PO (rsr,) . (106. 10) 


We then get, using (106.2) and (106.5), the asymptotic values 








+ elknr . . 
Y= elke Molto) + » Pal¥2) [Ana(9) — Bra(8)] ? if r; is large; 
n 1 
. elknr2 
Y, = — ele" 0(r,) —~ Y Pal¥1) [Ana(6) —~ Bra(8)] r > if Po is large. 
n 2 
Hence, we have for scattering in the triplet spin-state 
kn 2 
do, = 7 |Ana() — B,a(6)[° dQ. (106.11) 


If the electrons are unpolarised, the cross-section for the scattering of an electron 
by an atom while the atom is excited into the n-th state is equal to 


do = kn 3 Ana _ Bral- + |Ana + Bral” dQ. 
ka|4 4 


In the Born approximation, we must in equations (106.3) and (106.6) replace 
Pir.) by exp [i(k, .r1)] vo(r2); we then get the following expressions for the 
scattering amplitude 


2 

AD = A [etter male) d*r,, 
It 

where 


Wyolts) = | ptr) Ee - =] pelts) d°r2, 


Fro ry 
while 


2 ; . 1 Z 
Be — He #(r,) ein ticherd| FL _ 4 1g ny ap, dry. 
ante pa(ri) ha te Po("2) 1 2 
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107. THE SCATTERING MATRIX 


When studying the general properties of scattering processes and reactions, it is 
convenient to use the scattering operator S, the matrix elements of which form the 
S-matrix or scattering matrix. The scattering matrix connects the initial state of the 
system, when the colliding parts of the system are still an infinite distance apart, 
with the final states, when the reaction products have flown off to infinity. 

Let ®,(— o) be the wavefunction of the initial state characterising at time 
t = —oo the relative motion of the two subsystems and their internal states. The 
scattering operator § determines the asymptotic behaviour of the wavefunction 
W (+ 00) outside the interaction region, that is, the final state at ¢ = 00, after the 
collision has taken place. This means that 


V+ 0) = §@,(— 0). (107.1) 


If A is the total, Hermitean, Hamiltonian of the system, the scattering operator S$ 
can be defined by the relation 


S= lim ut, t), (107.2) 

t>++o0 

where fo 00 
u(t, fo) = exp |- aC _ ‘| (107.3) 


is a unitary operator. 


One can use the Hamiltonian to follow the change of the state from ®,(— ©) to Y,(+ ©) conti- 
nuously. Heisenberg expressed the view that such a detailed description is unnecessary. It is sufficient 
for the description of scattering processes and reactions to know the asymptotic behaviour of the 
wavefunctions before and after the collisions, when the colliding and dispersing particles are free. 
In that case, we can give up the Schrédinger equation and the idea of a Hamiltonian and consider 
equation (107.1) as the definition of the operator $. In such an approach, the operator § and its 
matrix elements—which are used to calculate the probabilities for various processes—are the basic 
quantities. Up to now, it has not been possible to construct on this basis a consistent theory—without 
the Schrédinger equation—which is able to describe both reactions and all bound states. A theory 
containing only the S-matrix will apparently not be sufficiently complete. 


The function Y,(+ 00) characterises all possible scattering processes and reactions 
which can occur after a collision of subsystems which at f = —oo were in the state 
®,(— 00). Let us denote by ®, one of the possible final states—which is determined 
by the kind of particles which are flying away, their internal states, and their relative 
motion. The index b characterises the possible ways in which the scattering process 
or reaction can take place; these possibilities are called reaction channels. The initial 
state and the final state corresponding to elastic scattering refer to the entrance 
channel and all other states to exit channels. 

In S-matrix theory, we consider only those initial and final states which correspond 
to a situation where the subsystems are sufficiently far from one another, so that 
we can neglect their interaction. The initial and final state correspond thus to the 
continuous spectrum. In nuclear reactions, we are dealing with a transition from a 


[XI, 107] The Scattering Matrix 423 


well-defined initial state—defined by the experimental set-up—into a well-defined 
final state of the continuous spectrum. 

The functions ®,, which include as a particular case the function ®, when b = a, 
form by definition a complete orthonormal set of functions, so that we can write 


(+ 0) = ¥O,@,|¥,>. (107.4) 


The absolute square of the expansion coefficient <®,|,> in (107.4) determines the 
probability that the system will be in the state ®, at t = +00. Using (107.1), we can 
write that probability in the form 


Wq = |(D,|S|®,>|? = |Spal? = |<b| Sad/?. (107.5) 


The unitarity of the operator 5 and of the scattering matrix follows from the uni- 
tarity of the operator (107.3). The unitarity of the scattering matrix S is defined by 


the equation 5t§ = 1, (107.6) 


or, in detail, 
Y Sh Sra = ¥ |Soal” = 1. (107.7) 
fi] 6 

Using (107.5) one sees easily that the condition (107.7) that the scattering matrix 
be unitary reduces to the requirement that the sum of all transition probabilities 
equals unity. The unitarity condition (107.7) imposes some restrictions upon the 
elements of the scattering matrix. 

It follows from the definition (107.2) that the scattering matrix is diagonal in those 
quantum numbers which correspond to the integrals of motion in the system, that 
is, diagonal with respect to the values of those physical quantities, such as total 
energy, angular momentum, ..., the operators of which commute with the operator H. 

The absolute square of the elements of the scattering matrix, (b|S|a> determine 
the transition probabilities (107.5) for going from the state a to a state b. The elements 
of the scattering matrix can, therefore, not depend on the choice of system of co- 
ordinates. These matrix elements can thus only be functions of those integrals of 
motion which are independent of the system of coordinates. For instance, in the 
simplest case of the elastic scattering of spin-zero particles (Section 98) the scat- 
tering matrix contained only the diagonal elements S, depending on the quantum 
number / which characterises the orbital angular momentum, but independent o f 
the quantum number m, determining its z-component. 

If the incident wave is not changed at all, we find for the matrix elements of the 
scattering matrix S,, = 6,4. One, therefore, usually determines the scattering pro- 
cesses or reactions by the operator 7 = S — 1 with matrix elements 


Tn, = \° -1,. if b=a; 


107.8 
Stas if b +a, ( ) 


The new operator J is not unitary. From the unitarity of the scattering operator s 


follows Gt = 7+ 7%, 
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or, explicitly 
LTT = T ap + Ti). (107.8a) 


Scattering or reaction processes are usually characterised by a cross-section defined 
as the ratio of the number transitions per unit time to the flux density of incident 
particles, in the centre of mass system. 

Let us now determine how the transition probability can be expressed in terms 
of the matrix elements 7,, or the matrix elements S,, of the scattering matrix. 
Bearing in mind that the energy is one of the integrals of motion, we can write 


<b|S — Ila) = —2niT,,6(E, — E,), (107.9) 


where the matrix element T;, corresponds to states a and b with the same energy. 
We call, therefore, the T,, the matrix elements of the T-operator on the energy 
surface (see Section 85). The factor 2zi is introduced for convenience as we shall 
see presently. 

The matrix elements of the T-operator on the energy surface are connected with 
the matrix elements of the operator 7 by the relation 


T oq = — 22iT5.5(E, ~ E,). (107.9a) 
From (107.9) it follows that 
Spa = <b|a> — 2xiT,,6(F, — E,), (107.10) 


where <b|a> = 46,,. Substituting (107.10) into (107.5), we can evaluate the prob- 
ability for the transition from the state a to the state db: 


yg = |Spal? = <blay? + E (bla) Im Typ + ITyol? OE, — >| amhi(E, — E,). 


Substituting into that equation 
+o 
2xho(E, — E,) =| en Eadtlh oy 


— 72 


and bearing in mind, that, due to the presence of the factors <b]a> and 6(E£, — E,) 
in the braces, we can put in the integral E, = E,, we find 
2 2 27 2 
t'yg = <b|ay” + 7 6019 Im Ty, + 7 [Tya\” OE, — E,) | | at. 


The average transition probability per unit time is thus given by 


Pro = = ¢bla> 1m Tyy + = ITyel? (Ey — E,). (107.11) 
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When 4 + a the transition probability per unit time is equal to 
2. 
Pyy = = |Toel? B(Ex — Es (107.11) 


When b = a the same expression also determines the probability for elastic scat- 
tering—in the sense discussed earlier. 

To obtain the cross-sections for scattering or reactions, we must divide (107.11) 
by the flux density of the incident particles, 7, = Ak,/u,. We get thus 


27th, 
Ora = FL \Tyal? 6(E, — E,). (107.12) 





The final state belongs to the continuous spectrum. If we introduce the number of 
fina] states o(£,) in a volume ¥ per unit energy range and if we integrate over the 
energy of the final states, we can transform the expression for the probability for 
scattering or reactions (a — b) per unit time to the expression 


27 27 
Pra = - [Tyal” 0(E,) = — \D,|T|G,>|? o(E,). (107.13) 


Comparing equation (107.13) with that for the transition probability per unit time 
in the first perturbation-theory approximation (Section 77), we see that ap- 
proximation corresponds to replacing in (107.13) the scattering operator T by the 
operator V of the interaction producing the transition. This justifies the choice of the 
factor 2zi in (107.9). 

If the system is described by the Hamiltonian H = H, + V where A, is the 
operator of the parts of the system at infinite distances apart, the transition prob- 
ability per unit time is, as was shown in Section 103, given by the expression 


2 ~ 
Poa = 7 1D, | P| P|? o(E,), (107.13a) 


where the function ¥/{*? is a solution of the integral equation 
wo — 6, 4+ (E, — Hy + in) VEO, (107.14) 


and EF, = E, is the energy of the system. Comparing (107.13) with (107.13), we see 
that apart from a phase factor 


(®,\T|G,> = (®,|V P57». (107.15) 
If we introduce an operator ‘+ through the equation 
yo) = Kelanr) 
we get from (107.14) the integral equation 


OP =14+(E,— Hy + in VO. 
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To satisfy (107.15), we must put 
T= 72, (107.15a) 
and the operator T will then satisfy the operator equation 
T=]jV+WE£,- 8+ in 'T. (107.16) 
From the operator equation (107.16), it follows that 
(E, — H + in) (E, ~ Hy + in) *T = FV, 


where H = H, + V is the total Hamiltonian. Multiplying this operator equation 
from the left by (E, — Ho + in) (EZ, — H + in)—', we find 


T=V+iVW(E,—-H+in)'V. (107.16a) 


Remembering the general form (103.13) of the scattering amplitude, we can ex- 
press the scattering amplitude directly in terms of the matrix elements of the opera- 
tor T. We show this by using (107.15) to write 


La rT 
log = ——% @,,|T|G,). 107.17 
4 Sant alt IP? ( ) 


To evaluate the cross-section for scattering or reactions, we must substitute into 
equation (107.13) the explicit expression for e(Z,) and divide by the flux density j, 
of the incident particles. In the preceding sections of the present chapters, we nor- 
malised the plane waves, describing the motion of free particles, by making the 
flux density numerically equal to the relative velocity, that is, 


hk, 





d, = 9(F) ef ka") | iP = ; &, = (6) eltkere) 


a 


The number of final states per unit energy interval produced by scattering into 
the direction of the unit vector m, in an element of solid angle dQ is given by the ex- 
pression 





Boks dQ 
do(E,) = . 
(o( Ey) (Qn) he 
Hence 
= jt gp — _Haboko ig ii y/? dQ 107.18 
doy, = j dP 54 —_ (2xh?)? k. I< »|T| >| . ( . ) 


If the functions ®, and ®, of the colliding and dispersing particles are normalised 
to a delta-function in energy space, that is, if we put 


Kalla J Kelty 
aE,.n,)> = ©,, |\bE,n,> = ®,, 
|aE ft) a |DE,m,> Bn he b 
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the scattering or reaction cross-section (107.18) becomes simply 


4 
dora = = |(bE,n,|T |aE,n,)|? dQ, E, = Ey. (107.19) 





2 
a 


The initial state is in equation (107.19) determined by the values of the total 
energy E, and the unit vector n, giving the direction of motion of the incident par- 
ticles, while the composition of the particles and their states are determined by the 
index a. 

In spherically symmetric fields, the orbital angular momentum is an integral of 
motion for spin-zero particles; the initial state can then conveniently be characterised 
by partial waves with well-defined values of the quantum number /. This can easily 
be realised by the transformation 

<bEym|T|aE.n,> = ¥ <bEym|T|aE,lm) <Im|n,>, (107.20) 


i,m 
where the transformation function is given by (see Section 27) 
<Im|n,.> = Yin). (107.20a) 
If we choose the z-axis along the vector n,, we have 


2i+1 
Yin") = | 4n Som: 








Substituting (107.20) into (107.19), we get 


4x3 
2 
a 





doy, = —- |¥ 21 + 1 (bEym,|T|aE,10>|? dQ, E, = Ey. 
t 


Bearing also in mind that the matrix elements of the operator T are diagonal in 
the quantum numbers / and m in a spherically symmetric field, we have 
<bE hy |T | aEI0> = <n,|10> XbE,I0|T |aE,I0> = Yio(m) <b|T. a>, 


<b|T,|a> = <bE,10|T|aE,10>. 
Using this value, we find 


where 


do3 


dy, = e 





IY /21 + 1¥io(m) <d|Tila>I? da. (107.21) 
t 


After integrating over all directions of emission and using the orthogonality of 
the functions Y,,, we find the integral scattering and reaction cross-section 


4x? - 
or 21 + IKI Ela? (107.22) 





S40 = 


If we introduce the scattering matrix on the energy surface, S¥, through the 
equation 
<b|S|a> = S5.5(E, — E,), (107.23) 
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we can use equation (107.9) to find a connexion between the matrix elements of the 
operator T and those of the scattering matrix, 


SHI — byq = —2nib|T, a>. 


Substituting this into (107.22), we find the integral scattering and reaction cross- 
section 


Sra = a) (21 + 1) |SE! — dgal?. (107.24) 


The differential cross-section (107.21) becomes then 


dor, = a In V2 + 1 Yio(m) (SE! — 4,,)|? dQ. (107.25) 
a t 


The sum of all reaction cross-sections o,, over all possible channels b(+ a) is 
called the total reaction cross-section and is denoted by o,. We have thus 


(o4= Om = 7D x, >, (21 + 1) |SE/?. (107.26) 


b( +a) 


It follows from (107.24) that the integral elastic scattering cross-section is given 
by 


Se = Ou =~ Y (21 + 1) (SE — 17. (107.27) 
kz '=0 
We can write the unitarity condition for the scattering matrix in the form 
Y (Seal? + (S17 = 1. (107.28) 
b( $a) 


The total reaction cross-section (107.26) can thus be expressed in terms of the matrix 
element SZ) corresponding only to the entrance channel: 


= aD y, (21 + 1) [1 — |S=I?). (107.29) 


If elastic scattering is the only possibility, Sj; = 0 for b +a. It then follows 
from (107.28) that [SF]? = 1 or SE! = exp (2id,), where 6, is a real phase shift. If 
inelastic scattering and reactions are possible, some of the SE! will be different from 
zero and |SZ)|? < 1. We put SZ! = 7, exp (2i6,), and have then 


= = y (21 + 1)(1 — 77). (107.29) 


a 


Moreover, we find from (107.27) 


o, = x, (21 + 1) (1 + 9? — 2m cos 26,). (107.30) 


= 
a 


If 7, = 0, the partial reaction cross-section o; reaches a maximum value (0,)mex 
= (2! + 1)2/k?. The partial elastic scattering cross-section has in that case the 
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same magnitude. If 4, = 1, 6, = 4a, the partial elastic scattering cross-section has 


its maximum value 
(62) max = sere) and or = 0. 
ka 
Let us now consider equation (107.11), which determines the transition prob- 
ability per unit time. If we sum that expression over all possible states 6, including a, 
and bear in mind that ) ~,, = 1, we get 
6 


0 = 2m Tas + any [Taal O(Zy _~ a) 
h h > 


It follows from (107.11a) that the second term in this equation determines the total 
probability P, that per unit time scattering or a reaction takes place from the state 
a into any of the possible states of the same energy. We can thus express the total 
cross-section for scattering or reactions per unit time in terms of the imaginary 
part of the diagonal element of the matrix T,, through the simple equation 


P, = yo [yal OE, _ a) = ~2 tm Tye. 
oA A 


Dividing this equation by the flux density, #k,/ua, of the incident particles and using 
(107.12), which determines the reaction and scattering cross-section, and (107.17) 
for the scattering amplitude, we can express the total cross-section o in terms of the 
imaginary part of the forward scattering amplitude 


=) 6m, = 4 hon Aaa. (107.31) 
B k, 
This relation is called the optical theorem. We considered in Section 98a particular 
case of this theorem for the case where there was only elastic scattering. 

We noted earlier in this section that the S-matrix is diagonal with respect to the 
values of those physical quantities whose operators commute with the Hamiltonian 
of the system. Mathematically, this can be expressed as follows: 


if [U, HJ. =0, then S = U07'S0, | 
or, in detail | (107.32) 


<b|S|a> = <Ub|§| Ua). 


There are two kinds of consequences of (107.32): (i) selection rules for reactions 
and scattering; (ii) statements about the structure of the scattering matrix and the 
scattering amplitude. 

Selection rules for reactions and scattering can, in the general case, be formulated 
as a requirement that the values of all operators commuting with the Hamiltonian 
of the system must be conserved in the initial and final states. The selection rules 
make it possible to make a number of very useful statements about the character 
of the course of the reactions. We shall illustrate this by two examples. 
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(1) Formation of two neutrons when a slow pion is captured by a deuteron. The 
initial stage of this reaction is the formation of a pionic atom in the 1s-state. The 
deuteron spin is 1, the spin of the z~-meson zero, and the orbital angular momentum 
in the ls-state is equal to zero. The total angular momentum in the initial state is 
thus equal to 1 and the parity is equal to the intrinsic parity of the z~-meson, if we 
assume the intrinsic parity of the proton and of the neutron to be the same. In the 
final state, we have a system of two neutrons. Because of the Pauli principle (see 
Section 87), the system of two neutrons can be in the following antisymmetric states 


1 
So, 3Ppo, Py, 3P2, D2, sere 


where the spin of the neutrons has been taken into account. 

The total angular momentum of the system and its parity are not changed in the 
reaction, according to the selection rules. Since in the initial state the total angular 
momentum is equal to 1, of the possible states of a system of two neutrons only those 
can be realised corresponding to a total spin 1. The 3P, state is such a state, that is, 
the state with L = S = J = 1. As L = 1, this is an odd state. The initial state of 
the reaction must thus also be odd. This is possible only if the intrinsic parity of the 
m~-meson is odd. The reaction z~ + d — 2n at low energies showst that the 
z~-meson is a pseudo-scalar particle. 


(2) Decay of *Be into two «-particles. It is, nowadays, well-known that the beryl- 
lium nucleus ®Be is an unstable nucleus which decays into two «-particles with a half 
life of about 10-16 sec. In the reaction p + 7Li > ®Be* with protons of energies 
close to 0-4 MeV, an excited beryllium nucleus *Be* is formed, which has an ex- 
citation energy of about 17-6 MeV. This excited nucleus does not decay into two 
«-particles until it has lost its energy by the emision of y-quanta in the form of 
M1-radiation and thus has made a transition into the ground state. The excited level 
of ®Be* corresponding to an excitation energy of 17-6 MeV, has an angular momentum 
equal to 1 and even parity, while a system of two «-particles can only be in states 
with even angular momentum, L = 0, 2,4,..., since the spin of an «-particle is 
equal to zero, and the symmetric wavefunction of a system of two a-particles can 
correspond only to even values of the orbital angular momentum characterising 
their relative motion. After the emission of a y-quantum beryllium goes over into 
its ground state which has an angular momentum 0 and at once decays into two 
o-particles. 

It also follows from (107.32) that if A is invariant under several transformations, 
the S-matrix, and the scattering amplitude, must also be invariant under the same 
transformations. For instance, if nuclear and electromagnetic forces act in the 
system, the operator A is invariant under spatial rotations and reflexions. The scat- 
tering amplitude must thus be a scalar. Thus, when nucleons interact with zero-spin 
nuclei or when pions are scattered by nucleons, the state of the system is characte- 
rised by the spin matrices o, the initial wavevector k,, and the final wavevector k,. 


t W. K. H. Panorsky, R. L. AAMopt, and J. HALLey, Phys. Rev. 81, 565 (1951). 
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From these quantities, we can construct a scalar of the form 
A+ Bo. [k, A ky), (107.33) 


where A and B are functions of the scalars k2, k;, and (k, . k,), that is, functions 
of the energies of the relative motion and the cosine of the scattering angle. Hence, 
(107.33) is the most general form of the amplitude for the scattering of spin-} par- 
ticles by spin-zero particles. 


108*. TimE REVERSAL AND DETAILED BALANCING 


The Hamiltonians of all problems in scattering theory are invariant under a change 
in the sign of the time, that is, when future and past are interchanged. Using this 
invariance of the Hamiltonian under a change in the sign of the time, we can obtain 
very general relations connecting transition probabilities and cross-sections for 
direct and inverse processes. 

All physical quantities fall into two classes with respect to a time reversal ope- 
ration, t > ~—?. All physical quantities which do not change under time reversal, 
belong to the first class. Such quantities are: coordinates of a point, the total energy, 
kinetic energy, ... which contain the time only in even powers. To the second class 
belong physical quantities such as velocity, momentum, angular momentum, spin 
angular momentum, and all other physical quantities which contain the time in odd 
powers. 

Let us consider the Schrédinger equation 


in ve — Ay, (108.1) 
at 


which determines the change with time of some state y,. We denote by p_, the 
wavefunction of the state which we get from the state y, by time reversal. In the state 
described by the function p_, all physical quantities of the first class have the same 
values as in the state y, and all quantities of the second class change their sign. 


Let us find the time reversal operator @ which changes the wavefunction y, into 
y_a- By definition, the function p_, satisfies the Schrédinger equation 


~ in = = Ay_,, (108.2) 


since the operator A is invariant under time reversal. Let us consider the conjugate 
complex of equation (108.1) 


J ~ 
~ih we ~ Atys. (108.3) 
t 


If there exists a unitary operator O satisfying the conditions 


OH* = HO, O16 =1, (108.4) 
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we find by operating from the left on both sides of equation (108.3) with O, 

Oy? 
ot 


—ih = HOv* 


Comparing this equation with (108.2), we see that 
p_, = Opt = OKy, = Oy,. (108.5) 


The time reversal operator © transforming the function wy, into p_, is thus of the 
form 
0 = OK, (108.6) 


where K is the operator of complex conjugation and O the unitary operator satis- 
fying the operator equation (108.4). 

The complex conjugation operator K is an antilinear operator since its action 
upon the function }\ a,p; is characterised by the equation 


KY ay, = ¥ atKy,. (108.7) 
The operator K also satisfies the condition 
KKy|Kp>| = Kp*lo*>| = Kl, (108.8) 


that is, the absolute value of the scalar product of two arbitrary functions remains 
invariant and the normalisation of wavefunctions is thus not changed. Operators 
satisfying conditions (108.7) and (108.8) are called anti-unitary operators. The pro- 
duct of a unitary and an anti-unitary operator is an anti-unitary operator; the time 
reversal operator © of (108.6) is thus an anti-unitary operator. The explicit form of 
the time reversal operator depends on the form of the Hamiltonian and on the 
representation in which the wavefunction is given. Let us consider now a few 
examples. 


(1) The Hamiltonia H describes a spin-zero particle and there is no electromagnetic 
field. In this case in the coordinate representation, the Hamiltonian is real that is, 
H = H*. One sees easily that the time reversal operator in the coordinate represen- 
tation is given by O = K. Indeed, O = 1 satisfies (108.4), if H = A*. 

According to the veneral rule, the transformation (108. 5) of functions must be 
accompanied by a transformation of the operators: F_, = OF,O-'. 

Hence, when r = r and P = —ihvV, 


r_, = Kr,K-'=F,, p_, = K(—ihV) K”' = ihV = —p,. 


Thus, as would be expected, the coordinate operator remains unchanged, and the 
momentum operator changes its sign under a time-reversal. 

In the momentum representation r = iV, and p = p. In that case, the time-reversal 
operator © does not reduce merely to the operator K, but we must necessarily put 
6 = 0,K, where 0, is the operator changing p to —p; in that case, 0, *= HO, 
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(in the momentum representation H* + H) and 


F_, = O,K(AV,) (O,K)* = ihV, = Fa, 
B-a = 6,R6G,R)"* = —p,. 
(2) The Hamiltonian contains the interaction with the electromagnetic field, which 
is described by a vector potential A. For instance, 


= 57 (s~£4) + V(r). 
c 


In the coordinate representation, p = ~—ihV, r = r and equation (108.4) will thus 
be satisfied if O = O, which replaces the vector potential A by —.A; in that case, 
© = 0,K and f_,=F,, Pq = —Pa- In the momentum representation p =p, F=ihV,, 
so that © = 0,0,K, where O, was defined a moment ago. 


(3) The Hamiltonian contains spin operators. For instance, 
~ ~ e,\7 eh ,- 
H=—|p—-A) — ——(e.[Va A] + Vir). 
( ; ) SA G.1V 4 AD + VO) 


In that case, in order to satisfy the operator equation (108.4) it is necessary in the 
coordinate representation that O = O40, where O, is the same as the operator 
defined above, which replaces A by — A, and Og is a spin-operator satisfying the 
operator equation 

O,6* = —60g. 


If the vector matrix o is chosen in such a representation that 
- 01 - 0 -i “ 1 0 
Oo, = >» Oy = » = > 
10 i 0 0 -1 
0, = is, = 01) 
-10 


6 = i046,K. (108.9) 


then 


Thus 


One sees easily that the spin matrix ic, occurring in the time-reversal operator, acting 
upon the wavefunction of a state with a well-defined value of the z-component of 
the spin, changes the value of the z-component of the spin to its opposite, 


IO yX1)2,1/2 = HM )o,-1 a9 1OyX1/.,-1/2 = XM yparfre 


It follows from (108.9) that the time-reversal operator for a spin-} particle satisfies 
the equation 6? = —1. 

If the system consists of » spin-} particles, the time-reversal operator is obtained 
from (108.9) by the simple generalisation 


O, = O4i"G1ySoy ... CpyK (108.9) 
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One sees easily that applying the time-reversal operator twice corresponds to 
6? = (—1)", where n is the number of particles in the system. This result makes it 
possible for us to reach a very important conclusion about the possible degree of 
degeneracy of energy levels of stationary states of a system in an arbitrary electric 
field, when there is no external magnetic field. 

If there is no external magnetic field, the Hamiltonian of the system is invariant 
under time-reversal. If the function y determines a stationary state with energy £, 
the wavefunction 6, will determine a state with the same energy. If p and 6, 
differ only by a phase factor, that is, if 


0, = ay, (108.10) 


with |a|? = 1, the two states are the same and there is no degeneracy. Let us act 
upon both sides of equation (108.10) with the time reversal operator. Transforming 
the right-hand side after that, we have 


Ory = O,(ay) = a*(O,y) = atay = yp. 


Bearing in mind that 6? = (—1)", we come to the conclusion that equation (108.10) 
can only hold, if the number of particles in the system is even. 

If the number of particles in the system is odd, that is, if the total spin has a half- 
odd-integral value, the degree of degeneracy of the levels in an arbitrary electric 
field is at least 2 (Kramers theorem). An external electric field can thus completely 
lift the degeneracy only for systems of an even number of spin-} particles. For a 
system of an odd number of spin-} particles, the degree of degeneracy can at most 
be lowered to 2. 

Let us now derive a connexion between the matrix elements for a direct and a 
time-reversal transition. To do this, we consider the matrix element 


T_2,-» = (®_,.|T|O_,). 

Using the definition (108.5), we can write 

G_, = OD, = OG", G_, = ODF. 
Hence we have 

T_a,~» = (OG*|T|O@*) = (H*| O'TO| Sk, (108.11) 
Using (107.16a), (108.4) and the Hermiteicity of the operators V and A, we can 
show that 
O'TO = (Tt) =T, 

and thus that 

<@|O'TO |G) = <B,|T|D,) = Tha. 


Using this equation, we find from (108.11) a connexion between the matrix elements 
of the direct and the time-reversal transition: 


Tyo = Toa,-o- (108.12) 
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From (107.10) and (108.12), we find a similar relation for the matrix elements of the 


teri tri 
scattering matrix, Soa = Sa,—p- (108.13) 


From (107.13), it follows that the probability for the transition a > b per unit 
time can be expressed in terms of the absolute square of the transition matrix T,, 
and the density of final states o(E,). We find thus from (109.12) the reciprocity theorem, 
which connects the probabilities for the direct and the time-reversed transitions 


Pra _ Pia,-» 
o(E,) o(E.) 


If the final state densities of the two processes are the same, the probabilities for 
the direct and the time-reversed transitions are also equal to one another. 

If the Hamiltonian is invariant under inversion, x, y,z— —x, —y, —z, the mo- 
menta and velocities of the particles do not change when we simultaneously perform 
an inversion and a time-reversal operation, but the angular momentum changes sign. 
In systems which do not contain the spin variables, |a> and | — a> are equivalent, that is, 
the wavefunctions of these states can differ only by a phase factor. In that case, the ab- 
solute values of the matrix elements of the direct, a > b, and the reverse, b > a, tran- 
sitions are the same,that is, Tool = |Tonl, 





(108.14) 


and the matrix elements of the corresponding scattering matrix satisfy the equation 
|Sbal = [Sap]. Detailed balancing occurs in such systems, and we have 


Poa _ Pav 
o(Es) o(Ea)’ 


showing the equality of the probabilities for the direct and reverse transition, per 
final state. 

If the state of the system is characterised partly by the orientation of the spin, 
the directions of the spins differ in sign in the states |a) and |—a)>. Detailed balancing 
is in that case satisfied only for probabilities averaged over the spin directions in 
the initial and final states. This is sometimes called semi-detailed balancing. 





We note that Boltzmann already pointed out the possibility of a violation of detailed balancing 
in a classical system through collisions of non-spherical molecules. 


If the operator of the interaction causing the transition is invariant under rota- 
tions, in the transition between the states ja) and |b>, which are characterised by 
the quantum numbers j and m, the total angular momentum and its component in 
an arbitrarily chosen direction will be conserved. The matrix elements T,, will in 
that case not depend on the magnetic quantum numbers. Since the states |a> and |~a> 
differ in this case only in the sign of the magnetic quantum numbers, we have 


|Tsal = |T_2,-ol = |Tusl - 


There is thus also in that case detailed balancing. 
QM 15 
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Detailed balanacing holds for all systems in the first Born approximation. Indeed, 
we have in the first Born approximation 


T® = @,|V|®,> = <G,|V|O,>* = T?*, 
and thus 
IT)? = iT? 


The reciprocity theorem (108.13) and the unitarity of the scattering matrix im- 
pose additional conditions upon its matrix elements and reduce the number of 
independent variables, determining the scattering matrix. If there are N possible 
channels for a reaction, the complex scattering matrix contains 2N” real parameters. 
Because of the condition of unitarity and of the reciprocity theorem, only 4N(N + 1) 
of these parameters are independent. To show this, we write the scattering matrix 
in the following form 





S= =, (108.15) 


where R is a Hermitean matrix, that is, R = Rt. The representation (108.15) is con- 
venient because the unitarity of S, S = S~', follows automatically. From (108.15), 
it follows that 


The Hermitean matrix R, of order N, thus possesses the same symmetry properties 
(108.13) as the matrix S. The matrix R is thus in the total angular momentum re- 
presentation, Hermitean and symmetric. There are thus 4N(N + 1) independent 
parameters, which completely determine the scattering and reaction processes. 

To conclude this section, we shall consider different equivalent expressions for the 
transition probabilities and reaction cross-sections. We showed in Section 107 that 
the transition probabilities and reaction cross-sections are proportional to the square 
of the matrix element 

Tra = <D,|T|S,), (108.16) 


where ®, and ®, are, respectively, the wavefunctions of the initial and the final 
state, while the operator T is determined by the operator equation 


T=V4+ VWE,- 4 +m) 'T, (108.17) 


where V is the interaction operator and Hy the operator determining the relative 
motion and the intrinsic properties of the colliding particles. Using equation (107.15) 
in the form 

Td, = VPS”, 


we see that we can write the same matrix element T,, in the form 


na = KD, |VIPLP, (108.18) 
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where ¥/{*? is the wavefunction satisfying the integral equation 
WSO = @, + (Ey — Ay + in) * VEO, (108.19) 


corresponding to an outgoing scattered wave when the incoming wave is @,. 
We now introduce a function Y{~? through the equation 


6,T = YOY, (108.20) 
and we can then write the matrix element (108.16) in the form 
Tye = (P51 V|®,>. (108.21) 


To derive the equation determining the function ¥{~ in (108.21) and to elucidate 
its meaning, we multiply equation (108.17) from the left by the function ®,. Using 


the equation 
©,V(E, — Hy + in)”* = (E, — Ho — in) * VG,, 


following from the Hermiteicity of the operators Hp and V, we have 
@,T = 6,V + (E, — Ho — in)* VO,T. 


Using (108.20), we get from the last equation the equation to be satisfied by the 


function Y{-: 
Py = @, + (Ea — Ay — in) VP, '. (108.22) 


Remembering our considerations in Section 96, we can say that the integral equation 
(108.22) determines a wavefunction ¥/‘~? corresponding to a final state ®, with an 
incoming spherical wave. 

We have thus three expressions for the matrix element T,,: 


Tyo = <P,|T|B.> = HVPE = CPS |VIG,), (108.23) 


where the operator T satisfies the operator equation (108.17), the function yo 
the integral equation (108.19), and the function Y{~ the integral equation (108.22). 


109. SCATTERING OF SLOW NEUTRONS BY ATOMIC NUCLEI 


The cross-section for the scattering of neutrons by atomic nuclei are determined by 
nuclear forces and depend on the properties of nuclei and the energy of the relative 
motion of neutron and nucleus. At present, it is impracticable to evaluate exactly 
the scattering cross-sections, because of our poor knowledge of the wavefunctions 
determining the ground and excited states of atomic nuclei and because of great 
mathematical difficulties. We must thus resort to simplifications. One such simpli- 
fication is based upon the short range of about 10—'3 cm of the nuclear forces. The 
region of interaction of a neutron with a nucleus is practically the same as the volume 
of the nucleus. If we denote the smallest radius beyond which there are no nuclear 


15* 
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forces by R, we find that for a relative motion with an energy 4?k?/2u such that 
kR < 1, only s-waves, with 7 = 0, will take part in the scattering. The inequality 
KR < | is satisfied over a rather wide range of energies, namely, 0 to 5 MeV. Neu- 
trons with such energies are called slow neutrons. 

If we neglect in a first approximation the spin of the neutron and the nucleus, 
we can, outside the range of the nuclear forces, r > R, write the wavefunction 
for the relative motion of the neutron and nucleus in an s-state in the form 


ry(r) = e™ — Soe”, So =SE. (109.1) 


This function is normalised in such a way that the incident particle flux is numerically 
equal to the relative velocity. Using (107.29) and (107.27), we can in this case express 
the total reaction cross-section and the elastic cross-section in terms of Sg by the 
simple formulae 


G, = a (1 — Sol’), (109.2) 


o. = a il — Sol?. (109.3) 


The element S, of the scattering matrix can be expressed in terms of the dimension- 
less logarithmic derivative of the function (109.1) at r = R, 


dr _ 1 + Soe?” 
= ai? 
r=R 1— Soe 


(109.4) 





where x = KR. 
Let us separate in the logarithmic derivative the real and imaginary parts, putting 


S(E) = fo — ih. Solving for So, we then get 
ent (x — h) — fo 


So = - . 
(x +h) + ifo 


Substituting this expression into (109.2) and (109.3) we find 


4 
o, = (109.5) 
2 (x + hy + fe 
2 
= At ot gin] (109.6) 


* klix + h) — fo 

Since the function ry and its derivative must be continuous, the value of {(E) for 
r = Rcompletely determines the conditions in the interior region r < R. The quan- 
tities fg and A are functions of the energy of the relative motion. If h = 0, we find 
t= fo, Sol? = 1, and o, = 0, that is, there is only elastic scattering, unaccompanied 
by any reactions. 
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The value F,,, of the energy for which fo(£,.,) = 0 is called a resonance energy. 
At a resonance energy the reaction cross-section (109.5) and the elastic scattering 
cross-section (109.6) reach maximum, resonance, values. Let us expand fo(£) near 
a resonance energy in a power series in EF — E,,,: 


of 
E = f{[— E — Eves Se 
folB) (; Dee. | 
Restricting ourselves to the first term in the expression and writing 
pee pp (109.7) 


e 


“[Gfol0Elear,, " —-—([efolEleae,,,. 


res 
we can re-write the reaction cross-section (109.5) as follows 


a IL, 


=Z% ___frte 109.8 
k? (E —~ Eves)” + 4r? ( 


O; 


where I’ = I, + F°,. The elastic scattering cross-section is now 


O- = 4\Ages + Apotls (109.9) 
where 
I, 


ee i (109.10) 
kK E— Ex, —HI' 


Ares = 


is called the resonance or internal scattering amplitude, while 


Apot = : e’* sin x (109.11) 


is called the external or potential scattering amplitude, since that part of the scat- 
tering amplitude depends only on the radius R and the energy of the relative motion. 
Sometimes A,,, is called the amplitude for scattering by an impenetrable sphere. 
This terminology is connected with the fact that the scattering cross-section caused 
only by this part of the amplitude is equal to 


6. = 42|A got? = a sin? KR ~ 470R?. " (109.12) 


If the nucleus were a perfectly reflecting sphere of radius R, the wavefunction should 
vanish at r = R. In that case, A,,, = 0 and the scattering cross-section would be 
determined solely by equation (109.12). 

The splitting of the elastic scattering amplitude into two parts: the resonance 
and the potential scattering amplitudes, depends on the choice of R and is a formal 
method. Experimentally, one measures only the sum A,., + Apot- 
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Substituting (109.10) and (109.11) into (109.9), we find for the elastic scattering 


cross-section 
2 
a Amy Pe ime eR! (109.13) 
RIE-—E,, — 40 


Oe 


Using the notation 


2(E — E,.-s) = I cot d, (109.14) 
we find 
ee ee = L. sin de”, 
E-E,,-i3}2 TI 


and (109.13) becomes symmetric: 


2 
o, = An |Pe sin de® + e** sin kR| . (109.15) 
RA 

The phase shift 6 determined by equation (109.14) is a function of the energy. If 
the resonance is an isolated one, we have 6 ~ 0, if E > E,,,; when E approaches 
the resonance energy, 6 > 2/2; when E passes through the resonance value E,.., 
the phase shift changes discontinuously to —2/2 and tends to zero again, when the 
energy is further lowered. 

Equations (109.8) and (109.13) describe the scattering at energies close to the reso- 
nance E,,,. In the region close to E,,,, the resonance scattering amplitude is ap- 
preciably larger than the potential scattering amplitude, so that we can approxima- 
tely express the elastic scattering cross-section for FE ~ E,,, in terms of the absolute 
square of the resonance scattering amplitude only: 


Xu I? 


k? (E _ Exes) + ar conto) 


(Fe)res = 


Equations (109.8), (109.13), and (109.16) are called the Breit-Wigner or dispersion 
formulae for an isolated resonance level with / = 0. 

It follows from (109.8) and (109.16) that when |E — E,,,| = 4J° the cross-section 
is half its maximum value; I is thus equal to the width of the resonance curve, 
giving the cross-section as function of energy, at a value of the cross-section, half 
of its maximum. The quantity I” is often called the width or half-width of the reso- 
nance level. The quantity I, is called the partial width, corresponding to the elastic 
scattering of neutrons in the entrance channel, since it determines the probability 
(109.16) for elastic scattering. The quantity f°, is called the partial width corre- 
sponding to reactions. 

Let us now consider a very simple case, where we can evaluate the logarithmic 
derivative (109.4). For neutron energies between a few to 40 MeV, the collision of 
a neutron with nuclei of average or large atomic number is accompanied by an al- 
most total absorption of the neutron, that is, for such neutrons the nucleus can be 
considered to be an absolutely black body. If in a rough approximation, we describe 
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the motion of the neutron inside the nucleus by the function g(r), the condition of 
total absorption of the neutron is mathematically expressed by the assumption that 
the wavefunction ¢ inside the nucleus is described by incoming spherical waves only, 


that is, rp = const . e7 (109.17) 


where K? = k? + K3, determines the wave number of the neutron inside the nucleus, 
and Ky ~ 1073cm 7! is the wave number inside the nucleus, if the particles are 
incident with zero energy. In this model of the nucleus, that of a black sphere, the 
interior properties of the nucleus are characterised by the two parameters Ky and R. 

The value of the logarithmic derivative of the wavefunction (109.17) at the nuclear 


surface is equal to f= -iX, (109.18) 
where X¥ = KR. Hence, in this case, the logarithmic derivative is purely imaginary: 
fo = 0, h = X. Substituting this value into (109.5), we find 

4axX 4K 


oo, = = ———— 
hix+X)? kk +K) 


If k < K, we get the approximate expression 





In the opposite limiting case, when only elastic scattering is possible, the wave- 
function of the neutron inside the nucleus must be considered to be a superposition 
of incoming and outgoing waves, shifted with respect to one another by 22, say, 
that is, 


— 1K 
rp=e "+e 


i(Kr + 20) . 
The logarithmic derivative f has in that case only real values, 
f=fo = —Xtan(X +9). (109.19) 


The argument ¥ + ¢€ = Z(£) of the tangent is a function of the energy of the relative 
motion of the neutron and nucleus. Resonance values E,,, of the energy are deter- 
mined by the condition Z(E,,,) = nz, where n is an integer. In the vicinity of one 
of the resonance energies, we can write 


4 
Z(E) —~ D (E ~ Eves): 


where 


In the region of a resonance, we have thus for the logarithmic derivative 


4 
fo = —KRtan E (E - Fa) 
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In a narrow interval of change in E we can neglect the E-dependence of K and we 
obtain then from (109.7) for the elastic scattering width J, 


The elastic scattering cross-section near the resonance energy is thus, from (109.16), 
of the form 
4x. 


C. res “35,2 A 
(2) m°K7(E — Eyes)’ + k*D? 


110. SCATTERING OF POLARISED NUCLEONS AND POLARISATION OF NUCLEONS 
WHEN SCATTERED BY ZERO-SPIN NUCLEI 


In the theory of the atomic nucleust one shows that the elastic scattering of nu- 
cleons by nuclei can be described by the introduction of a complex potential with 
spin-orbit interaction 


Vr, 6) = -1 +i) Vv) += (6. b), (110.1) 


a avr) 
dr 

where L = ~—ilr A V] and ais a constant with the dimensions of a square of a length. 
The imaginary part of the potential, if V(r), takes the absorption of nucleons by the 
nucleus into account. The first part of the potential, containing V(r), is the so-called 
optical potential. 

Let us study the classic scattering of nucleons by such a potential. The Schrédinger 
equation determining the scattering process is of the form 


(V +k?) = A Vir, 6) ¥, (110.2) 


where yw is the reduced mass of nucleon and nucleus, 4?k?/2u is the energy of their 


relative motion, and 
= (" } 
p2(r) 


The Green function of the operator on the left-hand side of equation (110.2) 
corresponding to an outgoing spherical wave was shown in Section 96 to be of the 
form ge _ gitlr—r'| 
4x |r — v'|’ 
so that we can write for the general solution of equation (110.2) corresponding to 
an initial state defined by the function 


®,(r, 5) = ys am, (110.3) 


Tt For instance, A. S. Davypov, Nuclear Theory, Prentice-Hall, New York 1965. 
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the expression ik[r—r'] 


aw fe 
Wir) = ®, — 
®) 2nh? | |r — #'| 








Ver', 6) Pr) dr’, (110.4) 


where x1),m, is a spin function upon which the Pauli spin matrix vector o operates. 


We have , _ fy , _ 0 
Tfol/2 0 ’ fav—4f2 1 : 


At large distances from the nucleus k|r — r’| ~ kr — (k,.¥'), where k, = kr/r, 
so that we can write for the asymptotic value of (110.4), 


ikr 


Y= 0, + Fn, —, (110.5) 
r 
where the scattering amplitude F,,, is determined by the integral 


F,,, = —. e Vy 6) P(r’) dr’. (110.6) 
2nh 


To evaluate F,,, we need to know the solution of the integral equation (110.4). If 
the energy of the relative motion is sufficiently large, we can limit ourselves to the 
first Born approximation. Substituting (110.1) into (110.6) and putting ¥ ~ @,, 


we eet F,,, = [A(6) + (6. 0) BO)] x1), (110.7) 
where 


14+ kyr 
A(6) = a | V(r) eitka k ) dp 


= ee | V(r) jolgr) r? dr, (110.8) 


q = |k, — | = 2k sin 46, jo(gr) is a spherical Bessel function, 


4a fl, 
2nh?(o.n) jr dr 


B(6) the g . L) either) d°r 





2 
= i 2Hk 7 sin 6 j@nur? dr, (110.9) 
hq dr 


and nis a unit vector perpendicular to the plane scattering, defined by the equation 
[k, A ky] = nk? sin @. (110.10) 


The absolute square of the scattering amplitude (110.6) determines the differential 
scattering cross-section of polarised nucleons. If the nucleons are not polarised, we 
must average over the two possible states of polarisation, m, = 4, —4. We then get 


de 1 
o = 52 Fal = Ol + BO!. (110.11) 


QM 15a 
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If V(r) = Voe(r), we have from (110.8) and (110.9) 


2u(1 + if) Vo 
h? 

.2uV ak? sin 6 
ae 


A(6) = | o(r) jo(qr) r? dr, (110.12) 


BO) = 1(q), (110.13) 
with 
_ aan do 2 
I@z=) jr) os r’ dr. (110.14) 
r 
Using the equation ° 
: d. a. 
Xjo(x) = — x71) 
dx 


and integrating by parts in (110.12), we get for A(@) 
9 2ut . 
A(6) = Hq" + if) Vol(q). (110.15) 


If we assume that we can write for the radial dependence of the potentials that of a 


square well, that is, 1, if rSR, 
o(r) = 


0, if r>R, 
we have 


=r) = d(r — R). 


In that case, we get by integrating (110.14) and using the explicit form for the spheri- 


cal Bessel functions (see Section 35) 
. 2  SingR RcosqR 
1(q) = js@R) RB = —— - | 


Substituting (110.13) and (110.15) into (110.11), we find the differential cross-section 
for the scattering of unpolarised nucleons by zero-spin nuclei: 


2 
do 2ul(q) [1 + ¢? + k*a’ sin? 6] Vo. 
dQ hq 

Let us now consider the scattering of polarised nucleons. Consider nucleons with 
their spin along the z-axis, moving along the y-axis (Fig. 19). If the deflexion of the 
nucleons in the xy-plane is to the left over an angle @ (Fig. 19a) the unit vector a 


defined by equation (110.10) is parallel to the z-axis so that (n. a) = o,. Using 
(110.13) and (110.15) we get thus from (110.7) 


(3) = [Fijp0I? = |4) + BO)? 


ore) [1 + (ak? sin@ — £)’). (110.16) 
hq 
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If the deflexion of the nucleons in the xy-plane is to the right over an angle 6 (Fig. 19b), 
the unit vector a is antiparallel to the z-axis, and thus (n. ¢) = —o,. We have thus 


do 2 _ 2 
(3)...7 IF.,,,-«.(OI = |A(6) — B(6)| 


2 

= (2*) [1 + (ak? sin 8 + £)%]. (110.17) 
q 

It follows from (110.16) and (110.17) that if € + 0, the intensity of scattering of 

polarised nucleons will be different to the right or to the left seen along the direction 

of motion of the primary beam. Nucleons with their spin along the z-axis are scat- 

tered with less probability to the left than to the right over the same angle. If the 





7 
7 
10) Foz (no)=-o, 
ZL (no) =o, J no )=-o. 


{a) (b) 
Fic. 19, The scattering of polarised nucleons with their spin along the z-axis. 


nucleon spin is antiparallel to the z-axis, the probabilities for scattering to the left 
and to the right are reversed. A study of the left-right asymmetry of elastically scat- 
tered nucleons can thus serve to reach conclusions about their polarisation. 

When unpolarised nucleons are scattered by the potential (110.1), they are partly 
polarised. The magnitude and direction of the polarisation of scattered nucleon are 
characterised by the polarisation vector, defined by the equation 


Y <P ee] 6[Mae) 
YL Pe] Pocd 


Substituting in that expression the value 
tkr 


P= Fyn) —, 
and using (110.7), we get ’ 


¥. F# (6) 6F,,,(8) . . 
P(@) = = AO BO) + A) BO) 


= ; 110.18 
> Fn ,(9) Fn,(8) |A@)|? + 1B@)|? 
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where the unit vector n is defined by equation (110.10). The polarisation vector is 
thus always perpendicular to the plane of scattering. The absolute magnitude of the 
polarisation vector is called the degree of polarisation. 

If we substitute into (110.18) the value of A(6) and B(@) from (110.13) and (110.15), 


we get 2¢ 
1+¢7 
a’k* sin? 9 
+ 2 
1+¢ 


It follows from (110.19) that the degree of polarisation will be largest at scattering 
angles close to 90°. The degree of polarisation is, roughly speaking, proportional 
to the strength of the spin-orbit coupling and to the ratio, £, of the imaginary part 
of the optical potential to the real part. 

It follows from (110.18) that polarisation in elastic scattering is possible only 
when the scattering amplitude (110.7) contains both the term A(@) which is inde- 
pendent of the spin orientation and the term (ao. n) B(6) depending on the spin 
orientation. 


ak? sin 0 





P(§) = —n (110.19) 


111*. THEORY OF SCATTERING WHEN Two KINDS OF INTERACTION ARE PRESENT. 
DISTORTED WAVE APPROXIMATION 


In many cases, one can in the theory of scattering and reactions divide the inter- 
action potential into two terms. For instance, when charged particles are involved 
in nuclear interactions, we must take into account as well as the nuclear interaction 
Vauci, also the Coulomb interaction V, between the colliding and dispersing particles; 
when nucleons collide with complex nuclei, the interaction energy can be written 
as the sum of an effective “optical” potential V,,, determining the elastic scattering 
and a “residual” potential V,,,. In such cases, it is often necessary to take the in- 
fluence of the two parts of the potential separately into account. To study the pos- 
sibility of such a separation we assume that the Hamiltonian can be written in the 
form 

H= Hy + Vat Vz. 
From the general formula (107.11a), if follows that the probability for a transition 
in unit time from a state B, to a state ®, is given by the expression 


2 
Pro = h |Tyal” O(Z, _ a) 
with 
Tra = <O,|V 4 + Val POP). (111.1) 
The wavefunction ¥{* corresponds to an incident wave ®, and satisfies the integral 


equation 
WO — @, + (E, — Wo + in) (V4 + Va) BO. (111.2) 
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We introduce now a function g§ > describing an incoming wave, which is scat- 
tered only in the field Vg and which corresponds to the final state ®,, that is, 


= @, + (E, — Hy — in)”* Vag” (111.3) 
We determine the function ®, from this equation, substitute it into (111.1), and 
obtain 
Toa = 91 Val Pa?> + <1 Vel Pad 
— <9 | Va(Es — Ho + in)”* (Va + Ve)IP2>. 
Substituting into the second term of this equation the value of Y{*? from (111.2), 


we find 
Tha = (95 1V al Pa > + <5 1 V 1D. (111.4) 


Using equation (108.23), we can write 
<p | Vs|®, » = @,| Valga> = T,,.(8), (111.5) 


where the function g{~ satisfies the equation (111.3) and g§*? satisfies the integral 
equation 
Pe = ©, + (Ey — Ho + in)” * Vags*?. (111.6) 


The matrix element T,,(B) of (111.5) determines thus the probability for transitions 
from a state ©, into a state ®, under the influence of the operator V, alone. 

To elucidate the physical meaning of the first term in the matrix element (111.4), 
we transform the integral equation (111.2) to read 


WO — @, + (E, — Hy — Va — Ve + in) (V4 + Vs) ®.- (111.7) 
Equation (111.7) follows directly from (107. 16a), if we bear in mind that TO, = VO, 


where now V = V, + V,. Equation (111.6) can also be replaced by the equivalent 


equation 
gs? = ©, + (E, — Ho — Vz + in) (111.8) 


Subtracting equation (111.8) from equation (111.7) and using the operator identity 


At —~B'=A4°'(B- AB, 
we get 
YEP = of? + (E, — Ho — Va — Vg + in) 


x V4l®, + (E - Hy — Vs + in) * V,®,). 


The expression in square brackets is according to (111.8) equal to g{*? so that we 
find the integral equation 

yy = P. + (E, - Ho _ Ve _ Vy + in) * Ves", 
or the equivalent equation 


wor) — _ gs? +(E, - Ay _ + in)™ 1 V, yr) (111.9) 
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The integral equation (111.9) thus determines an outgoing wave W{*? which arises 
because of the scattering of the wave §*’, which is a solution of equation (111.6), 


by V,. We can thus say that the matrix element 
Tro(A) = C951 Val Pa" (111.10) 


occurring in (111.4) determines the probability amplitude for the scattering by the 
potential V, of waves, scattered or “distorted” by the potential Vg. 

As we have not made any additional simplifying assumptions, all relations derived 
so far are exact. 

If we use equation (111.9) to substitute in the matrix element (111.10) the zeroth 
approximation for the function Y*, we obtain the matrix element for the transition 


Tee"(A) = Co? IP al 96>, (117-11) 


which is called the transition matrix element in the “distorted wave” approximation, 
since in this matrix element we have the functions of the initial and final states not 
in the form of plane waves, as in the Born approximation, but in the form of solu- 
tions of equations (111.6) and (111.3) which take into account the “‘distortion” of 
the wavefunctions of the initial and final states by the potential Vz. It is important 
that the function g§~°, occurring in (111.10) and (111.11) and corresponding to a 
final state ©, , is a solution of the integral equation (111.3). The asymptotic behaviour 
of the function vs corresponds thus to a superposition of a plane wave ®, in the 
final state and an incoming spherical wave caused by the action of the potential Vp. 

If the operator Vg corresponds to the Coulomb interaction, equation (111.3) can 
be solved exactly. The action of the second potential V,, for instance, the nuclear 
interaction, can be taken into account by the distorted wave method, either by 
calculating (111.11) or exactly by solving the integral equation (111.9) and substitu- 
ting its solution Y{* into (111.10). 

We formed in Section 100 functions such as gf” which had an asymptotic be- 
haviour in the form of a plane wave ©, and an incoming spherical wave caused by 
the Coulomb field, by solving the equivalent differential equation. We use the func- 
tion g§? to calculate the photo-effect for atoms, when we wish to take into account 
the interaction of the atom with the Coulomb field of the nucleus and in the theory 
of nuclear reactions when we take into account the Coulomb interaction between 
the reaction products.t 

From (111.4), (111.5), and (111.10) we find for the total matrix element for the 
transition a > b a sum of matrix elements 


Toa = <P, | Val S> + <p | Val WED. 


In the particular case when we can use the distorted wave method, that is, when 
we can replace <*> by the function o{*, satisfying the integral equation (111.8), 
we have 


Tit = GV algh> + Cos? 1 Val go>. 


fT Compare also G. Breit and H. BEeTHE, Phys. Rev. 93, 888 (1954). 
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112*, DISPERSION RELATIONS IN SCATTERING THEORY 


Integral relations connecting the real and imaginary parts of the scattering ampli- 
tude of the scattering matrix are called dispersion relations. In the present section, 
we shall consider the simplest dispersion relations for the case where the energy of 
the relative motion of interacting particles is non-relativistic. 

Kramers and Kronig were the first to introduce dispersion relations in 1926/7; 
they established integral relations between the imaginary and the real parts of the 
dielectric constant of a substance. Using the example of the dielectric constant one 
can easily elucidate the physical conditions leading to dispersion relations, and we 
shall, therefore, briefly dwell upon the derivation of these relations. 

In weak electromagnetic fields, the electrical displacement vector D = @ + 4xP, 
where P is the electrical polarisation of the dielectric, is linearly connected with the 
intensity & of the electrical field. In fields, changing with time, the value of the elec- 
trical dipole moment per unit volume P of the substance depends at a given moment, 
generally speaking, on the value of @ at all earlier times, because of retardation effects. 
This dependence is expressed by the integral relation 


D(t) = &(t) + | F(t) &(t — vd. (112.1) 
i) 

Because of the principle of causality, the integration in (112.1) is taken only over 
times earlier than ¢. In the case of isotropic bodies, F(z) is a finite real function of 
the time and, moreover, such a function that the integral in (112.1) always converges. 
In the general case F(#) is a symmetric tensor of the second rank, whose components 
are functions of the time. This fact is a consequence of the fact that the value of D(t) 
must be finite when @ is finite and may not depend on the values of @ at times, 
which are very far removed. Hence, as t > oo the function F(#) tends sufficiently 
fast to zero. The interval of t-values, for which F(x) differs appreciably from zero, is 
determined by the retardation time of the processes leading to the establishment 
of the electrical polarisability of the dielectric. 

Let us Fourier transform the electrical displacement and the electrical field in 
(112.1), that is, let us put 


+a 


D(t) = i_ D(a) e iat do, &(t) -| é(@) e ie do. 


—~o -—a 


Introducing the dielectric constant e(w) through the relation D(w) = 2(w) &(w), we 
get 
(112.2) 


ive] 
e(@) = 1 +f F(z) e' dz. 
Oo 
This formula determines the frequency-dependence of the dielectric constant, that 
is, the dispersion law. In the general case, the function e(w) is complex. From its 
definition follows directly that it satisfies the equation 


e(w) = e*(—@) (112.3) 
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If we separate the real and imaginary parts through the relation 
&(w) = a(w) + io(w), (112.4) 
and use (112.3), we get two equations 
a(—w) = aw), o(—w) = —o(),, (112.5) 


which show that the real part of the dielectric constant is an even, and the imaginary 
part an odd function of the frequency. 

The relation (112.2) determines the dielectric constant as a function of a real variable. 
Let us now consider e as a function of a complex variable, that is, let us put 


e(z) = 1 +| F(t) e'** dz, (112.6) 
0 

where z = w + iy, y 2 0. If y < 0, the integral diverges. The function ¢(z) is thus 

defined for values y < 0 as the analytical continuation of formula (112.6). 

Since F(z) is finite for all values 0 < t < 00, the function e(z) has finite values in 
the upper half plane of z, including the real axis, that is, for y 2 0. This result is a 
consequence of the causality principle, thanks to which the integration in (112.6) 
is taken only for tr = 0. When t tends to infinity in the upper half plane, the function 
e(z) tends to zero. 

Let us now consider the integral 


r={ ez) 1a 


Z—-QW 


in which the integration is taken over an infinitely large closed contour C which goes 

in the positive direction along the whole of the real axis, going around the point 

Zz = w from above along an infinitesimal circle of radius g, and being closed by an . 
infinite semi-circle lying in the upper half plane of the variable z. As z > oo, the 

value of e(z) — 1 tends to zero, and the integrand tends to zero faster than z~*, 

and the integral J converges. Since the integrand has no singularities inside the 

contour C, this integral vanishes. On the other hand, the integration in J over the 

infinite semi-circle gives a zero contribution, and the integration along the whole of 

the real axis leads to the expression 


0=/=lim [[ eae + {- Os ae] — inf{e(w) — 1}, 


e780 -0» 2—-@ ote 2—~@ 


where the term —iz[e(w) — 1] appears from the integration over the infinitesimal 
semi-circle, going round the point z = w clockwise. 
We can write the above equation in the form 


e(w) —1 = a{ e@) = Fy (112.7) 


Z—-@ 
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where # indicates that the integral (112.7) is a principal value integral. Separating 
in (112.7) the real and the imaginary parts, we get two equations, the so-called 
Kramers—Kronig relation or dispersion relations: 


a(w)-1l= a 2) dz, 


M14 Z—-@O 


a(w) = 2 [Oa 


4 o-Z 


7 0 


Bearing in mind that according to (112.5) the function o(z) is an odd and the function 
«(z) is an even function of the real variable z, we can change these equations to the 
form 





(wo) -1=729 | 20) a, (112.8) 
a Jo z—@ 
o(w) = 22 g | ad (112.9) 
MA o oO —Z 


Equations (112.8) and (112.9) enable us to calculate the function o(w), if we know 
the function o(@) or to calculate the function o(), if we know the function o(@). 
The absorption of the energy of a dielectric substance is determined by the ima- 


fos] 
ginary part of the dielectric constant. Since the integral F | dz/(w? — z?) vanishes 
iV) 
identically, it follows directly from (112.9) that in a dispersionless medium, that is, 
when o(w) = constant, the imaginary part of the dielectric constant vanishes. In 
other words, any dispersive medium is at the same time also an absorbing medium. 
We obtained in Section 81 a formula for the real part of the dielectric constant, 
when we neglect damping, 
4ne?N Tho 


2 2 
Bk Oo — @ 


o(w) -1= 


We can transform this expression to read 


2 f-) _ 
ame N gp [* y feole — Oro) gy (112.10) 


ow) —-ls= 5 
ok ZO 


Comparing (112.10) and (112.8), we find an explicit expression for the imaginary 
part of the dielectric constant in terms of the transition oscillator strengths 


2n*e7N 
po 


If the lifetime of the excited states is taken into account, the delta-functions on the 
right-hand side of equation (112.11) are replaced by smoother functions with maxima 
at ® = Wo. Using the sum rule (81.10), we get by integrating equation (112.11) the 


o(@) = 





VSiod(@ — yo). (112.11) 
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integral equation 


o(@) w dw = 








| ” 227 e*N 227 e*N 
ca) 


where N is the number of atoms per unit volume. 

To illustrate the basic ideas used to derive the dispersion relations in scattering 
theory, we shall consider the simplest example of s-state scattering of spin-zero par- 
ticles by a spherically symmetric field. According to Section 98, the radial part of 
the wavefunction describing s-state scattering in a potential field with a finite range 
can be written in the form 


R(r, t) = ry(r, t) = Cle" — Sk) ee F", (112.12) 


We have included in (112.12) also the time-dependence. The diagonal element in 
the scattering matrix S(k) is a function of the energy of the relative motion or of the 
wave number k. By definition, the scattering matrix S(k) is an operator transforming 
the dispersing part of the incident wave e* into the function S(k)e, describing 
the scattered wave. Replacing & in (112.12) by —k, we get 


R(r, t) = CS(—k) [e ™ — S71(-—#& el] (112.13) 


Comparing (112.13) and (112.12), we see that the s-state scattering matrix must 
satisfy the equation 


Sk) = S“\(-k), or S(k) S(-k) = 1. (112.14) 


Moreover, it follows from the unitarity of the scattering matrix (see Section 107) 
that 
S~1(k) = S*(k). (112.15) 


The scattering matrix S(k) defined as function of a real variable can be analyti- 
cally continued into the region of complex values of the wave number k. Complex 
values of the wave number, 


= 41 + ig2 (112.16) 
correspond to complex values of the energy 
1, h? 2 . 
E= E, — -ihA = — [qj — 92 + 2iq142]. (112.17) 
2 2p 


Complex values of the energy are used in physics to describe non-stationary states 
of a system. The quantity A occurring in (112.17) determines the probability for the 
“decay” of the system per unit time and is called the decay constant. It is positive, 
if the absolute square of the wavefunction decreases with time—radioactive decay— 
and negative, if the absolute square of the wavefunction increases with time, for in- 
stance, when a nucleus captures a nucleon. 

If we analytically continue S(k) into the complex k-plane, the properties of the 
S-matrix expressed by equation (112.14) are preserved. However, equation (112.15) 
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expressing the unitarity of the S-matrix becomes invalid. Comparing (112.12) for 
t = 0 with its complex conjugate value, we see that the following condition holds: 


S7(k) = S*(k*). (112.18) 


It follows from condition (112.18) that if the S-matrix vanishes for some complex 
value k,, is must necessarily have a pole atk, = kt, in a point situated symmetrically 
with respect to the real axis. 

Let us now investigate what physical phenomena are described by the scattering 
matrix considered as a function of complex wave numbers: 

(i) The wave number k is real: g, = 0. In that case, the scattering matrix describes 
true scattering processes. 

(ii) The wave number k is purely imaginary: g, = 0, that is, 


hg; 
2u 


Negative energies may correspond to bound states of the system. For this it is neces- 
sary that the absolute square of the wavefunction is finite, that is, that the equation 


k=ig, E=- (112.19) 


ior" |e” — S(iqz) e*"|? dr = finite 
0 


must be satisfied. To satisfy that condition, it is necessary that 


q2 <0 and S(igz) = 0. (112.20) 


A bound state of the system corresponds thus to a zero of the function S(xk) lying 
on the negative imaginary axis and a pole of S(k) in a symmetrical position on the 
positive imaginary axis. 

We can show that the function S(k) should have no zeros in the lower half-plane, 
except on the imaginary axis: Let us assume that S(k) has a zero in the fourth qua- 
drant, that is, fork, = q, + ig, with g, > Oand q, < 0. The function (112.12) will 
for k = k, be of the form 


= © exp —i qu + Eo exp ~gqor — 1 At). 
r h 2 


Such a function corresponds to a current density at time ¢ 


= ler hq, ew 24a Ar 
Pr pr? > 

that is, a current entering the sphere of radius r. This, however, is in contradiction 
to a wavefunction, whose absolute square inside the sphere of radius r diminishes 
with time: this follows from the fact that A = —2hq,q2/u > 0. We can show simi- 
larly that S(kK) cannot have poles in the third quadrant, where gq, <0, q, < 0. 


Because of (112.18), there will then not be any poles in the upper half-plane, except 
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poles on the positive imaginary axis. We show in Fig. 20 possible positions of the 
zeros and poles of the scattering matrix S(k) in the complex plane k = q, + ig,. 
The zeros of S(k) with q, < 0 correspond to capture processes, and zeros of S(k) 
with g, > 0 correspond to radioactive decay processes. 





Fic. 20. Zeros (circles) and poles (crosses) of the scattering matrix S(k) in the complex 
plane k = q; + igz. Zero 1 corresponds to capture, zeros 2 to bound states, and zero 3 
to the radioactive decay of the system. 


Let us consider neutron-proton scattering as an example to illustrate the depen- 
dence of the scattering matrix on the wave number k. We showed in Section 99 that 
such a scattering process is characterised in the singlet spin-state by a scattering 
length a, = —2-4 x 10-12cm and in the triplet spin-state by a scattering length 
a, = 5 x 10713 cm. Using (99.15) and the connexion between the s-scattering matrix 
and the phase shift. 








fs) e 
S = erido — COb0o FE (112.21) 
cotdy ~i 
we find 
: . -1 
( + ‘) (- — r) for singlet scattering, 
a, a, 
S(k) = - (112.22) 
(- + r) (- - k) for triplet scattering. 
a a 
The scattering matrix S(k) has thus in the triplet spin-state a zero—corresponding 
to a bound state: the deuteron—on the negative imaginary axis for k = —i/a,; the 
zero of the function S(k) for the singlet spin state lies on the positive imaginary 
axis atk = —i/a,, corresponding to a virtual state. 


Elastic scattering in a spherically symmetric field is, in the general case, charac- 
terised by a set of matrix elements S, which according to (98.8) are related to the 
scattering amplitude through the equation 


AQ) = x 5° (21 + 1) P,(cos 6) (1 — S,). (112.23) 
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The scattering amplitude is thus also a function of the wave number & and can be 
analytically continued into the complex k-plane. The zeros and poles of the scat- 
tering matrix will then correspond to the zeros and poles of the function 4A(6). In 
the particular case of scattering in a Coulomb field (see (100.10)), this function is 
of the form 
. _»; in 49 

KA(B) = AV + id) exp[ 2if In (sin 4 ay 
26r(1 — iA) sin” 40 
with 
_ 4 Z1Z2e7e 


A 
~ hk 


(112.24) 


The zeros of Kk A(@) correspond to values of A for which the argument of the gamma- 
function F(1 — iA) is a negative integer or zero, that is, to values of A given by 
iAi=n,n=1,2,... Substituting these values into (112.24), we find the values of k 
for which kA(@) vanishes: 


n iZ,Z,e" 


k=k,=+ 112.25 


where the plus- or minus-sign corresponds to repulsion or attraction. For a Coulomb 
attraction the function KA(6) has thus zeros on the negative imaginary axis at 


_iZ,Z2e"u 


nh? 


k, = 


These values of k correspond to bound states with energies 


Wk, Zi Ze" 


E, = 
Qu 2n*h? 





If Z, = 1, this equation is exactly the same as the one for the discrete energy levels 
of an electron in the field of a nucleus with charge Z,e (see Section 38). 

Bound states of the system correspond thus to zeros of the function kA(6) on the 
negative imaginary axis. The inverse theorem is not always true. 

Using the analytical properties of the scattering matrix and of the scattering am- 
plitude for the case of a potential with a finite range, we can establish by analogy 
with the case of the dielectric constant considered at the beginning of the present 
section a number of useful integral relations which are also in this case called dis- 
persion relations}. We shall here consider only the simplest dispersion relations 
for the forward scattering amplitude 49 = A(0). 

We easily obtain the dispersion relations for the forward scattering amplitude by 
bearing in mind that for any analytical function f(z) of the complex variable z we 


tN. G. vAN KampEn, Phys. Rev. 89, 1072 (1953); 91, 1267 (1953). N. N. Kuurr, Phys. Rev. 107, 
1148 (1957). D. Y. Wonc, Phys. Rev. 107, 302 (1957). B. W. LEE, Phys. Rev. 112, 2123 (1958). 
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can use Cauchy’s theorem to write 
© ae = 2ni » Om: 
Z—-Z m 


where the integration is along a closed contour not enclosing the point z, and where 
>) Om denotes the sum of residues of all poles of f(z) inside the contour. If the point z 
lies on the real axis and if the function f(z) has no poles on the real axis and de- 
creases sufficiently fast as z > oo in the upper half-plane, we can by an appropriate 
choice of the path of integration transform the above equation to the form 


a[ toe — inf(z) = 271 Y om: (112.26) 
Zz Zz m 


—oO 


The #-sign indicates that the principal value of the integral must be taken at the 

point z = z’. From (112.26), we get directly a connexion between the imaginary 

and the real parts of the function f(z) on the real axis: 

+o , , 
1m f(@') de — 2Re Y Om (112.27) 


Z—Z 


Re f(z) = ly | 
14 —o 

If the interaction between the particles has a finite range, the forward scattering 

amplitude will tend to a finite, real limit A (00), as k > oo. The function f(k) = Ao(k) 

— A (co) will thus tend to zero as k > oo, and we can apply equation (112.27) to it; 

we then get 

*© Tm Ao(k’) 


Re Ag(k) — Ao(o0) = mal a 


dk’ —2ReY 0m, (112.28) 


—oa 


where the g,, are the residues of the function Ap(k) corresponding to bound states. 
When we study the scattering of slow particles, S,; + 1 only for / = 0, and we get 
thus from (112.23) 


i 
Ay = — (1 — Sp). 
0= 5, 6 0) 


If we express S, in terms of the scattering length a, we get, using (112.22) 





ik —} 

Ao(k) = - . (112.29) 
P+— 
x 


It follows from this equation that for s-scattering A (oo) = 0. 

The real part of the scattering amplitude is an even, and the imaginary part an 
odd function of k. In the particular case considered here, this follows immediately 
from (112.29). In the general case, this can easily be verified by using the equation 
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S, = exp (2i6,) to express the forward scattering amplitude in terms of the phase 
shifts 
5 > (os 6; sin 6, + isin? 6,) (27 + 1), 

t=0 
and by remembering that the phase shifts are odd functions of k, 6, ~ k?'*1 (see 
(98.23)). The fact that the phase shifts are odd follows in the general case from 
(112.14), if we bear in mind that S(k) = exp [2i5(k)]. 

Using the fact that Im A,(k) is an odd function of k, we can write 


*@ Im Ao(K’) dk’ _ 4» [ k/ Im Ao(k’) dk’ 
ki —k » «kek 


—@ 


If we now use the connexion (107.31) between the imaginary part of the forward 
scattering amplitude and the total cross-section, 


Im Ap(k) = =). 
i A 





we can transform (112.28) to ; 


1 © k’a(k’) dk’ 
Re Ao(k) — Ap(o) = — F | —— - 
off) ~ Aol) = = [. ae 


2Re Yon. (112.30) 
Equations (112.28) and (112.30) are called the dispersion relations for the forward 
scattering amplitude. 


113. COHERENT AND JNCOHERENT SCATTERING OF SLOW NEUTRONS 


If neutrons, or other particles, are scattered by a substance with an ordered struc- 
ture and if their wavelength is comparable to the distance between the nuclei, inter- 
ference effects will be observed in the scattering. Since the internuclear distances 
in solids and liquids are of the order of 10-8 cm, the above conditions are satisfied 
for neutrons of energies not exceeding 0-025 eV, corresponding to wavelengths not 
less than about 1-8 x 10~® cm. Such neutrons are called thermal neutrons. 

The inequality ka < 1, where a is of the dimensions of the atomic nucleus, is 
certainly satisfied for thermal neutrons. Thermal neutrons are thus slow neutrons 
and they can only be scattered by a separate nucleus, if they are in a state described 
by the partial wave with / = 0. The scattering of thermal neutrons is thus spherically 
symmetric. For a given energy of the relative motion and a given spin state, the 
scattering is characterised by a scattering matrix with only one non-vanishing matrix 
element Sy so that the appropriate wavefunction for our scattering problem can be 
written in the form 


y(r) = 2 (e-# — Soe). (113.1) 
r 
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To find the connexion between the scattering matrix element S, and the scattering 
amplitude, we split off from the asymptotic form of the wavefunction of the scat- 
tering problem, 


ty A x 
y= et 4 = elt 
r 


the partial s-wave, which we denote by wo. Bearing in mind that for large z 


sin (kr — ar) 


nm Y (24+ Vi 
1=0 kr 


we find 


Yo = xu fe" — (1 + 2iKA) ec”). (113.2) 
r 


Comparing (113.2) and (113.1), we get the required relation: 
So = 1 + 2ikA. (113.3) 
This relation follows also directly from (98.10). The scattering amplitude A is a 
complex number. Putting 4 = « + iB, we find for the elastic scattering cross-section 
% 
=a 11 — Sol? = 4a|A]? = 4x(x? + 67), (113.4) 
and for the reaction cross-section 


oO, = ail — |S,|*) = < An(a? +B?) = = — 6. (113.5) 


It follows from (113.4) and (113.5) that the total scattering and reaction cross-section, 
in accordance with the optical theorem (107.31), depends solely upon the imaginary 
part of the scattering amplitude 


o, = 0, +4, =a — Re Sp) = se (113.6) 


If we know the elastic scattering cross-section o, and the total scattering cross- 
section o,, one can from (113.4) and (113.6) determine the value of 8 and, apart 
from its sign, the value of the real part « of the scattering amplitude. We have thus 


2491/2 
Aa +| fe — (* 4 RS, (113.7) 
4a 4a 47 


If the scattering amplitude is independent of the spin state of the system, the scat- 
tered wave will be coherent with respect to the incident wave, that is, interference 
is possible between them. If the scattering amplitude depends on the spin state of 
the system, not all of the scattering will be coherent with respect to the incident 
wave. The incoherence occurring in the scattering may be called spin incoherence 
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as it is caused by the dependence of the scattering on the spin of the system of the 
two colliding particles. Let us now study this spin incoherence. 

If the target nucleus has a spin J, there are two possible spin states of the system: 
J=I1+4and J =I — 4. The scattering of slow neutrons will be determined by 
two scattering amplitudes, 4, and A_. Let us introduce the projection operators 

~  T+1+20.5) . _ 1-20.58) 


Priteds) pf 7s) 113.8 
M+ +1 a+ (113.8) 


Using the fact that J = I + sso that 27. s) = J? — I? — s?, we see easily that the 
action of the projection operators (113.8) upon the spin functions 7,;,, of the system 
is determined by the equations 

a _ NIM» if J=T1 + 4, 

4+Xim {i if J=I-4:; 
P _ §0, if J=I+4, 
TEM Vm, if 20-4, 
since 
I, when J= I+ 4, 


adda] oy when J=I—4. 


Using the projection operators (113.8), we can write the wavefunction of the rela- 
tive motion of neutron and nucleus in the form 


tk 
Zz e 
y= [<" + Agee | XIM> 


Acre = +A, + nA 


where 


-—_1 (1+ 1) A, + IAL + 2.5) (A, — A_)). (113.9) 
27+1 


That part of the scattering amplitude (113.9), which is equal to 


Acon = —— (1 + 1) Ay + IA], (113.10) 
21+ 1 


is called the coherent scattering amplitude, and the remainder, 


Aincon = | og. 5) (A, — A_) = B(I.5), (113.11) 
21+1 


is called the incoherent scattering amplitude. The incoherent scattering amplitude 
vanishes, if A, = A_, that is, if the scattering amplitude is independent of the spin 
state. For instance, for all even-even nuclei, for which I = 0, A;,,9, = 0. The *Be 
nucleus and some other odd nuclei have very small values of Aipcon- 


460 Quantum Theory of Scattering [XI, 113] 


We can write the scalar product (1.5) occurring in the incoherent scattering 
amplitude in the form 


(i.s) = 15, + 4, + il, (6, — is,) + 4, — i) (6, + #8). (113.12) 


We showed in Section 40 (see (40.22)) that the operators 7, + if, and I, — il,, 
respectively, increase and decrease the z-component of the angular momentum by 
unity. The last two terms in (113.12) correspond thus to a flipover of the neutron 
spin. 

The cross-section for elastic scattering by a single nucleus, averaged over spin 
states, is determined by the expression 


6. = 4nd |Agrel”> = 4t¢|Acon + BU. 5)|?> 
with 
2 
B= A, —A_). 113.13 
Ta i + ) ( ) 





If the neutron and the nuclear spin are not correlated, <(I. s)) = 0, and 


17 +1) 


((. 8) = CES + LSP + BY = r 


as (§2) = (5?) = (52> = 4. We can thus write for the elastic scattering cross-section, 
averaged over spin-states, 
Oe = Goon + Gincoh> 














with 
+1 I i. 
Soon = 4t|Agonl” = 4¢|— _|; 113.14 
h | ¢ al? T + 1 + a + 1 ( ) 
s 4nI(I + 1) 2 
Sincon = 4B ((L. $)’> = ——~—_ A, — AL)’. 113.15 
incoh (Ud. sy") = (r+ D? ( ) 
The total cross-section for the scattering of neutrons by a nucleus is equal to 
I+il 2 
Oe = con + Gincon = 4% A A_ 113.16 
a + Sincon = Eesti real P| (113.16) 


Let us now evaluate the cross-section, averaged over spin states, for the scat- 
tering of thermal neutrons by two identical nuclei, whose spins are not correlated. 
The amplitude for the scattering of neutrons by each of the nuclei can, according 
to (113.9), be written in the form 


Acre = Aon + BU. 8), 
where A.,,, and B are given by (113.10) and (113.13). We have thus 
o(1, 2) = 470¢|Acre(1) + Acer(2)[7> 
= 4rt|Acon(1) + Acon(2)I? + 40B?C{(I, . 8) + (Ly. 9}. 
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As the nuclear spins are uncorrelated, <(7, . s) (, . S)> = 0 so that 
(Idi. s) + Gh. 8)P> = 20. 9)?). 
We get thus finally by using (113.14) and (113.10), 
61, 2) = 26incon + 47¢1/Acon(l) + Acon(2)I|?- 


The incoherent scattering gives, therefore, an independent contribution to the 
elastic scattering amplitude, which means that the cross-sections themselves are 
added. The part of the cross-section corresponding to coherent scattering, however, 
is obtained by adding the scattering amplitudes and afterwards taking the absolute 
square of the sum thus obtained. 

Apart from the spin incoherence considered here, incoherent scattering is also 
observed in all cases of inelastic scattering. 


114*. COHERENT SCATTERING OF NEUTRONS BY CRYSTALLINE SUBSTANCES 


We showed in the preceding section that interference effects in the scattering of 
slow neutrons by a system of nuclei are determined only by the coherent part of the 
scattering amplitude. We shall now calculate the influence of the spatial distribution 
of nuclei in a crystalline substance on the coherent scattering of slow neutrons. For 
the sake of simplicity, we assume that the crystal consists of identical atoms and that 
the mass of their nuclei is very large—in order that we need not take into account 
the change of their motion by the scattering (see Section 115). We also assume that 
the positions of the nuclei in the crystal are determined by the lattice vectors 


3 
n= > na, (114.1) 
i= 


where a,, @,, and a, are the basis vectors of a unit cell of the crystal; the n; take on 
integral values satisfying the inequalities 


—4N, <n; S4N; 


where N,N,N, = N is the total number of nuclei in the crystal. 

If we denote the neutron wave vector before the scattering by A and that after 
the scattering by k’, where |k’| = |x|, we can use the results of the preceding section 
to write the following expression for the differential cross-section per nucleus for 
the elastic scattering of neutrons by the crystal: 


do(k’) 1 
dQ N 





2 
Y Acon(7) + \Ainconl (114.2) 








where A.,,() is the amplitude for the coherent scattering, in the direction of k’, of 
a neutron by the nucleus at the point n, and where ¥° here and henceforth denotes 


a sum over all atoms of the crystal containing one atom in the elementary cell. 
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Let us denote the amplitude of the coherent scattering by the nucleus at the ori- 
gin, m = 0, by A. The s-scattering amplitude for the coherent scattering by a nucleus 
at the point a will differ from A merely by a phase factor which takes into account 
the difference in phase of the waves, scattered by the two nuclei, that is, 


Acon() = Ae *-*?, (114.3) 


Substituting (114.3) into (114.2), we obtain the differential cross-section for the elastic 
coherent scattering 

do(k’) _ |Al? i(n-k—k'))2 

—— = —|)e \*. 114.4 

dQ N y ( ) 

To evaluate (114.4) it is convenient to express the wave vectors & and k’ in terms of 
the basis vectors of the reciprocal lattice 5,, b,, 63 connected with the vectors of 
the original lattice, a,, a,, a,, by the relations 


1 1 1 
b, = ~—-[a. A az], 5b. = —[a3 A a,], 5b, = — fa, A a], 
1 y lie 3] 2 7 las 1] 3 y it 2] 


where V = (a, . [az A as]) is the volume of the elementary cell of the original 
lattice; therefore, V(b, - [bz A b3]) = 1. Putting 


3 
k-K = ¥ i ~ bi, 
and remembering that (a; . b;) = 6,;, we get 
3 


QW.k—k') = ¥ nk; — ki). 


i=1 


Substituting this last equation into (114.4), we find 








do(k’) _ |Al? , 
——~ = Fk), 114.5 
70 y ( ) (114.5) 
where 
F(k _ k’) = n yer) Pp = 7 sin? Ni(k, 7 kD] a 14.6) 
t=1| ‘nm t=1 sin? 4(k, — kj) 
is the so-called structure factor. As N > 00 
3 
Fk -k') = H [22N(6(k, — k, — 220], (114.7) 
t=1 


where the zt, are integers. The arguments of the delta-functions in (114.7) are the 
components of a vector in a system of coordinates with basis vectors those of 
the reciprocal lattice. If we introduce the Cartesian coordinates k,., k,, and k, of 
the same vectors, we have 


3 
TT dk, — ki, — 2a) = . d(k — k' ~ 2x), 
t=1 
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and hence 


Cnr N Qn) N , 


Fk —k)= (k —k’ — 2ne), (114.8) 


where 
3 


t= Y TD, 
is a vector in the reciprocal lattice defined in terms of the basis vectors 5; of the 
reciprocal lattice and the integers t, are the so-called Miller indices of the reflecting 
Bragg planes. To each reciprocal lattice vector ¢ corresponds a family of crystal planes, 


the equations of which are 
3 
(«. Y vai) =m, 
i=1 


where ;, ?2, ¥3, and m are integers. The distance between two neighbouring planes 
is d = |z|~1. In the case of a simple cubic lattice with cube edge a we find 
a 
d= oo, 71, 72,73 = 0, 1, 2, eee 
Vi+este 
Using (114.8), we get for the differential cross-section per nucleus for the elastic 
coherent scattering of neutrons by a large single crystal, when N — 00, 


do(k') (2%) |Al’ 
7 ni O(k — k' — 2nrt). (114.9) 


It follows from (114.9) that the differential scattering cross-section has a steep 
maximum in the direction of the vectors k’ satisfying the conditions 


k—K =2nv, [kl = [kl (114.10) 


which are called the Bragg conditions. 

The Bragg conditions are always satisfied for forward scattering, k = k’, when 
« = 0. Usually, however, we call scattering the process of the deflexion of neutrons 
from their initial direction of motion, so that we shall exclude the case r = 0. For 
crystals of finite dimensions, the delta-function (114.9) must be replaced by the 
function (114.6), which has a maximum with a finite angular width of the order of 
magnitude of (AL)-* where L are the linear dimensions of the single crystal. 

If we study the elastic scattering of neutrons by poly-crystalline subjects, we can 
obtain the differential scattering cross-section from (114.9) by averaging over all 
directions of the vector r for a given absolute magnitude t. When the value of Tt is 
fixed, for a given wave vector k of the incident neutrons, we chall have, according 
to (114.10), directions of k’ forming an angle @ with the direction of k, such that 


the equations 
sintg =, or, 2dsinto=a, (114.10a) 
2 &k 2 
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are satisfied; here d = t~1 is the distance between Bragg planes in a crystal. It follows 
immediately from (114.10a) that only those values of 7 will contribute to the scat- 
tering which satisfy the inequality 


r< or, AS 2d. 
n 


Hence, the Bragg condition for scattering over @ + 0 cannot be satisfied by any of 
the single crystals, if the wavelength of the neutrons exceeds twice the largest distance 
between crystal planes. Such neutrons pass through the crystal, hardly being scat- 
tered. This property is the basis of the operation of filters cutting off the short-wave- 
length region of the spectrum in a neutron beam. One chooses as filters microcrystal- 
line substances with a small absorption of neutrons and only coherent scattering. 
Beryllium oxide, d = 4-4 A, or graphite, d = 6-7 A, are often used. 

Let us now assume that the crystal consists of nuclei of an element having several 
isotopes, which are distributed over the lattice sites of a regular crystalline lattice. 
We assume that the nuclei are infinitely heavy, that their spin is zero, and that the 
neutron scattering properties of the isotope at the m-th site are determined by the 
scattering amplitude A,. The cross-section per nucleus for scattering into unit solid 
angle in the direction of k’ will be equal to 











do(k’) _ i link k’)| 
= —|) Ae" 114.11 
a2 ~ nie aan 
Let us introduce the average scattering amplitude 
1 
A=—)A,, 114.12 
we ( ) 
so that 
A,=A+A,, YAA, = 0. (114.13) 
Substituting (114.13) into (114.11), we can write 
do(k’) _ (S ; + ( ) (114.14) 
dQ dQ coh dQ diff 
where 
do IA hes itn —k) 
=~ = 1S ei 114.15 
(i3)..7 a cays 








is the coherent scattering cross-section, which is the same as (114.4). It depends 
strongly on the scattering angle, having steep maxima for directions satisfying the 
Bragg conditions (114.10). It follows from (114.15) that the coherent scattering 
amplitude is the average (114.12) of the scattering amplitudes of the separate iso- 


topes. 
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The second term in (114.14) has the form 


(3) = ty yaaa”) 
diff 


dQ Nan 


= > elm kh AA, WAAR, 


m 


For a disordered distribution of isotopes over the lattice sites, 4A* and 4A,,,, are 
independent for each m + 0, so that 
y4 An+mA Ar = 
and we find that . 
(3) = as yy, (114.16) 


is independent of the scattering angle and may be called the diffuse isotopic scat- 
tering caused by isotopic incoherence. If all isotopes in the crystal have the same 
scattering amplitude, there is no isotopic incoherence. 


115*, ELASTIC SCATTERING OF SLOW NEUTRONS BY CRYSTALS, 
INCLUDING ATOMIC VIBRATIONS 


When we study the elastic scattering of neutrons by a crystal, taking into account 
the vibrations of the atoms around their equilibrium positions, it is convenient to 
use an analytical expression for the energy of the interaction of a slow neutron with 
a separate nucleus in the form of the nuclear pseudo-potential introduced by Fermi:* 


Vr) = — 22h” 48(0), (115.1) 
a 


where A is the amplitude for the scattering of a slow neutron by a nucleus. The 
potential (115.1) is chosen in such a way that already in the Born approximation 
the scattering cross-section is correctly expressed in terms of the scattering amplitude. 
Indeed, substituting (115.1) into (97.5), we have 


Ara we vy 2 
= V >|? Al’. 
iQ” Oni?) 0, a | Pa> -7 | 





The operator for the interaction of a slow neutron with a crystal consisting of 
spin-zero nuclei of a single-isotope element can thus be written as 





AY 66 - R,), (115.2) 


fT E. Fermi, Ric. Sci. 1, 13 (1936). 
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where R, is the radius vector determining the position of the nucleus in the crystal. 
If the basis vectors of one cell of the crystal are a,, a,, and a3, R, = "+ u,, where 
n= )'n,@, is a lattice site and u, is the displacement vector which characterises the 
displacement of the nucleus from its equilibrium position at the n-th lattice site. 

If the temperature is not too high, the potential energy JZ of the vibrations of the 
atoms in the crystal will be a quadratic function of the displacements of the nuclei 
from their equilbrium positions and can be written in the form of a sum of squares 


1 
=~) waivers (115.3) 
2ia 


where the y,; are normal coordinates connected with the displacements from the 
equilibrium positions by the equations 


2 
uw, = .| — ), ev iF I(q-n)], 115.4 
beak avai @ )] ( ) 
where M is the nuclear mass, 
sin(g.n), if > 0, 
Fi(q.my) = {Nem If as (115.5) 
cos(q.n), if qs <9, 


and e,,F[(q . )] are plane standing waves with wave vector g and polarisation j, which 
are characterised by three mutually orthogonal unit vectors e,, for each vector q. 
The vector g is determined by the equation 
3 
27 
= ¥ — nb, 
q »» N, Hi 
where the 8, are the reciprocal lattice basis vectors introduced in Section 114, and 
the , are integers satisfying the inequalities 


—4N, < 4; S 4N;, i= 1, 2,3. 
One sees easily that the functions F[(q . n)] satisfy the relations 
> Fl@- =] FU. 2')] = 4Nbnn- 
qd 


In the following, we shall, for the sake of simplicity, use one index s = (gq, /) in- 
stead of the two quantities g and j; (115.4) then becomes 


tt, = Jy ec F lq. m)). 


The wavefunction describing a vibrational state, corresponding to an energy 
¥\ vw, for a given set of quantum numbers {»,} of the oscillators, will have the 
8 


form 


©, = IT ¢,, (#) with «, = ./—, 
s O. 


S. Ws 
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p,,(y;/%s) is the normalised wavefunction of the harmonic oscillator of kind s, corre- 
sponding to the state with quantum number 7,. 

The initial state of the system consisting of the crystal and a neutron of energy 
h?k?/2u can, to first approximation, be described by the wavefunction 


la> = @, ye", 
and the final state by the function 
|b> _ By yee”. 
The probability for a transition per unit time from an initial state [a> to a final 


state |b> with the direction of the neutron wave vector k’ under the action of the 
perturbation (115.2) is in the Born approximation equal to 





dPyy = = |<b| Fa)? do(Es), (115.6) 
where 
2 
(b| Play = —22A y otwt-* 17 I, (n), (115.7) 
and . ° _ 
2 
M,..,(n) = exp] i(k — k’.e,.) y.Fl(g.n — |9,.9,. dys, 115.8 
fi) pli ) Flag ne | eo (115.8) 
while do(Es) __ yk’ 
dQ (22) hi? 


is the density of final states per unit solid angle and unit energy. If we use the pro- 
perties of the normalised wavefunctions of the harmonic oscillator, we can show? 


that 
Mas an(x) = [eran (?) Pn (*) dy 
4 ra 


Le fn ama iggy 
Vanier al \e afta) | 


The matrix elements (115.8) are obtained from (115.84) by putting 
2h 
MNo, 





(k — k’ .e,) Fi(q-n)]. 


We 


The quantity x is of the order of N-'” so that for large N we need only retain in 
the series (115.8a) the terms with the lowest power of x 


M, (nt) = 1 — 402(r, + 4) Fl. n)], 
My, +19 {n) = iV 40, + 1) OF Iq. m1, (115.9) 
M,,-1y{n) = —iv'40,0,FI(q- 0), 


T R. W. Weinstock, Phys. Rev. 65, 1 (1944). 
Qu 16 
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where 





— ky. es 5.10 
Q, = (k ke) | MNo, (115.10) 


Dividing (115.6) by the speed of the incident neutrons, Ak/u, and by the number, 
N, of nuclei in the crystal, we obtain the cross-section for scattering into unit solid 


angle per nucleus 
do 


Ok a — [<b] Pla>|?. (115.11) 





For elastic scattering k’ = k and », = »,. Substituting (115.7) with these values 
into (115.11), we find 
do, _ 
dQ 


* M?, (115.12) 











where 


M’= {i Myo(a)\! = wn [I — 40505 + FG. Il. 


Bearing in mind that 1 — x ~ e~* when x is small, we can transform this last ex- 
pression to the form 


‘ M*= exp {— Ys. + 9) Fl. ml. 


Moreover, using the definition (115.5) of the function F[(q.)], we can when sum- 
ming overs, which, of course, includes a summation over all values of g, combine 
in pairs of terms differing only in the sign of g,. Using the fact that 


F25ol@-2)] + Fj. <ol(q- n)] = 1, 
we find then 
M? = exp [-F 2 25. + »)- (115.13) 


If we wish to compare this expression with experimental data, we must average it 
over all initial vibrational states of the lattice. In such an averaging, we replace the 
quantum numbers », in (115.13) by their average values 


v, = [es — 17? 


with B = 1/kgT where T is the crystal temperature and kg Boltzmann’s constant. 
The scattering cross-section per nucleus for elastic scattering of neutrons by a 

crystal becomes thus 

do _ |Al? 

dQ N 


e 7, (115.14) 


y elm kk) Pp 








where 


W=id@+)Q3. (115.15) 
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Comparing (115.14) with equation (114.15) obtained in Section 114 for the case of 
nuclei fixed at lattice sites, we see that taking into account the possible displacement 
of the nuclei from their equilibrium positions leads to a decrease in the scattering 
cross-section by a factor e~?”. This factor depends on the temperature and on the 
properties of the crystal. 

To evaluate the explicit form of W we shall use as a simplified model of the lattice 
vibrations the Debye model in which we assume the velocity, c, of the sound waves 
in the solid to be independent of the polarisation and of g. In that case, we can, 
substituting (115.10) into (115.15), easily sum over the polarisation since 


Lik —k’. eqy)|” = (k —~ ky, 
and hence 1m 7 
W = h(k — k’) x! + 28, 


(115.16) 
4MN q (42) 


q 

where }) denotes summation over all possible frequencies of the normal vibrations. 
q@ 

Bearing in mind that in a volume V in the frequency interval w, w + dw there are 


Vw? dw{2x?c? normal vibrations with a well-defined polarisation, we can change 
from a sum to an integral and write 





yi ten ["o + 23) w dw, (115.17) 


2,3 
a Dy 22°C re) 


where @max = [62%c3N/V]'? is determined from the condition 


sa | me o? dw = N. 


2x7? 


Substituting into (115.17) the value of » we get from (115.16) 


a nh\2 2 Omax 
W = 3h(k ey max 4 © dey 
2M? ax 4 eho _ | 


For elastic scattering (A — k’)? = 4k? sin? 40, where @ is the scattering angle. 
Writing fw,,,, = kg@, where @ is the Debye temperature, we have 
W = 6h7k? sin? sal 


1 
- + D(x)}, 115.18 
k3MO 4 \ | ( 


with eons 9 
DX) = x ae x=. 
x Joe —1 T 


One sees easily that 





16* 
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The factor W leads to an attenuation of the elastic coherent scattering for all scat- 
tering angles # + 0. It increases with increasing scattering angle, increasing neutron 
energy, and increasing crystal temperature. For T = @, Wis of the order of magnitude 
of u/M, where wu is the neutron mass and M the mass of the scattering nucleus. 
For heavy nuclei, we have thus e~?” ~ 1 and the displacement of the nuclei from 
their equilibrium positions does not appreciably effect the coherent scattering in- 
tensity. 


PROBLEMS 


1, Use the Born approximation to calculate the differential scattering cross-section for a potential 
Vir) = A/r?, Compare your result with the classical result and discuss the applicability of the 
formulae obtained. 

2. Find the total elastic scattering cross section for the scattering of fast particles by a perfectly 
rigid sphere. 

3. Determine the changes in the scattering phase shifts when the scattering potential is slightly 
changed. Find the expression for the scattering phase shifts for the case when the potential can 
be considered to be a perturbation. 

4, Consider the nuclear reaction 

A+a>C—+>B+b. 


What will be the angular distribution of the reaction products in the centre-of-mass system for 
the following cases: 
(i) The spin of the compound nucleus C is zero; 
Gi) The orbital angular momentum of the relative motion of the reaction products is zero; 
(iii) The relative orbital angular momentum of the colliding particles is zero, but the spin of 
the compound nucleus is not necessarily zero. 
5. Find the eigenfunctions of the operators of the total isotopic spin, 72, and its 3-component, 
Ts , for a nucleon-pion system. 
Consider the scattering of pions by nucleons in the centre-of-mass system. If the incident 
wave corresponds to a given spin-orientation of the nucleon, and to a given choice of nucleon 
and pion, it is given by the expression 


e tke (0) — 7) O(a — T)); 


here %, = 1,0, —1, respectively, for the *, the 2°, and the 2- meson, while t; = +4 or —4 
for a proton or a neutron, respectively. 
Expand the incident wave in terms of the eigenfunctions of the operators J?, J,, 72, and i,. 
6. Find the amplitudes for the scattering of pions by nucleons in terms of the phase shifts for the 
following reactions: 


a*+ponm* +p, (A) 
ma +p>a +p, @®) 
ma +p>n tn. (C) 


Find also the total cross-sections for these reactions in terms of the phase shifts. 
Find the differential cross-sections in terms of the phase shifts for these reactions, assuming 
that only s- and p-waves participate in the scattering. 


f Problems 5, 6, and 18 need some knowledge about the concept of isotopic spin; see, for instance, 
L. D. LANDau and E. M. Lirsuirz, Quantum Mechanics, 2nd Edition, Pergamon Press, 1965, § 115. 
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7. 
8. 
9. 
10. 


11. 
12. 


13. 


14. 
15. 
16. 
17. 
18. 
19. 


20. 


Show that if we assume isotopic invariance, the scattering amplitudes for all possible pion- 
nucleon reactions can be expressed in terms of the scattering amplitudes for the reactions (A), 
(B), and (C). Express these scattering amplitudes in terms of the scattering amplitudes for states 
with isotopic spins 3 and 4. 

Verify that equation (99.30) leads to equations (99.8) and (99.20). 

Find the cross-section for the scattering of a slow particle by a spherical potential square well. 
Calculate the scattering phase shifts of slow particles in the field V = a/r?. 

Assuming that the potential energy of a neutron inside a nucleus can be represented by a spherical 
square well of radius 1.4 x 10-13 43 cm and depth 40 MeV, find the probability that the scat- 
tering length of a neutron has a negative value when it is scattered by a nucleus of atomic weight A. 
Prove equations (102.14). 

Consider a “black”? nucleus. Find the total scattering and absorption cross-sections for neutrons, 
assuming that all incident neutrons are absorbed and that the radius of the nucleus is large com- 
pared with the de Broglie wavelength of the incident neutrons. 

An excited nucleus A with spin 1 is in an even state. The reaction 


A>B+a 


is energetically possible. The stable nucleus B resulting from this reaction has spin zero, and is 
also in an even state. Prove that this reaction is forbidden. 

Consider the equation of continuity corresponding to the Schrédinger equation with the potential 
energy (1 + iC) V(r) and hence discuss the physical meaning of the imaginary part of the optical 
potential. 

Derive an expression in terms of the Pauli spin operator g for the density matrix describing a 
spin-} particle whose polarisation is P. Use this expression and the equation of motion of the 
density matrix to derive the equation of motion of the polarisation in a magnetic field. 

Find the probability, in terms of the scattering lengths @, and a@,, that slow neutrons with their 
spins along the z-axis change their spin orientation when they are scattered by protons with 
their spins in the —z-direction. 

Find the cross-section for the scattering of slow neutrons by para- and ortho-hydrogen, assuming 
that their wavelength is large compared to the distance between the two protons in the hydrogen 
molecule, so that we may assume that the scattering amplitude is equal to the sum of the scattering 
amplitudes for the two protons. 

A beam of pions is scattered by an unpolarised proton target. Considering only s- and p-wave 
scattering, calculate the polarisation of the protons resulting from the scattering. 

Assuming that the only bound state of the neutron-proton system is even, that the resultant 
spin in that state is 1, and that the neutron-proton and neutron-neutron forces are the same, 
prove that two neutrons can not form a bound system. 

Find the discrete levels for a particle in the attractive field V(r) = —Voe-"/* with / = 0. Find 
the scattering phase shift 59 for this potential and discuss the relation between dy and the discrete 
spectrum. 


CHAPTER XII 


ELEMENTARY THEORY OF MOLECULES 
AND CHEMICAL BONDS 


116. THEORY OF THE ADIABATIC APPROXIMATION 


When studying the quantum-mechanical properties of molecules and solids, we 
must consider systems consisting of electrons and atomic nuclei. As atomic nuclei 
are ten to a few hundred thousand times heavier than electrons, they will, on the 
average, move appreciably more slowly than the electrons. It seems thus possible 
to make an approximate study of the properties of molecules and solids by assuming 
in the zeroth approximation that the nuclei are at rest and to take the motion of the 
nuclei into account in the higher approximations, using perturbation theory. Such 
an approximation is called the adiabatic approximation. To clarify the basic ideas 
of the adiabatic approximation method, we shall consider a system of some electrons 
of mass ~ and some atomic nuclei of mass M. Let us denote by r the set of all the 
electron coordinates measured with the centre of mass of the system as origin and 
by R the set of all the nuclear coordinates. We can write the Hamiltonian deter- 
mining the internal states of the system in the form 


H=Tp+T. + Wr, R), (116.1) 
where > > 
peHyZ 
27 Or; 
is the operator of the kinetic energy of the electrons—the light particles, 

2 2 

72 a 

2M 5 OR; 


is the operator of the kinetic energy of the nuclei—the heavy particles—, and V(r, R) 
is the potential energy operator of the interactions between all the particles. 

The adiabatic approximation is based upon the assumption that the operator Tp 
of the kinetic energy of the heavy particles can be considered to be a small per- 
turbation. We just remind ourselves that, before, we usually considered as pertur- 
bation operator part of the potential energy operator. 

We thus rewrite (116.1) as follows 


H=H,+Tr, (116.1a) 


Hy = T, + V(r, R). (116.2) 
472 


with 
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In zeroth approximation, when the mass of the heavy particles is considered to be 
infinitely large, the problem of finding the stationary states of the system reduces 
then to solving the Schrédinger equation 


[Ho — en(R)] pa(R, 1) = 0 (116.3) 


for fixed values of the coordinates, R, of the heavy particles. The index n determines 
all quantum numbers characterising the stationary states. For each such state, corre- 
sponding to a well-defined value of n, the energy of the system, «,(R), and the 
wavefunction, 9,(R, r), depend on the heavy particle coordinates R as parameters. 
The functions ¢,(R, r) thus characterises a state of motion of the light particles for 
fixed values of the coordinates R or for infinitely slow (adiabatic) changes in R. 

Let us assume that we know the solutions of equation (116.3}—the simplest cases 
of the solution of similar equations will be studied in subsequent sections; we can 
then look for the stationary states of the system with the total Hamiltonian (116.1), 
that is, for solutions of the equation 


(H — E)¥(R,r) = 0, (116.4) 


in the form 
YR, r) = ¥ G(R) ¢,(R, 1), (116.5) 
n 
where the ¢,(R, r) are the eigenfunctions of the operator Hy, in the adiabatic ap- 
proximation. Since the operator Hy can have both a discrete and a continuous 
spectrum, the summation sign in (116.5) must be understood in the generalised sense 
to mean a summation over discrete states and an integration over continuous states. 
Substituting (116.5) into (116.4), multiplying by y*(R,r), and integrating over 
the coordinates of the light particles, we find a set of equations 


(Tp + En(R) _ E) @,,(R) = Y AnnPy(R) ; (116.6) 


where the operators A,,, are given by 


2 
Ann = nr Y pi(R, r) a Pal R, r) dr pa(k, r) Tron(R, r) dr. ( 16.7) 
Mi OR; 


7) 
OR; 

The set of equations (116.6) is exact. If we may consider the operator (116.7) to 
be small, and we shall see presently when this is possible, we can solve the set of 
equations (116.6) by the method of consecutive approximations. In the zeroth, 
adiabatic, approximation, we replace the right-hand side of equation (116.6) by 
zero. The set of equations (116.6) can thus, in the adiabatic approximation be split 
in a set of independent equations 


[Te + &m(R)] Ory(R) = EmPmny (116.8) 


for each state of motion of the light particles determined by the quantum numbers m. 
It follows from (116.8) that the motion of the heavy particles is characterised by a 
potential energy ¢,,(R) corresponding to the energy of the light particles of equation 
(116.3) for fixed positions of the heavy particles. 
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The wavefunction (116.5) of the system reduces in the adiabatic approximation 
to a simple product 
Pony = &7(R) Pm R, r), (116.9) 


that is, to each state of motion of the light particles determined by the quantum 
numbers m, there will correspond states of motion of the heavy particles differing 
in their quantum numbers », 

The adiabatic approximation is valid when the solution of the exact equation 
(116.6) differs little from the zeroth approximation equation (116.8). Using pertur- 
bation theory, we can show that the condition for the applicability of the adiabatic 
approximation reduces to satisfying the inequality 


®? Anal Pry >| < [Ey — Enyl (116.10) 


for m +n and arbitrary » and »’. For a more thorough investigation of this in- 
equality, we shall consider in more detail the solutions of equation (116.8). The 
potential energy ¢,,(R) of this equation is the energy of the electrons in the state m 
when the positions of the nuclei are fixed. Let 0 denote the set of quantum numbers 
corresponding to the lowest energy. The energy of that state, ¢)(R), will be a function 
of the nuclear configuration, R. The nuclear equilibrium configuration, Ry, is deter- 
mined from the requirement that ¢)(R) must be a minimum. Expanding ¢)(R) in a 
power series in the deviations from the equilibrium positions, and restricting our- 
selves to quadratic deviations, we can, after changing to normal coordinates, write 
the energy in terms of dimensionless coordinates £, (Section 33): 


&(R) = €0(Ro) + 44 Y. @so€, (116.11) 


where the w,o are the normal frequencies for the normal vibrations around the 
equilibrium positions corresponding to the electron state 0. If we neglect in the 
operator 7, the operator of the rotation of the system as a whole, we get in the 
electron state 0 for the Hamiltonian of equation (116.8) 


= 1 2 a 
Tr + €o(R) & 5 tL M0 (2 - =) + £9, 


s 


where é9 = &9(R,) is a constant. Different nuclear equilibrium positions will corre- 
spond to another state of motion of the electrons with quantum numbers m. The 
minimum of the energy ¢,,(R) will, for some of these states, be realised when the system 
is split into parts. Such states must be studied separately. We shall here study only 
the case where the transition of the system to a new electron state can be reduced 
merely to a change in the nuclear equilibrium positions and in the frequencies of the 
normal vibrations. If we expand in such cases ¢,,(R) in powers of the displacements 
from the equilibrium positions corresponding to the electron state 0, there will be 
terms linear in the displacements in the expansion. We can thus write for small 
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displacements from the equilibrium positions 





2 
Ty + en(R) © 5 AY, on [«. ~ Eq)? — Fa + em, (116.12) 


where ¢,, is a constant and where the é,,, are the shifts in the equilibrium positions 
when the electrons change from the state 0 to the state m. In the state 0, we have 
E50 = 0. 

Using equation (116.12) and neglecting the rotation of the systems, we can trans- 
form the equation determining in the adiabatic approximation the motion of the 
nuclei in the system when the electrons are in the state m to the form 





5 AY. Osm E ~ Eg)? ~ 2 | — (En - enh Py = 0. (116.13) 
2 0&5 

The Hamiltonian of equation (116.13) is a sum of harmonic oscillator Hamiltonians 
with frequencies w,,,. The state of the system is thus in the adiabatic approximation 
characterised by the quantum numbers m, determining the state of motion of the 
electrons, and the quantum numbers y. We shall use for the sake of simplicity for 
the latter a set of quantum numbers ”,, each of which denotes a state of the harmonic 
oscillator corresponding to the s-th normal vibration, that is, 


Y= Ny, M2, ... = {ng}. 
The energy of the system in the state m, {n,} is equal to 


Emin = Em +h » Osm(ts + 4). (116.14) 


The wavefunction of such a state is described by the product of the wavefunctions 
of the separate oscillators and an electron wavefunction, that is, 


|m{n,}> = G(R, r) IT 5 (Es - Eon)» (116.15) 


where 7,,(£; — sm) is the wavefunction of the s-th harmonic oscillator, which os- 
cillates around the equilibrium value €,,,. 
To estimate the magnitude of the matrix element 


(Pr, [Amn B0,-> (116.16) 


occurring in inequality (116.10), we drop in the operator (116.7) the unimportant 
term containing the second derivative of the electron functions with respect to 
nuclear coordinates. Neglecting also the change in the vibrational frequencies, when 
the electrons change their state, that is, putting w,,,~ @,, we can write for the 
kinetic energy of the nuclear vibrations 


= 1 a? 
@s 2° 
2 s og; 


om l6a 
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We have thus 
Amn = —h y | ence ne p,(R, r) dr. o, — - 
a 
= ~hY Brn(s) Osa t rey (116.17) 
where the matrix element 
Bro($) -| | oR) 2 oR, *) ar| (116.18) 
0é, IR=Ro 


takes into account the change in the wavefunctions of the electron states when the 
nuclear positions change because of the s-th normal oscillation. 
Using also the relation (see (33.22)) 


: iE rE 
=r Ung = ./ = Mskng-1 — ./ = Ms + 1) Xn41> 
6, 2 5 An, 5 ) hng+1 


@', = IT 4, (&s - Eon) 


and 


we can write the matrix element (116.16) in the form 


<P), \Ann| Poy) = (116.19) 
— ft Y, Bra(8) 0, {Van Mngt TE Mantas ~ J + MM41 HT Mit ade 
s'(+s) s'(#s) 
where 
Mr = Sn Es — Ssm) Xng(Es — Eon) Es. (116.20) 


Up to terms of order (&sm — &,)? the matrix elements M,"",,, Vanish, unless m, = n, oF 
n, + 1. If nj = n, or ng + 1, we have 


Minn, =1- i(n, + 3) (Esm _ En)”, 
Marner = V 40 + 1) Eom — Eon)s (116.21) 
MM; tpt = ~VJ4n(Em — Een). 


If the state »’ differs from the state v in that nm, = n, + 1 while all other n; = n,, 
we get from (116.14), neglecting the change in the frequencies, 


Emy — Eny: = Em — En — hog. 
The matrix element (116.19) then becomes 
(Diy i Amn |Poy> = hOgBran(5)  H(tte + 1) (Eom — Fen): 
Inequality (116.10) then reduces to 
[$h@,Brn(G) (2, + 1) (Eam — Eon)| < lm — Ex — 4]. (116.22) 


(XII, 116] Theory of the Adiabatic Approximation 477 


If the state v’ differs from the state » in that nj =», — 1, but all other n) = n,, 


we have : 
Eny ~ Eww = Em — En + ho,, 


and we get for the matrix element (116.19) 
Pry |Annl Boy) = 400gBrun(G) teEom ~ an): 
We can then write the matrix element (116.10) in the form 
|e, Brin(F) Na(Eam — Fen)| < lem — En + hel. (116.23) 


From (116.22) and (116.23) it follows that a sufficient condition for the applica- 
bility of the adiabatic approximation is that the frequency of the nuclear vibrations, 
w,, is small compared to the frequencies corresponding to electronic transitions, 
that is, 

ho, < |ém — nl- (116.24) 


Condition (116.24) is only sufficient, but not necessary. Sometimes condition (116.10) 
can be satisfied even though condition (116.24) is violated, namely when B,,,(¢) or 
Em — €qn are small. 

To estimate the order of magnitude of the electron energy in molecules and that 
of the energy of the nuclear vibrations, we can use the following simple qualitative 
considerations. If we denote the linear dimensions of the molecule by d, the electron 
energy in the molecule will be of the order of 

2 
enw fe (116.25) 
pd? 
The energy of the nuclear vibrations, E,;, = 4 J k|M where k is an elasticity con- 
stant determining the potential energy for the nuclear vibrations. Since the potential 
energy for the nuclear vibrations is the electron energy (see (116.8)), we have 


2 
k= ge ~, 
OR’)por, 4 
€ h? 7 
Egy oh [ee we [H (116.26) 
Md? q?./uM M 


For many calculations involving the wavefunctions in the adiabatic approximation, 
we use, instead of the functions (116.9), the functions 


and thus 


yy = @o,(R) Ont Ro), 


where Ro corresponds to the equilibrium configuration of the nuclei. Such an ap- 
proximation is only possible when the average value, J <x?), of the zero-point 
16 a* 
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vibrations around the equilibrium position is considerably less than the molecular 
dimensions. From (33.19), we have 





Substituting into that expression the values (116.26) and (116.25) we find 
2 ‘Iq 
d M 


Born and Oppenheimerf evaluated the energy of the molecule in a power series 
in the small parameter 7. The electron energy is of zeroth order in 4, and the energy 
of the nuclear vibrations of order 77. The rotational energy of the molecule is pro- 
portional to 44, since we have from (116.25) 





117. THE HyDROGEN MOLECULE 


Let us now study equation (116.3) determining the energy of the electrons in a 
molecule for fixed values of the nuclear coordinates, that is, in the adiabatic approxi- 
mation. Let us as an example consider the simplest molecule: the hydrogen mole- 
cule, consisting of two nuclei A and B at a distance apart, R, and two electrons, 
1 and 2 (Fig. 21). The Hamiltonian of the molecule can be written in the form. 

2 
Ay = _! wi + V2) - abe ¢tyt,4-4- ab (117.1) 
2u R 


Pay Ya, ry, Ye, Viz 


if we neglect the motion of the nuclei and the spin-orbit interaction. Here the in- 
dices 1 and 2 refer to the electrons and the indices A and B to the nuclei. 





Fic. 21. Notation for the distances between the electrons (1 and 2) and the nuclei 
(A and B) in the hydrogen molecule. 


We shall assume that the atoms are sufficiently far from one another. The problem 
of solving the equation 


[A — e(R)] oR, 1, 2) = 0, (117.2) 


T M. Born and J. R. OPPENHEIMER, Ann. Phys. 84, 457 (1927). 
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determining the stationary states of the system for fixed positions of the nuclei, 
can then be solved by the perturbation theory method. This method was first applied 
to the hydrogen molecule by Heitler and London.* 

The wavefunction of the molecule in zeroth approximation is in the Heitler~—London 
method built up from the wavefunctions of isolated atoms. The energy of the system 
in the first approximation is determined by the average value of the operator Ho in 
the state corresponding to the zeroth approximation wavefunctions. The wavefunc- 
tion of the ground state of the molecule is constructed from the wavefunctions of 
the 1s-ground state of the hydrogen atoms. When choosing the zeroth approximation 
wavefunction, we must take into account the symmetry of the wavefunction follow- 
ing from the fact that the electrons are identical. There are two possible spin states 
of the electrons: the singlet, s, and triplet, t, states corresponding to two kinds of 
coordinate functions 


gs = [211 + S*)17'? {ya(1) ya(2) + yal2) va(1)}, (117.3) 


= [211 — $7)" "? {ya1) pa(2) — yal2) pa(1)}, (117.4) 
where 








1 —Fai/a 
pa(l) = ase", y4(2) = 


1 
—— @ 42/4, 
Tae" 








; ; (117.5) 
yal) = >= wre? pp(2) = = ere 
/ na J xa 
a = h?/ye? is the atomic unit of length, and 
S= = —(ra1+rp2)/a 
all) voll de = | e de ait6) 
is the overlap integral of the wavefunction. 
One can easily evaluate the value of S' by using elliptical coordinates, 
_ Al + rat y = ALT Fat (117.7) 


R » @, 


where ¢ is the angle around the axis connecting the two nuclei. The volume element in these co- 
ordinates has the form 


R 


dt = 4 R3(u? — v?) du dv dp. 
Integration is between the limits 
lspsm, -1lSys1, OSqpS2z. 


Using the coordinates yz, », and y we can transform (117.6) to 


0 foe) +1 278 1 
S= al cara (u? — v?) c dp = (: +o+ aa (117.8) 
1 -1 i+) 


where @ = R/a. When evaluating (117.8), we used the relations 





| ue eed =~ e yy oe D,{(@). (117.9) 


1 


+ W. Herrcer and F. Lonpon, Z. Phys. 44, 455 (1927). 
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To evaluate the energy of the system in the singlet and triplet spin states in the 
first approximation of perturbation theory we must evaluate, respectively, the inte- 
grals 

& = | 9Hog,dt and «, = [ofp dt. 


Substituting into these expressions (117.1), (117.3) and (117.4), and bearing in mind 
that the wavefunctions of (117.1) are the eigenfunctions of the operators of the 
isolated atoms, corresponding to the energy F,,, for instance, 


Wr, ee? 
(-= Vi- =) yall) = E,wa(1), 
ad Fai 
we find 
+A —A 
Ae, = & — 2E,, = ots Ae, =& — 2E,, = es (117.10) 
where 


to 
It 


2 2 2 2 
| v3(1) v2) |— _£ =| de + 
r R 


12) 1 Fa2 


e” 


2 
y2(2) dr + = (117.11) 


Ys Pa2 Ti2 


-{ ya) dt, — [vie £ dy + [vi 


The first integral in this expression determines the average value of the Coulomb 
interaction between the nucleus B and the electron 1 which corresponds to an “‘elec- 
tron density” 0,(1) = —eyw%(1), when we neglect the correlation caused by the 
symmetry of the wavefunctions (117.3) and (117.4). The second integral similarly 
determines the interaction between the electron 2 and the nucleus A. Numerically, 
these two integrals are equal to one another. The third integral in (117.11) determines 
the Coulomb interaction between the two electrons, neglecting correlation. The last 
term corresponds to the repulsion between the nuclei. The quantity Q as a whole 
is called the Coulomb integral. 
The interaction energy determined by the integral 


A= | pall) va(2) E -o£ =] yal2) va(1) de 


Vi2 Yai Va2 


_ < + | pall) pa(2) — pal2) pall) de 


ri2 


2 2 
- {wl © yall) de, — S | yo(2)— yu(2)dey (117.12) 

Ya Va2 
is usually called the exchange integral, since it corresponds to that part of the Coulomb 
interaction between the electrons and nuclei, which is connected with the correlation 
in the motion of the electrons arising from the antisymmetrisation of the wave- 
functions in accordance with the Pauli principle. 
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The integrals Q and A are functions of the distance between the nuclei. We give 
in Fig. 22 the energies de, and Ae, in eV as functions of the distance between the 
nuclei, in atomic units @ = R/a. It follows from Fig. 22 that when the hydrogen 





Fic. 22. The energy as function of the distance between the nuclei for the system of 

two hydrogen atoms in the two possible spin states: Ae, refers to the triplet spin state 

and Ag, to the singlet spin state. The dashed curve shows the experimental curve for 
the singlet spin state. 


atoms approach one another in the singlet spin state (spins antiparallel) the energy 
is lowered down to a distance Ry = 1-51a after which the energy rises steeply when 
the distance is further decreased. When the hydrogen atoms approach one another 
in the triplet state (spins parallel) the energy Ae, increases monotonically, corre- 
sponding to a repulsion between the atoms. 

Hydrogen atoms can thus only form molecules when they come together in the 
singlet spin state. The equilibrium distance, Rp, between the nuclei must in the stable 
molecule correspond to the minimum of the energy Ae,. Heitler and London, using 
perturbation theory, obtained the value 1-5la ~ 0-80A for Ro. Experimentally, 
Ry = 0-7395 A. The agreement between the experimental and the theoretical data 
is thus rather poor. This is connected with the fact that perturbation theory is ap- 
plicable only for distances R > Ry. The qualitative behaviour of the interaction 
between hydrogen atoms in the singlet and the triplet spin states is, however, given 
correctly. Variational methods give an appreciably better agreement between theory 
and experiment. The simplest calculation is the one given by Wang.t He used an 
expression of the kind (117.3) to evaluate the ground state energy of the hydrogen 
molecule but instead of using for y, and p, the ground state functions of the hydro- 
gen atom with Z = 1, he used the ground state functions of an atom with charge Z, 
which he considered to be a variational parameter to be determined from the re- 
quirement that the energy should be a minimum for a fixed distance between the 


+ S.C. Wana, Phys. Rev. 31, 579 (1928). 
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nuclei. Wang obtained a value Ry = 0-76 A for the equilibrium distance between 
the nuclei which already agrees better with the experimental value. The variational 
parameter Z corresponded toa value 1-166. By choosing more complicated trial func- 
tions, containing 13 variational parameters, James and Coolidge} were able to im- 
prove considerably the agreement between theory and experiment. 

One can easily understand qualitatively, why the interaction between the hydrogen 
atoms is different in the singlet and the triplet spin states, if we analyse the coordinate 
wavefunctions (117.3) and (117.4). The coordinate function (117.4) corresponding 
to the triplet spin state has nodes in planes perpendicular to the axis connecting the 
nuclei and bisecting it, since in that plane y4(1) ys(2) = ya(2) ps(1). On the other 
hand, the function (117.3) corresponding to the singlet spin state has its largest 
value in that plane. There is thus in the singlet spin state, for g ~ 1, a large prob- 
ability that the electrons are between the nuclei. The Coulomb attraction between 
electrons and nuclei leads to a bound state. For distances R < a, the electrons cannot 
be between the nuclei, not even in the singlet state and repulsion occurs. In the tri- 
plet spin state the probability is small of finding the electrons between the nuclei for 
all distances which are not very large and we have thus a repulsion which decreases 
exponentially with distance (see Section 124). 

The different properties of the singlet and triplet states are quantitatively deter- 
mined by the values of the “exchange” integral A. From the form (117.12) of this 
integral it follows immediately that its integrand is non-zero only in those points 
in space, where the products p,(1) yg(1) and w,(2) pa(2) are non-vanishing, that 
is, in the region where the electron wavefunctions of the two electrons “‘overlap”. 
As the value of the wavefunctions decreases exponentially at large distances, A de- 
creases exponentially with distance for large distances. 


Let us consider the quantitative values of the integrals Q and A in the Heitler-London theory. 
Substituting the explicit form (117.5) into (117.11) and using the fact that the first two integrals 
are equal, we find 


=-4% de, dt, + = (117.13) 


nas rey 12 


2e2 [° e-2rarle de + [ae yr,(2) e? 2 
——_ dr, PANS BS 


The evaluation of the first integral in this expression is easily done by using the elliptical coordinates 
(117.7). We then have 


e-2raila 1 [>"s) +1 100 +1 
dr, = —2R? pee du eo? dy + e@ du ve-® dy). 
Bi 2 1 -1 1 -1 


The integrals over u are particular cases of (117.9) and the integrals over y are particular cases of 
the integral 





-1 


+1 
| v” e-® dy = (—1)"*1D,(— 0) — D,(o), (117.14) 


tT H. M. James and A. S. Cootines, J. Chem. Phys. 1, 825 (1933); 3, 129 (1935). 
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where D,(@) is defined by (117.9). Using these values, we find finally 





e-2"aile na 
dr, = — [1 — e77@(1 + 9)]. (117.15) 
py R 


To get rid of the six-fold integration occurring in the average Coulomb interaction between the 
electrons, we write 
| vA vee) dt, dt = few V,(1) de,, (117.16) 
12 
where 
ea(l) = — ey4(1), while Va(1) = — lz yp(2) de, 


is the potential created at the point 1 by electron 2, which moves near nucleus B, that is, the potential 
produced by an electron density @(2) = —ey?,(2) so that we can evaluate V,(1) using the Poisson 
equation V?2V = —4sg. After V has been determined, one can easily evaluate the integral (117.16). 
We thus obtain the following complete expression for the Coulomb interaction between the electrons 
and nuclei in the hydrogen molecule 


e? 5 3 1 
=—e 20} 1+-9—-9? ——93 |. 
2 ap. | ge 4° | 


The last two terms in the exchange integral can simply be evaluated by using the elliptical coordinates 
(117.7). The evaluation of the second term is very cumbersome. It was evaluated by Sugiura,f who 
obtained for A the following expression 


4a JE (14 Ste + mor) tere] ty oy Boe y Hes 
=—<{— - € —+14— — — 
a)o 5 ne 8 20° 15° "15° 
6M . . 
+ [M Ei(— 4g) — 25 Ei(— 29)], 


c+ a} 
where C = 0.57722 is Euler’s constant, Ei(x) = — { e-§ d&/é is the exponential integral, and 
M=e%(1—o@+407). —x 

The integral A is negative for R > Ro, and the integral Q has, in general, a small 
positive value, while only for a few values of R this integral has a small negative 
value. We see thus that Q + 4 is negative for R > Ry, while Q — A is positive. 

As we mentioned earlier, the possibility of forming a bound state of the hydrogen 
atoms in the singlet spin state, when the spins are antiparallel, and their mutual 
repulsion in the triplet spin state is caused by the different character of the correlation 
between the electrons in these states. Although this correlation depends on the mutual 
orientation of the electron spins, it is not directly caused by the interaction between 
the magnetic moments of the electrons. The energy of such an interaction is much 
smaller than the exchange energy. It is necessary for the formation of chemical bonds 
that the coordinate function is symmetric with repect to an interchange of the spatial 
coordinates of the electrons. In this case, the probability for the electrons to be 


TY. Sucrura, Z. Phys. 45, 484 (1927). 
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between the nuclei is increased. Evidence for the fact that the direct interaction between 
the spins of the two electrons plays practically no role in the formation of a 
chemical bond is that a single electron can form such a bond. The hydrogen 
molecule ion Hj is an example of such a case; this molecule consists of two nuclei 
of charge Z = 1 and one electron. In the adiabatic approximation, that is, when 
the distance R between the nuclei is fixed, the electron moves in an axial field pro- 
duced by the two nuclei A and B. In that approximation, the Hamiltonian is 


where r,; and rg, are the distances of the electron from the nuclei A and B, respec- 
tively. The energy of the electron as a function of the distance R can be determined, 
using the variational principle 


6 | p*LH — &(R)] p dz = 0. (117.17) 


To evaluate the energy of the ground state, we choose the simplest trial function 
in the form of a linear combination of the wavefunctions of the electron, moving 
independently in the field of the nucleus A and the nucleus B, that is, we put 


gp = opa(1) + Bys(1), (117.18) 


where the functions p,(1) and w,(1) are defined by (117.5) 

Substituting (117.18) into (117.17), we see that the calculation of the values of 
the variational parameters « and 6 reduces to solving the set of two homogeneous 
equations 

(Vasa + C) 0 + (Vas + £S) B = 0, } (117.19) 
(Vea + CS)a + (Ven + 6) 8 = 0, 


where the value of S is the same as (117.8) and 


e” 
= &(R) — E,,-—, 
f = &(R) R 


2 2 
Ves = Vas = fe ae = aa —(1 +e) e 7°), 


(117.20) 
2 
Vea = Vaz = ot [OMA a = — (1 +oje°, o= 


Tat 


ale 


Solving equations (117.19) and using the normalisation of the function (117.18) 
we find that 


t= _Vaa + Van if « =f = [21+ sy”, | 
1+S 
(117.21) 
ga a, it w= “p=[0- sr". | 
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As V4, > 0, the lowest energy corresponds to the state with « = 8 and the norma- 
lised function is 


gs = [20 +S)? (wa + Ys)- 
In our approximation this state corresponds to an energy 


2 
e(R) = Fy, +o — 4a t Van 
R 1+S8 


Substituting the values (117.20), we find 


e” (1+ eye? + (1 — Zo") ec 


. 117.22 
R 1+(l+e+ 407)e° ( ) 


e(R) = Ex, + 


It follows from this equation that for @ < 2-5 the nuclei repel one another, while 
for 9 > 2:5 there is an attraction. 

The second solution (117.21) of the set of equations (117.19) corresponding to 
the function 


y = [20 — SI"? a — Ys) (117.23) 


leads to a repulsion between the nuclei at all distances. Qualitatively, this repulsion 
is connected with the fact that in the state (117.23), there is only a small probability 
that the electron is between the nuclei. 

The minimum of the energy (117.22) corresponds to a value @ = 2:5, or Ro = 2:5a 
x 1:32 A. Experimentally, Ry = 1:06 A. Agreement with experiment is appreciably 
improved, if we introduce apart from the variational parameters « and £ a third pa- 
rameter, an effective charge Z* of the nuclei in the molecule, that is, if we put 


4 
y= a erie (117.24) 


A single electron cannot provide a stable bound state when the charge of the nuclei 
is larger than unity. 


A chemical binding between hydrogen nuclei can be effected not only by electrons, but also by 
other negatively charged particles. There is, for instance, great interest attached to the formation of 
muonic molecules consisting of two hydrogen nuclei and a negative muon. Muons are unstable 
particles, decaying into an electron and two neutrinos, with an average lifetime of about 10~® sec. 
During that time, the muon can restrain two hydrogen nuclei, forming a muonic molecule. Since 
the muon-mass is 207 times that of an electron, the energy of such a muonic molecule as a function 
of the distance between the nuclei will be determined by equation (117.22) with the atomic unit of 
length a replaced by a, = h?/m,,e? = a/207. The distance between the nuclei corresponding to the 
energy minimum will thus be Ro = 2.54, ~ 6.4 x 10-11 cm. The negative muon thus compensates 
the electrical repulsion between the nuclei and brings them appreciably closer to one another. If the 
muonic molecule is formed from a nucleus of ordinary hydrogen and deuterium, this approach leads 
to a nuclear reaction in which the >He-nucleus is formed while an energy of about 5.4 MeV is emitted. 
Muons can thus act as catalysts for this reaction. This was observed by Alvarez and co-workers in 
1956, 
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118. ELEMENTARY THEORY OF CHEMICAL FORCES 


The evaluation of the nature of the chemical binding of atoms is one of the basic 
problems of quantum chemistry. It was established on the basis of a number of 
experimental data that in many chemical compounds—salts and bases—the con- 
stituent parts of a molecule are positive and negative ions between which attractive 
electrostatic forces act. If we introduce an empirically selected volume for the ion, 
that is, a distance at which the attraction between oppositely charged ions becomes 
arepulsion, we can use a classical theory—Kossel’s theory—to explain several pro- 
perties of ionic or heteropolar chemical binding. This classical theory, however, uses 
a number of concepts, such as electron affinity and ionic dimensions, which cannot be 
explained by a classical theory. 

The analysis of a large number of experimental data on chemical compounds 
showed that the chemical properties of atoms are determined by the configuration 
of the outer electrons of the atom. None of the atoms of the inert gases, He, Ar, Ne, 
Kr, ..., in their ground state form chemical components with other atoms; in their 
ground state, they have completely filled electron shells. The outer electron shells of 
these atoms correspond (see Section 92) to the electron configurations (ms)? and 
(np)°. 

The formation of ions, postulated in Kossel’s theory is connected with the re- 
arrangement of the electron shells of the atoms forming a chemical compound. An 
electron, or several electrons, from one atom go over to another atom in such a 
manner that ions are formed with a stable electron configuration which is close to 
the structure of the inert gases. Such a re-arrangement takes place when it is con- 
nected with the release of energy when a molecule is formed. Atoms of a metal 
usually form positive ions, giving electrons to atoms of metalloids. 

The valency of an atom in a molecule with ionic binding is determined by the 
number of electrons which it loses to other atoms of the molecule (positive valency) 
or gains from them (negative valency). However, only a minority of elements in 
the periodic table has strongly expressed metallic or metalloidal properties. We can 
thus not explain the majority of the chemical compounds on the basis of ionic 
binding. Chemical binding is also observed between identical atoms, as is shown by 
the existence of stable molecules such as H,, O,, or N,. A chemical bond which 
is not accompanied by an appreciable shift of electrons from one atom to another 
is called homopolar or covalent binding. The simplest example of a covalent bond 
is the binding of the atoms in the hydrogen molecule (see Section 117). 

Covalent interactions have saturation and directional properties. Because of the 
mathematical difficulties arising when we consider a many-electron problem, up to 
the present time a satisfactory quantitative theory of homopolar binding in com- 
plex molecules has not yet been constructed. However, one can easily explain quali- 
tatively the properties of such interactions by using simple models based upon an 
extension of the theory of the hydrogen molecule to the case of complex molecules. 
We shall discuss such properties, considering a few examples. 
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(a) Saturation properties of chemical forces. Let us first of all consider the sim- 
plest example: the interaction of a hydrogen atom with a helium atom in its ground 
state. In the ground state of the helium atom both electrons are in the 1s-state—we 
shall for the sake of simplicity, call such states single-particle coordinate states—and 
their spins are antiparallel. Pairs of electrons in an atom in the same single-particle 
state with spins antiparallel are in quantum chemistry called paired electrons. We 
denote the paired electrons in the helium atom by 1 and 2, and the electron in the 
hydrogen atom by 3. The system of a hydrogen atom and a helium atom in its ground 
state will have spin 4; the Young diagram corresponding to the spin wavefunction 


of such a state is, EE! that is, it is antisymmetric in the spin variables of the elec- 


trons 1 and 2, in the helium atom, and symmetric under an interchange of the elec- 
tron 3 of the hydrogen atom only with that electron in the helium atom which has 
the same spin orientation. In order that the complete function of the system is anti- 
symmetric in any pair of electrons, the symmetry of its coordinate function must be 


determined by the Young diagram Ee that is, this function must be antisym- 


metric under the interchange of the spatial coordinates of the electron of the hy- 
drogen atom and one of the electrons in the helium atom. We showed in Section 117 
that there must then be a repulsion between the atoms, since the correlation in the 
motion of the electrons of the interacting atoms is such that they seldom are in the 
region between the nuclei of the atoms. We can approximately write for the differ- 
ence in the energy of the system as compared to the isolated atoms 


20 — A, 


where Q is the Coulomb and 4 the exchange interaction. As A < 0, 20 —-A>0 
for all distances. Hence, there are no bound states for this system. 

The system of two helium atoms, both in their ground state, is described by a 
coordinate wavefunction which is antisymmetric under an interchange of the spatial 
coordinates of the electrons from one atom to another: only electrons with their 
spins parallel can be interchanged without a change in the total spin of each atom. 
Two helium atoms, therefore, repel one another. 

Using the same arguments, we can see that the interaction of any pair of “paired” 
electrons in an atom with the electrons of another atom always leads to repulsion. 
In this connexion, we see that atoms of the inert gases in their ground state do not 
show chemical] activity. 

The electrons of an atom can thus in each of its quantum states be divided into 
two groups: the valence (“unpaired’’) electrons of the outer electron shells, which 
occupy “coordinate states” singly, and all other, “‘paired’’, electrons, which do not 
take part in the covalent chemical binding. The number of outer, unpaired electrons 
in a given state of an atom determines its chemical valency. The valency of an atom 
depends on its quantum state (vide infra). 
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The two electrons in the hydrogen molecule which form a covalent bond in the 
singlet spin state are also “paired” electrons and their interaction with the electron 
and nucleus of another atom leads thus to repulsion. One can thus qualitatively 
explain saturation or covalent binding between atoms. On the other hand, one can 
say that each covalent bond between atoms is formed by the “pairing” of their 
valence electrons. Once the electrons are “‘ paired”, they cannot form new chemical 
covalent bonds. In a certain sense, quantum mechanics thus justifies the usual de- 
scription of molecules in chemistry as a collection of atoms joined by localised 
valency lines. 

(b) Directed valency of atoms. The Russian chemists Butlerov introduced in 1861, 
on the basis of an analysis of experimental data, the concept of a chemical structure 
of a molecule, that is, the concept of a definite spatial distribution of atoms in a 
molecule. In the H,O-molecule, for instance, the atoms are arranged in a triangle, 
but in the CO,-molecule, the atoms are arranged along a straight line with the 
carbon atom in the middle. To explain the chemical structure of molecules, it is 
necessary to assume that the chemical valencies of atoms have a well-defined direc- 
tivity. Quantum mechanics gives a simple, qualitative explanation of the directed 
valencies of atoms. 

We can, of course, speak about directed valencies only when an atom has two or 
more valence electrons. Let us consider the simplest examples. The nitrogen atom 
in its ground state has a (1s)? (2s)? (2p)? configuration; the 4 electrons in the 1s and 
2s shells are paired and do not take part in the chemical binding. The 2p shell has 
three different coordinate states which can be denoted by p,, p, and p,. Three elec- 
trons, one in each of these states, are valence electrons. The angular distribution of 
these electrons is determined by the absolute squares of the wavefunctions, which 
are normalised on the unit sphere: 


3 
IpP2> = Yio= [cose 
4x 


1 3 
Ip = = 1¥%11 + Mi-1) = Jz sin 8 cos 9; (118.1) 
/2 4a 
i a 
IP = —= [Kis r= [2 snosing 
J/2 4 


We can see that the directions in which we find the maximum probability for the 
spatial distribution of the electrons in the states (118.1) are at right angles to one 
another. It is thus natural that the directions of the chemical bonds produced by 
these electrons will also be at right angles to one another, since the wavefunctions 
overlap most strongly when the atoms approach one another along these directions. 

Experiment shows that the NH3-molecule has, indeed, a pyramid structure, 
where the angles between the directions of the NH bonds are 107°-3. The somewhat 
larger value of the angle, as compared to the theoretical value of 90°, can easily be 
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explained by the effect of the mutual repulsion of the hydrogen atoms which lie in 
the base of the pyramid. 

The phosphorus atom has an electron configuration (1s)? (2s)? (2p)® (3s)? (3p)?. 
The phosphorus atom has thus three valence electrons in the states characterised 
by the angular functions (118.1). The angles between the valency directions must 
thus be 90°. Experimentally, the angles in the chemical compound PH, between 
the P—H bonds are 93°-3. Arsenic, antimony and bismuth atoms also have three 
valency directions at right angles to one another, since their three valence electrons 
belong to an (p)?-configuration. 

Oxygen and sulphur atoms have, respectively, (1s)? (2s)? (2p)* and (1s)? (2s)? (2p)* 
(3s)? (3p)* electron configurations. Of the four outer electrons in the three p-states, 
two are necessarily paired. These atoms have thus two valence electrons which are 
in two states such as (118.1). The two valencies of these atoms are thus at an angle 
of 90°. Experimentally, the angle between the valencies in H,O and H,S are, respec- 
tively, 104°-45 and 92°-2. 

The valency states of an atom are, however, not always determined as simply 
as in the cases just considered. When chemical compounds are formed, the electron 
shells in the atom are usually re-arranged, so that the valence state of an atom in a 
chemical compound differs from the state of an isolated atom. Let us consider the 
carbon atom as an example. An isolated carbon atom has a (1s)? (2s)? (2p)?-confi- 
guration corresponding to an atom with two valencies. In chemical compounds, 
carbon behaves as an atom with four valencies. Examples are the compounds CH,, 
CCl,, C(CH3),, and many others. The four valencies found in these compounds 
are completely equivalent and are at angles of 109° 28’ with respect to one another. 

Such angles form lines leading from the centre to the four vertices of a tetra- 
hedron, and one, therefore, often says that the valency directions of carbon atoms 
are at tetrahedral angles to one another. 

A diamond crystal is also a gigantic molecule, where each carbon atom is connected 
with four neighbouring carbon atoms by covalent bonds at tetrahedral angles to 
one another. 

One can easily give a theoretical explanation of this valency of the carbon atom, 
if we bear in mind that the energies of the 2s- and 2p-states in the carbon atom differ 
little from one another. The valency states of the carbon atom, (1s)? (2s) (2p)> are 
thus found by a re-arrangement of the electron shells and correspond not to the four 
functions |s>, |p,>, |py>, and [p,>, but to those four linear combinations of these 
functions, which are mutually orthogonal. One sees easily that a set of such functious, 
normalised on the unit sphere, is given by 


v1 = 4Lls> + [p> + Py + ped], 
Y2 = tls) + |Px> — |Py> — Ip], 
vs = dls) — |p.) + |Py> — IP], 
ya = 4[ls> — |px> — |Py> + IP2>1, 


(118.2) 
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where |s> = (4xx)-'/2, while the other functions are given by (118.1). The functions 
(118.2) are called tetrahedral orbitals. In the valency state of carbon, its four outer 
electrons, which in the isolated atom are in the (2s)? (2p)? configuration, occupy 
the four states given by the functions (118.2). The absolute square of the function y, 
in (118.2) has its maximum value in the direction of the body diagonal of the octant 
formed by the x-, y-, and z-axes. This direction will also be the direction of the 
valence bond produced by the electron in that state. The absolute square of the func- 
tion y, has its maximum in the direction of the body diagonal of the octant formed 
by the x-, —y-, and ~—z-axes. For the function w3, the direction is along the body 
diagonal of the —x-, y-, —z- octant, and for the function y,, finally, itis along the body 
diagonal of the —x-, —y-, z- octant. 

The energy necessary for the atom to change from the (2s)? (2p)? state to the 
(2s) (2p)? state. characterised by the functions (118.2), is less than the energy released 
when carbon, in a tetrahedral valency state, becomes part of a chemical compound 
with four other atoms—hydrogen atoms, carbon atoms, or other atoms. 

Silicon, germanium, and tin, the four outer electrons of which in free atoms are 
in (ns)? (np)? configurations with n = 3, 4 and 5, respectively, also show four tetra- 
hedral valencies. 

A re-arrangement of the electron state also occurs in chemical compounds of 
beryllium with other atoms. A free beryllium atom has a (1s)? (2s)? configuration. 
The valency state, (1s)? (2s) (2p), of a beryllium atom is determined by the two 
outer electrons in states described by two mutually orthogonal wavefunctions, which 
are normalised on the unit sphere. 


Y= z [Is> + |p2>] = = [1 + V3 cos 6], (118.3) 
Y2 = F [Is> — |p.>] = = [1 — V3 cos 6]. (118.4) 


The probability density determined by the function (118.3) has its maximum value 
along the z-axis; for the function (118.4), the probability density is a maximum for 
6 = 180°. The two valencies of the beryllium atom are thus in opposite directions. 
This is shown, for instance, by the fact that the BeCl, molecule is linear. 

The (1s)? (2s)? (2p) configuration of the boron atom changes to the (1s)? (25) (2p)? 
configuration in chemical compounds. The three outer electrons are then in states 
corresponding to the wavefunctions 

] — 
v= all + V2\p.)1, 
1 — — 
y2= w7; [V2 Is> — |Px> + V3 Ipy>], (118.5) 


1 


vs = —= [V2 |s> — Ip.) — V3 12,1. 
V6 
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The valencies determined by these functions lie in one plane at angles of 120° to 
one another. 

When a chemical compound is formed, the electron shells of the free atom are 
thus usually re-arranged. Apart from the re-arrangement of the electron configura- 
tions discussed in the foregoing, there is also the possibility of a more essential re- 
arrangement of the electron shells, where an electron in an atom in the molecule 
is shifted to one or several other atoms in the molecule: this leads to the formation 
of additional ionic bonds. For instance, in some compounds, such as NH,Br and 
NH, Cl, the nitrogen atom appears as a positive ion, Nt. When one electron of the 
nitrogen atom moves to other atoms in the molecule, a positive nitrogen ion with 
the electron configuration (1s)? (2s) (2p)? is formed; this corresponds to the tetra- 
valent carbon atom, and the nitrogen atom is thus able to retain four hydrogen 
atoms and the negative ion of the halide atom, which has been formed. Although 
such a re-arrangement of the electron shells requires energy, this energy is more 
than compensated by the energy released when the bonds between the atoms in the 
molecule are formed. 

In HBF,, and in some other molecules, boron is a negative ion with a (1s)? (25) 
(2p)? electron configuration. 

The ionic interactions in a molecule are characterised by the number of nearest 
neighbours. In the NaCl molecule, each ion has one neighbour, but in a NaCl crystal, 
which can be considered to be one large molecule, each sodium atom is surrounded 
by six chlorine ions. In the CsCl crystal, each chlorine ion is surrounded by eight 
caesium ions. 

Since in ionic interactions electrons are shifted from some atoms in the molecule 
to other atoms, the molecule usually acquires an electrical dipole moment. In some 
cases, there is no such dipole moment, because of the special symmetry of the elec- 
trical charge distribution. 

In general, there is also some shift of electrons from one atom to another in homo- 
polar compounds and this will lead to the appearance of electrical dipole moments. 
The division of chemical bonds in ionic and purely homopolar bindings is thus a 
relatively arbitary one. 

(c) Multiple bonds between atoms; o- and z-bonds. In some molecules, the bond 
between atoms is realised, not by one, but by two or three pairs of electrons. Such 
bonds are called double and triple bonds, respectively, A typical example of a triple 
chemical bond is the nitrogen molecule, N,, which can be written in the form N=N. 

We noted earlier that the valency states of nitrogen atoms are determined by the 
three electron states |p,>, |py>, and |p,>, which form three valencies at right angles 
to one another. 

If the z-axis is along the line connecting the two nitrogen atoms, one of the chemical 
bonds is formed through the overlap of the |p,> wavefunctions of the two atoms. 
The corresponding molecular function is independent of the angle y, that is, it does 
not change under a rotation around the z-axis or under a reflexion into any plane 
through the z-axis. Electrons forming such a bond are called o-electrons. Let us note 
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in passing thatele ctrons forming a single bond between atoms are always o-electrons. 
Two more pairs of valence electrons in the N2-molecule form two additional bonds. One 
pair of electrons forms a bond when the wavefunctions of the |p,>-states of the 
two atoms overlap. The second pair of electrons does so when the |p,>-wavefunctions 
overlap. The wavefunction of a molecule which is formed from the atomic |p,>- 
functions changes sign when it is reflected into a plane through the z-axis, that is, 
through the line connecting the atoms, and perpendicular to the y-axis, since the 
[p,>-function contains a factor sin y, which changes sign when » > —g@. Electrons 
forming such a bond are called z-electrons. Of course, the energy of a bond formed 
by z-electrons is less than the energy formed by o-electrons, since the overlap of the 
wavefunctions is less. The pair of electrons in the states determined by the wave- 
function formed from the atomic |[p,>-functions are also called x-electrons, since 
that function changes sign when reflected into a plane through the z-axis and per- 
pendicular to the x-axis. In the nitrogen molecule, there is thus only one bond be- 
tween the atoms formed byo-electrons, while the other two are formed by z-electrons. 
This rule can be extended also to multiple bonds between other atoms. 

Carbon atoms may have double bonds between them. Such a bond occurs, for 
Instance, in the ethylene molecule 


The main bond between the carbon atoms in ethylene, and between the carbon 
atoms and the hydrogen atoms, is formed by g-electrons. The extra bond between 
the carbon atoms is formed by z-electrons. The valency state of the carbon atoms 
in the ethylene molecule is described by four wavefunctions 
1 — 
Y= 1p» Y= ll) + V2 \p21, 


vs = [V2 Is) - |p.) + V3 Ip], 
V6 


1 
7 i 
/6 

The o-bonds formed by the functions y,, y3, and w, lie in one plane, perpendicular 
to the z-axis, and form angles of 120°. The z-bond is formed by electrons in the 
states py; = |p,>. The largest overlap of the |p,>-wavefunctions of the two atoms 
is realised when the directions of the maximum probability density are parallel in 
the two atoms. This condition guarantees the stability of the plane structure of the 
ethylene molecule. 

A triple bond is also possible between carbon atoms. Such a case is observed in 
the acetylene molecule, which has a linear structure: H—C=C—H. The triple bond 
between the carbon atoms in this molecule consists of one o- and two a-bonds. The 
valency state of the carbon atoms in the acetylene molecule is characterised by the 


[V2 |s> — Ips» — V3 |p, I. 
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four functions 


i =|Ps)s Y2=1P>» Ys =—Ells> + 1p), vs = lls) — [p.)]. 
J2 


The electrons in the y, and y, states form z-bonds between the carbon atoms. 
Electrons in the ys and yw, states form two o-bonds for each carbon atom. One of 
them retains a hydrogen atom, and the second one is the main o-bond between the 
carbon atoms. 

The valency state of an atom can thus be different in different kinds of molecules. 
For instance, three kinds of valency states are possible for the carbon atom: (a) four 
equivalent valencies directed to the vertices of a regular tetrahedron and leading to 
the formation of four o-bonds; (b) three valencies directed at angles of 120° and 
leading to the formation of three o-bonds lying in one plane, and one valency—an 
electron in the |p,> state—leading to the formation of a z-bond; (c) two valencies, 
directed in opposite directions, forming two o-bonds and two valencies—two elec- 
trons in the [p,> and |p,» states—forming two x-bonds. 


(d) Molecules of aromatic compounds. Incomplete localisation of bonds. In the 
examples considered so far, we can talk about the number of bonds which go to each 
atom in the molecule, that is, in some approximation, we can speak about the loca- 
lised position of each chemical bond, in which up to two electrons take part. (In 
some cases, for instance, in the once ionised hydrogen molecule, the chemical bond 
is formed by only one electron). In that case, we can depict in the structure formula 
of the molecule each bond by a dash. This situation is not always realised. The 
benzene molecule C,H, is an example of a molecule in which the localisation of the 
bonds between the atoms is partially violated. The benzene molecule is a plane 
molecule. The six carbon atoms are situated at the vertices of a regular hexagon. 
Three valence electrons of each carbon atom take part in the formation of three 
o-bonds: one with a hydrogen atom and two with neighbouring carbon atoms. These 
three bonds are at angles of 120° to one another. The fourth valence electron in each 
carbon atom is in a |p,» state (we have taken the z-axis at right angles to the plane 
of the molecule). This electron is thus a z-electron. Each of these z-electrons in the 
benzene molecule takes part in the simultaneous formation of a bond with the two 
neighbouring carbon atoms, and not with only one atom. Such a “delocalisation” 
of the bond leads to the possibility of a migration of the six -electrons around the 
benzene ring from one atom to another, forming a ring current. For instance, when 
a magnetic field is put on at right angles to the plane of the benzene ring, an electrical 
ring current will arise in the molecule, leading to the appearance of a magnetic 
moment: diamagnetism. Since the current “‘runs round” a large area, the resultant 
magnetic moment has a large magnitude. 

A large group of other organic compounds also belong to the class of molecules 
such as benzene: naphthalene, anthracene, naphthacene, phenanthrene, and so on. 
The presence of the ‘‘delocalised” z-electrons of carbon atoms in these molecules 
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leads to a number of features distinguishing these compounds, which are called 
aromatic compounds, from other molecules with localised bonds. 

Among all other atoms of the elements in the periodic table, carbon atoms are 
distinguished by the fact that they form the most diverse compounds, in which the 
different valency states, which form either localised or non-localised chemical bonds, 
occur. Together with hydrogen, nitrogen, oxygen, sulphur, and phosphorus, carbon 
forms nearly all organic compounds in nature. At present, more than two million of 
them are known. 


119. CLASSIFICATION OF MOLECULAR ELECTRONIC STATES 
WHEN THE POSITIONS OF THE NUCLEI ARE FIXED 


In the preceding section, we were interested solely in the ground states of mole- 
cules and possible valency states of atoms leading to the formation of stable mole- 
cules. Let us now consider the electronic states of molecules, when the positions 
of the atomic nuclei are fixed at the equilibrium distances in the ground state of the 
molecule. A quantitative calculation of the energy of electronic states encounters 
enormous mathematical difficulties. To understand the many features of electronic 
states it is first of all necessary to classify them properly. 

As in the case of atoms, the classification of the electronic states of molecules 
can be realised by giving the value of the integrals of motion in the states considered. 
Since the presence of integrals of motion is determined by the symmetry of the field 
in which the electrons move, the electron states must be classified according to the 
irreducible representations of the symmetry group of the molecule under discussion 
(see Section 20). Let us first of all consider diatomic and other linear molecules. 

The average field acting upon an electron in linear molecules has axial symmetry, 
that is, in the adiabatic approximation, the Hamiltonian remains invariant when the 
molecule is rotated over an arbitrary angle around the axis of the molecule (sym- 
metry elements C,). Moreover, the Hamiltonian remains invariant under reflexions 
into any plane through the axis of the molecule (symmetry elements o,). The sym- 
metry group with these symmetry elements is denoted by C,,. If, apart from the 
above-mentioned symmetry elements, there is also a centre of symmetry, such as is 
the case for diatomic molecules with identical atoms or molecules such as CO,, the 
symmetry group is denoted by D,,. 

Let us first of all consider molecules belonging to the symmetry group C,,. In 
a field with axial symmetry, the component of the orbital angular momentum along 
the axis of the molecule is conserved. We can thus classify the states of the molecule 
with respect to the absolute magnitude of this component. The absolute magnitude A 
of the component of the total orbital angular momentum of the electrons along the 
axis of the molecules can, in units #, take on the values 0, 1, 2, 3, 4, ... Usually, we 
give instead of the numerical value of A the symbols 2, I, 4, ®, F, ... corresponding 
to the values A = 0, 1, 2,3, 4, ... 


[XII, 119] Classification of Molecular Electronic States 495 


If A + 0 two states are possible, differing in the sign of the component of the 
orbital angular momentum along the axis of the molecule. A change in the sign of 
this component corresponds to the reflexion into a plane through the axis of the 
molecule. The Hamiltonian is invariant under such a reflexion. Two states differing 
in the sign of the component of the orbital angular momentum of the electrons, 
have thus the same energy. The /7-, A-, ®-, ... states are thus two-fold degenerate. The 
+-state (A = 0) is non-degenerate. Two kinds of 2-states are possible, which differ 
in their behaviour under reflexion into a plane through the axis of the molecule. 
Since a two-fold reflexion into a plane through the axis of the molecule is equivalent 
to the identical transformation, the wavefunction of a L-state either changes sign 
or remains unchanged under a reflexion into such a plane. The corresponding states 
are denoted by 2 and X*. 

The electronic states can differ not only in the value of the component of the orbital 
angular momentum along the axis of the molecule, but also in the value, S, of the 
total spin of all the electrons. When spin-orbit coupling is neglected, the 2S + 1 
states, differing in the z-components of the total spin, have the same energy. When 
spin-orbit coupling is taken into account, these states form a group of 2S + 1 levels, 
lying close to one another. The number 2S + 1 is then called the multiplicity of the 
electronic state. This number is written as a superscript to the left of the Greek 
capital indicating the value of A. The classification in terms of the multiplicity leads 
to singlet, doublet, triplet, ... states. 

Experimentally it is found that for most molecules in their ground state the total 
spin of the electrons is equal to zero: all spins are paired. Exceptions to this rule 
are the oxygen molecule O,, nitrous oxide NO, and a few others. 

We show in Table 15 the transformation properties of the wavefunctions of the 
electronic states of linear molecules without a centre of symmetry (C,,,) group. 
Under a rotation over an angle » around the axis of the molecule, the wavefunctions 


TABLE 15, SYMMETRY OF THE WAVE FUNCTIONS OF LINEAR MOLECULES OF TYPE Cop 


Cov C. 





at 
>= 


are multiplied by e*'4? where A determines the absolute magnitude of the component 
of the orbital angular momentum along the axis of the molecule. The two signs (+) 
correspond to the two possible directions of the rotation. The wavefunctions of the 
2-states (A = 0) do not change under a rotation. Under a reflexion into a plane 
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through the axis of the molecule (¢,-operation) the wavefunction of the 2't-state is 
not changed, but that of the 2-state changes its sign. The wavefunctions of the 
states with A + 0, under a reflexion into a plane, o,, are changed to their conjugate 
complex. This operation is indicated by * in Tables 15 and 16. The characters of the 
irreducible representation of the C,,, group were given in Table 4 of Section 20. 
Molecules belonging to the D,,, symmetry group, that is, linear molecules with a 
centre of symmetry, have, in addition to the symmetry elements of the C,,, group, 
the following symmetry elements: (a) inversion, i; (b) reflexion, o,, into a plane 
perpendicular to the axis symmetry of the molecule and through the centre of the 
molecule; (c) an infinite number of rotations over 180° (C2-operator) around axes 
through the centre of the molecule and at right angles to the axis of the molecule. 
In Table 16, we have given the transformation properties of the wavefunctions of 
the molecules belonging to the D,,, group. In the first column of Table 16, we give 


TABLE 16. SYMMETRY OF THE WAVE FUNCTIONS OF LINEAR MOLECULES OF TYPE Dan 





the notation of electronic states of such molecules. The indices “g” and “‘u”’ indicate 
whether the wavefunctions are symmetric or antisymmetric under an inversion, i. 
States with the index “‘g” are called even states (the German for even is gerade), 
while states with the index “‘u” are called odd states (the German for odd is un- 
gerade). 

We considered in Section 117 states of a system consisting of two hydrogen atoms. 
The stable ground of this system is a singlet spin state and the coordinate function 
corresponded to a zero total orbital angular momentum, so that A = 0. This func- 
tion is symmetric in the coordinates of the two electrons. The state is denoted by 12,. 
The second state considered in Section 117 corresponded to a triplet spin state and 
an antisymmetric coordinate function. Its spectral notation is 3X. When the mole- 
cule goes into that state, it falls apart into atoms. 

The electronic states of polyatomic non-linear molecules can also be classified 
according to the irreducible representation of the symmetry group under which the 
Hamiltonian of the molecule considered is invariant. We considered in Section 20 
the classification of the electronic states of “angled” triatomic molecules, such as 
H,O and H,S, which belong to the C,, symmetry group and of poly-atomic mole- 
cules such as NH,, CH,Cl, belonging to the C3,-symmetry group. 
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Let us consider the classification of the electronic states of the naphthalene mole- 
cule (Fig. 23). The symmetry of this molecule belongs to the D,, group. This is an 
Abelian group with 8 symmetry elements. Apart from the identical element, E, and 
the inversion, i, there is symmetry under rotations around 180° around three mutually 
perpendicular directions, Cz, C?, Cz, and under three reflexions, o*, o”, 0”, into 





Fic. 23. The positions of the carbon atoms (shaded circles) and hydrogen atoms 
(open circles) in the naphthalene molecule. 


planes perpendicular to the x-, y-, and z-axes. The electronic states in this molecule 
can be of eight types, corresponding to the eight irreducible representations of the 
D,, group. The irreducible representations of that group, characterising the trans- 
formation properties of the wavefunctions of the corresponding states, are given in 


Table 17. 
TABLE 17, IRREDUCIBLE REPRESENTATION OF THE D>, GROUP 


by 


Dan ala|lalilelele 


a 





The ground state of all stable molecules belongs to a completely symmetric re- 
presentation of the appropriate group. For linear molecules without a centre of 
symmetry, this is the '*-state; for linear molecules with a centre of symmetry, this 
is the Y;*-state; for the H,O-molecule an A-state; for the naphthalene molecule the 
A,,-state, and so on. 

The classification of the electronic states of molecules given here corresponds to 
the positions of the atomic nuclei which they have in the ground state of the mole- 
cule. This classification remains approximately the same also when the nuclei per- 
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form small oscillations around their equilibrium positions. If the vibrations cannot 
be considered to be small, the displacements of the nuclei from their equilibrium 
positions can lead to appreciable changes in the classification. The displacement of 
nuclei from their equilibrium positions influences most strongly degenerate electronic 
states, if such a displacement of the nuclei leads to a violation of the symmetry of 


Fic. 24. Asymmetric oscillation of a triatomic linear molecule, violating its axial 
symmetry. 


the molecule. Let us illustrate this, using as an example a linear triatomic molecule. 
In its ground state, such a molecule has an axis of symmetry and its electronic states 
IT, A, ... are two-fold degenerate. When the nuclei are displaced as shown in Fig. 24, 
corresponding to an asymmetric oscillation, the axial symmetry of the molecule is 
violated. The violation of the axial symmetry leads to a lifting of the degeneracy. 
For instance, a two-fold degenerate /7-state, which, in a linear molecule, corresponds 
to the wavefunctions (27)~‘/? e'® and (2x)? e” '*, changes into two states of dif- 
ferent energy, when the nuclei are displaced in the way shown in Fig. 24, correspond- 
ing to the wavefunctions 


Y= — fe’? +e '?] and Y. = fe’? — e 7], 


1 
Vv 40 J 4a 
the first of which is symmetric and the second of which is antisymmetric under a 
teflexion into a plane through the three displaced nuclei (the angle p is reckoned 
from that plane). 


120. NUCLEAR VIBRATIONS IN MOLECULES 


We showed in Section 116, that in the adiabatic approximation the motion of the 
atomic nuclei is determined by equation (116.8), where the energy ¢,,(R) of the 
electrons as function of the positions of the nuclei plays the role of the potential 
energy. The energy ¢,,(R) depends on the state of motion of the electrons, which is 
characterised by quantum numbers which are collectively indicated by the index m. 
In different electronic states, the atomic nuclei move thus in different potential fields. 
Let us consider nuclear oscillations around their equilibrium positions in the elec- 
tronic ground state with a potential energy ¢,(R). 

In a non-linear molecule with N nuclei the energy ¢o(R) will depend on 3N ~— 6 
independent displacements R; from the equilibrium positions. Expanding e,(R) in 
a power series in these displacements and retaining only terms up to the quadratic 


[XII, 120] Nuclear Vibrations in Molecules 499 


ones, we can write ¢)(R) in the form 





1 3N-6 O76 
E(R) =e + - R;R,. 120.1 
fR) = e045 2d, (oe a), * (120.1 


By changing from the displacements R, to new, normal coordinates, we can transform 
the quadratic form (120.1) to a sum of squarest. The Hamiltonian determining the 
nuclear vibrations can then be written as a sum of Hamiltonians, that is, 


3N-6 oe? 
a | - —a+ “| Cj. (120.2) 


As the Hamiltonian (120.2) is a sum of Hamiltonians of harmonic oscillators with 
frequencies w,, the total vibrational energy of the molecule will depend on the set 
of quantum numbers {»,} = 71, 72, ... through the formula 


Evy = Y hor; + 4), (120.3) 


where each of the », can take on the values 0, 1, 2, ... The wavefunctions of these 
states are products of the corresponding wavefunctions of the linear harmonic os- 
cillators: 

Pog = IT »,, (4), (120.4) 


with : 
9,(q) = (2’v! Vx)7"? oP Hq), (120.5) 


where the H,(x) are the Hermite polynomials of degree y in the variable x, which 
were defined in Section 33. 

The vibrational states of molecules can be classified with respect to their symmetry 
properties like the electronic states. First of all, the vibrations of molecules can be 
divided into degenerate and non-degenerate ones. Vibrations for which each fre- 
quency belongs to only one kind of nuclear motion are non-degenerate. These vibra- 
tions are either symmetric or antisymmetric with respect to the various symmetry 
operations corresponding to the point symmetry group of the equilibrium con- 
figuration of the molecule. In other words, non-degenerate vibrations belong to a 
one-dimensional irreducible representation of the appropriate symmetry group. The 
nuclei in the molecule move along straight lines, when performing non-degenerate 
vibrations. 

If several kinds of independent nuclear motions correspond to the same frequency, 
such vibrations are called degenerate. Apart from improbable accidental coincidences 
of frequencies, degeneracy is caused by the symmetry properties of the molecule. 
Under symmetry transformations, one type of degenerate vibrations will, in general, 
change to another type of vibrations of the same frequency. Degenerate vibrations 


Tt See, for instance, D. reR Haar, Elements of Hamiltonian Mechanics, North Holland, Amsterdam, 
1964, Ch. 3. 
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are symmetric or antisymmetric, that is, the displacements of the atoms from their 
equilibrium positions either remain unchanged, or change sign, only with respect 
to some of the symmetry elements. 

We can determine the multiplicity of the vibrational frequencies of complex 
molecules and the symmetry properties of their vibrations without solving the 
equations characterising the dynamics of the vibrations, by using some simple 
theorems from group theory. 

From the point of view of group theory, the problem of determining the multi- 
plicity of the vibrational frequencies and their symmetry properties reduces to ex- 
panding the complete representation of arbitrary vibrations of the nuclei of a mole- 
cule in terms of the irreducible representation of the appropriate symmetry group. 
This is equivalent to the much simpler problem of expanding the character of the 
complete representation of the vibrations in terms of the characters of the irreducible 
representations of the appropriate symmetry group. 

The characters of the irreducible representations of point symmetry groups are 
tabulated.t The character of the representation corresponding to all possible motions 
of the nuclei in the molecule is determined as follows. We associate with each nucleus 
three mutually orthogonal displacements, x;, y,, and z,, from the equilibrium posi- 
tion, and study the transformation properties of these displacements under successive 
applications of all symmetry elements of the given group. 

Since the characters of a representation are equal to the sum of the diagonal 
elements of the transformation matrix, we need, when evaluating the characters of 
all possible motions of the nuclei, only take into account those nuclei, the equili- 
brium positions of which remain unchanged under the transformation considered. 
Nuclei which change places under the given transformation correspond to off- 
diagonal elements of the transformation matrix and do not contribute to the character 
of the transformation. 

If there are N nuclei in the molecule, all nuclei remain in their place under the 
identical transformation £ and the matrix of the transformation of the displacements 
x1, ¥;, and z, of each nucleus is of the form 


100 
010 
001 


The character of the identical element is thus equal to 
y(E) = 3N. (120.6) 


Let us now determine the character of the representation corresponding to a rota- 
tion of the molecule. Let Ng nuclei remain in place under a rotation over an angle 
(symmetry element C,) around some symmetry axis. The transformation matrix of 


¥ G. Ya. Lyuparsku, The Application of Group Theory in Physics, Pergamon, Oxford, 1960. 
H. Eyrina, J. WALTER, and G. E. KIMBALL, Quantum Chemistry, J. Wiley, New York, 1944. 
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the displacement of each of those nuclei has the form 


cosp sing 0 
—sing cosp 0}, 
0 0 1 


so that the character of the rotation C, is equal to 
x(C,) = Nc(1 + 2 cos 9). (120.7) 


Under reflexion into the xy-plane, the transformation matrix for the nuclear dis- 
placements is 


10 0O 
O01 Oj}. 
00 -I 


If under such a reflexion (¢,) N, nuclei remain in place, the character of the represen- 
tation will be given by the formula 


y(c,) = Ny. (120.8) 
Under an inversion / the transformation matrix for the nuclear displacements is 
-1 0 0 
0-1 Of. 
0 O-1 


If N, nuclei remain in place under an inversion, we have for the character of the 
inversion (D) = —3N;. (120.9) 


We can similarly determine the characters of the representations of all possible 
motions of the nuclei of the molecule for other symmetry elements. 

To evaluate the characters of the representations for the nuclear vibrations in a 
molecule, we must subtract from the characters of all possible nuclear displacements, 
determined a moment ago, the characters corresponding to the translations, 
T,, T,, T,, and the three rotations R,, R,, R,, of the molecule as a whole. The 
characters of the translations (7) and rotations (R) are usually tabulated.t 

When determining in the above-mentioned manner the characters, y,(g), of the 
nuclear vibrations for each element, g, of the group, we expand these characters in 
terms of the characters y,(g) of the irreducible representations of the group. Ac- 
cording to equation (D 8) of the Matematical Appendix, this expansion is given by 


the equation 
1 ag) = » Ay), (120.10) 
where the expansion coefficients 


Ag = N~*Y x08) xk (8) (120.11) 


T See, for instance, H. Eyrine, J. WALTER, and G. E. KIMBALL, Quantum Chemistry, J. Wiley, 
New York, 1944; and also Tables 18 and 19. 
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show how many types of vibrations have the symmetry defined by the corresponding 
irreducible representation. The summation in (120.11) is over all symmetry elements 
of the group and N is the total number of symmetry elements. 

Let us illustrate the above by two simple examples: 

(a) Let us classify the normal vibrations of the water molecule, H,O. This mole- 
cule belongs to the C2, symmetry group. The symmetry elements of this group are: 
E, the identical element; C,, a rotation over 180° around the z-axis; o,, a reflexion 
into the xz-plane, which is the plane of the molecule; and g,. a reflexion into the 
yz-plane. The characters of the irreducible representations of this group are given 
in Table 18. We have also given there the characters of the translations and rotations 
of the molecule asa whole. In the sixth row of Table 18, we have given the characters 7 


TABLE 18. CHARACTERS OF THE C3, GROUP 





of all possible nuclear displacements in the molecule. The character corresponding 
to the identical element is given by equation (120.6). The character corresponding 
to the element C, is determined by formula (120.7), bearing in mind that N; = 1 
since only the oxygen atom is not displaced under this operation. The character 
corresponding to the element o, is determined by equation (120.8) with N, = 3, 
since none of the three atoms is displaced. Finally, the character of ,. also follows 
from (120.8) with NV, = 1. In the seventh row of Table 18, we have given the charac- 
ters y, of the nuclear vibrations of the molecule; they are obtained from the charac- 
ters y of all possible displacements by subtracting the characters of the three trans- 
lations and the three rotations. 
Using now equations (120.10) and (120.11) we find 


Xo = 2A, + B,. 


From the three possible simple nuclear vibrations of the water molecule, two cor- 
respond thus to the completely symmetric representation A, and one to the re- 
presentation B,. All these oscillations have different frequencies—experimentally, 
their frequencies correspond, respectively, to 3652, 1595, and 3756 cm~*—-since the 
C2,» group has only a one-dimensional representation. All other nuclear vibrations 
correspond to a superposition (multi-phonon vibrations) of these simple vibrations. 

(b) The second example we shall consider is the classification of the nuclear 
vibrations in pyramidal molecules of the kind XY, such as the ammonia molecule 
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NH;. Such molecules belong to the C3, symmetry group, which has 6 symmetry 
elements: E, the identical element; 2C;, two rotations over 120° and — 120°, respec- 
tively; and 3¢,, three reflexion symmetries into planes which are at angles of 120°. We 
have given in Table 19 the characters of the irreducible representations of this group. 
This group has three irreducible representations of which one (£) is two-dimensional. 
In such a molecule, there is thus a possibility of two-fold degenerate vibrations. We 
have also given in Table 19 the characters of the translations (7) and rotations (R) 
of the molecule as a whole. In the fifth row of Table 19 we have given the characters 
of all possible nuclear displacements of the molecule. 


TABLE 19, CHARACTERS OF THE C3, GROUP 
Cx, | E | 2cs | 3e 
T, Ay 1 1 1 
R, Ag 1 1 —1 
(7, Ty) (Rx, R,) E 2 -1 0 





In the last row of Table 19, we have given the characters y, of the vibrations, 
Expanding y, in terms of the characters of the irreducible representations, we have 


Mo = 2A, + 2E. 


Up to two kinds of vibrations of symmetry A, and E are thus possible in XY; mole- 
cules. Vibrations corresponding to E are two-fold degenerate. The normal vibrations 
of XY3 molecules correspond thus to two different frequencies of the completely 
symmetric representation A, and to two two-fold degenerate vibrations of type £. 
In the case of the NH, molecule, the frequencies are respectively (in cm~+): 3337, 
950, 3414, 1628. 


121. ROTATIONAL ENERGY OF MOLECULES 


Apart from the vibrations of the nuclei around their equilibrium positions, the 
whole molecule may undergo a translational or rotational displacement. The trans- 
lational motion is not quantised and can easily be eliminated by working in a system 
of coordinates fixed in the centre of mass of the molecule. The rotational energy 
of a molecule takes on discrete values. According to the estimate in Section 116, 
the rotational energy of a molecule is about J p/M ~ 0-01 times the nuclear vibra- 
tional energy; the rotational motion is thus slow compared with the vibrational motion 
of the nuclei or the motion of the electrons in the molecules. We can thus in the 
adiabatic approximation neglect the coupling between the rotation of the mole- 
cule and its internal state determining the state of motion of the electrons and 
the nuclear vibrations. The energy of the molecule can in this approximation be 
written as a sum of the energies of the electronic motion, F.,, the energy of the 
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nuclear vibrations, Z,;,, and the rotational energy, E,,,, that is, 
E= Ey + Evy + Erot- (121.1) 


The wavefunction of the molecule can, in the same approximation, be written as a 
product of wavefunctions corresponding to each of these kinds of motion, that is 


P= pelt, Ro) Pvis(R) Pro), (121.2) 


where r are the electron coordinates, Rp the equilibrium positions of the nuclei, 
R the displacements of the nuclei from their equilibrium positions, and 0, Euler angles 
determining the orientation of the molecule in space. In the next approximation, the 
different parts of the energy of the molecule are no Jonger independent: it turns out 
that we can no longer determine independently the rotational, vibrational, and 
electronic energies. All these kinds of motion are coupled to one another. One says 
simply that there is an interaction between all three kinds of motion. 

In the present section, we shall consider only the rotational motion of the mole- 
cules, neglecting the interaction with the vibrations and with the motion of the 
electrons, that is, we shall consider the rotation of the molecule in a given electronic 
state, the ground state, in which the nuclei only carry out the zero-point vibrations 
around their equilibrium positions. We shall assume that the electron state refers to 
the singlet spin state, that is, that the total spin of the electrons in the molecule is 
equal to zero. 

The Hamiltonian of the molecule can in the adiabatic approximation, when we 
neglect the coupling between the rotation and the internal motion, be written in 
the form 

H = Hig (X) + foots (121.3) 


where Aq, is the operator of the internal motion, x stands for the coordinates of the 
electrons and the nuclei in a system of coordinates which is fixed in the molecule 
and T,,, is the rotational operator. If R is the operator of the angular momentum, 
corresponding to the rotation of the molecule, we have 

- leo Rk 
Trot = -h? »y = 


(121.4 
2 t=1 J; ) 


where the J; are the three principal moments of inertia of the molecule and the R, 
are the components of the rotational angular momentum along the three principal 
axes of the molecule. A molecule which has three different principal moments of 
inertia is called an asymmetric top. When two of the principal moments of inertia 
are equal, the molecule is called a symmetric top. Linear molecules are a particular 
case of a symmetric top; in that case, two of the principal moments of inertia are 
equal to one another, while the third one is infinitesimally small. All molecules with 
an axis of symmetry of at least third order, are symmetric tops. If all three principal 
moments of inertia of the molecule are equal to one another, the molecule is called 
a spherical top. Molecules with two or more axes of symmetry of third or higher 
order, such as molecules with cubic symmetry, are spherical tops. 
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Let us first of all consider the rotational energy of molecules, which are sym- 


metric tops. If J = J, = J, + J3, the operator (121.4) of the rotational energy 
can be written as follows 


2 2 2 
f, = 4 Ee - | R. (121.5) 


If we denote by L the operator of the angular momentum of the internal motion 
in the molecule—the electronic and vibrational motion—the operator of the total 
angular momentum, J, will be equal to 


; T=R+L. (121.6) 
We can thus write 7,,, in the form 


Winn ce ye wy, 1aafl 1] ey 
Tio = — UW 4+ 2° — 20. £2)) 4+ -A°| ——-|0, -L,). 121.7 
EI d. i +5 lF ;|@ 2. (121.7) 


If we neglect in this operator the term (1. Z) determining the coupling of the total 
angular momentum with the internal angular momentum, we can write for the 
Hamiltonian (121.3) for a molecule which is a symmetric top 


H° = Fini) + Tr, (121.8) 
where 
To ne ee 1_i (I, — L3)° (121.9) 
ot 2s 2\, sO 


The operator H° commutes with the operators 7?, I,, and L, and the stationary 
states of the molecule will thus be characterised by the functions 


[IKA> = y,(x) Diy x(8,), (121.10) 
where 





Oh x(6) = | TH Dial) (121.11) 


are the eigenfunctions of a symmetric top (see Section 45). The quantum number K 
determines the component of the total angular momentum along the 3-axis of the 
molecule; the quantum number M determines the component of the total angular 
momentum along the z-axis of the laboratory system of coordinates. The. function 
g(x) depends only on the internal, that is, the electronic and nuclear, coordinates 
of a molecule. The operator of the total angular momentum / causes the simultaneous 
rotation both of the system of coordinates fixed in the molecule and of the nuclei 
and the electrons of the molecule; it can thus not change the wavefunction of the 
internal motion, that is, 6p, = Ip,(x) = 0. In other words, the operator / acts only 
upon the functions 1,,(0,) depending on the Euler angles. We have thus 


PO iy, = 11+ OK, BO, = KOiyx. (121.12) 
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The operator Z, acts only upon the function p, in such a way that 


<galLslea> = A, (121.13) 


where A is the component of the internal angular momentum along the 3-axis of 
the molecule, in units A. In diatomic molecules, A is determined only by the motion 
of the electrons; in particular, in 2-states A = 0. In linear polyatomic molecules, 
the transverse nuclear vibrations in the molecule, which are always two-fold degener- 
ate, also contribute to A. If a transverse vibration of frequency w is excited with 
quantum number »—»?-phonon vibration—such an excitation has an angular mo- 
mentum around the axis of the molecule which can take on the values: ¢ 


v, vy—2,7-4,..., —». 


This angular momentum is usually called the vibrational angular momentum. The 
vibrational angular momentum along the axis of the molecule can also occur when 
the nuclei of non-linear molecules, which are symmetric tops, vibrate. In the ground 
state of molecules usually A = 0. 

Using (121.12), we find the average value of the Hamiltonian (121.8) of symmetric 
top molecules in the state determined by the function (121.10) 


Erxa = (IKA|H°|IKA) 





2 
= M+ 1) La teed ae + B, (121.14) 
3 
where 
/ol i *L?| ON 
B= (PA Fling + PA/ 








is the internal energy of the molecule, J => K, and J° and J$ are the average values 
of the moments of inertia in the internal state of motion y,. 

In linear molecules, J$ ~ 0; a state with a finite energy is thus possible only if 
K = A. The energy of the molecule can then be written in the form 


2 
Ex = = [+ 1) — KK + 14+ B, (121.15) 
where 2 
WK(K + 1) 
+ — 
2J° 


B=B ; K=Az, 
The first term in (121.15) determines the rotational energy of a linear molecule for 
values of the total angular momentum IJ = K = A. The ground state of a linear 
molecule is usually a 2-state for which A = 0. 

In non-linear symmetric molecules J; ~ J° and the energy of such molecules can 
thus be expressed by the general formula (121.14). In the internal ground state of 


T For a proof see L. D. LANDAU and E. M. Lirsurtz, Quantum Mechanics, 2nd edition, Pergamon, 
Oxford, 1965; Section 104. 
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the molecule A = 0, and equation (121.14) simplifies to 


Exe = ‘a+ D+ie E - ;| K+ B. (121.16) 


For a given value of J the quantum number K runs through 27 + 1 values, as K = 0, 
+1,..., £7. All states with K+ 0 are two-fold degenerate. Bearing in mind that the 
energy (121.16) is independent of the quantum number M which takes on the values 
0, +1, ..., £4, we see that the total degree of degeneracy of a level with K + 0 is 
equal to 2(27 + 1). 

For a spherical top molecule, J; = J so that we get from (121.14) for the energy 
of such a molecule 


h? 


The energy is in this case independent of the quantum numbers K and M so that 
the rotational levels will be (27 + 1)?-fold degenerate. 

Let us now study the role of the operator (I. L) which in (121.7) determines the 
coupling between the total angular momentum and the angular momentum of the 
internal motion (Coriolis interaction). We write this operator in the form 


(7.0) = 1,0, + 4, + if.) (L, — i£,) + 40, — if) (£, + iL). (121.17 


The operator (121.17) does not commute with the operators I, and L,, so that the 
wavefunctions (121.10) are not eigenfunctions of the operator (121.3). The solution 
of the equation 
(HA — E)¥ =0 (121.18) 
with the operator 
f= A) +P +2 2d. aes [> ;] (i - £3) 
2J 2 Jy J 


can be written in the form 
= > Ax sPalx) Px(6,)- (121.19) 


Substitution of (121.19) into (121.18) leads to a secular equation for each value of J; 

its solution determines the coefficients ax, and the energy levels EF. The larger the 

difference between the internal energy of the molecule in states with different values 

of the quantum number A, the smaller the role played by the Coriolis interaction. 
The energy of an asymmetric top molecule is determined by the Hamiltonian 


2 (i, — £,)? Ly 
H= Fg) +5 y Gay j, (121.20) 


In internal states with zero angular momentum, the energy of the molecule can, 
in the adiabatic approximation, be found by averaging the operator (121.20) over 
qu 17a 
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the internal wavefunction g(x). We then get the operator 
. pik 
{p)|Hlpx)> = B+-# YH, 
2 t=1 J l 
which, apart from the constant term B, the internal energy of the molecule, is the 
same as the operator of the rotational energy of the asymmetric top. The problem 
is thus reduced to the problem considered in Section 46. 

Our considerations so far referred to molecules with different nuclei. If there are 
in the molecule some nuclei which are identical, we have an additional symmetry 
requirement imposed upon the wavefunction of the molecule. The total wavefunction 
must be symmetric under an interchange of two identical nuclei with integral spin 
and it must be antisymmetric under an interchange of two identical nuclei with half- 
odd-integral spin. 

Let us first consider molecules in which there are identical spin-zero nuclei. The 
total wavefunction of such molecules must be symmetric under any interchange of 
two identical nuclei. In the adiabatic approximation, this wavefunction has the 
form 

P(x, 81) = (x) O1(4,), 


where g(x) is the wavefunction of the internal state. In the ground state (A = 0), 
the function g(x) is symmetric under an interchange of identical spin-zero nuclei. 
The function ® must thus also be symmetric under such an interchange. In the case 
of linear molecules with a centre of symmetry, identical nuclei are distributed sym- 
metrically with respect to the centre of the molecule. In that case, the interchange 
of identical nuclei is equivalent to a rotation over 180°. The rotational states can thus 
correspond only to those functions ® which remain invariant under a rotation of 
the molecule over 180°. This requirement leads to the condition that the quantum 
number J in equation (121.15) can only take on even values, that is, the rotational 
energy will be determined by the equation 


h? 
Fy = —I1(I +1), where 1 =0,2,..., 121.21 
r= 35 ( ) ( ) 


and 


an 


where ¢ is the angle of rotation around the 3-axis of the molecule. For non-linear 
symmetrial top molecules, in which there are identical spin-zero nuclei, the rotational 
wavefunctions corresponding to the energy levels (121.14) have, according to (121.11) 
and (43.12) the form 


2i+1 20+ 1 
Dey.) = | Bn? Dux(8;) = ipem oY dirx(0) e'*”, (121.23) 





where ¢ is the angle of rotation around the 3-axis of the molecule. 
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We showed earlier that symmetric top molecules have an axis of symmetry of 
at least third order. In molecules belonging to the C3,, C3,, or C3 point symmetry 
group, that is, with a symmetry axis of third order, a rotation around the axis of 
symmetry over 120° is equivalent to an interchange of identical atoms. The function 
(121.23) can thus not change under such a rotation. This can only be the case, if K 
is a multiple of 3. The rotational levels of molecules with a third-order axis of sym- 
metry are thus given by equation (121.15) with K = 3n, where n = 0,1, 2,... For 
molecules with a fourth-order axis of symmetry, K = 4n, and so on. The require- 
ment of the correct symmetry of the total wavefunction under an interchange of 
identical zero-spin nuclei leads thus to the fact that only some of the rotational 
states of the molecule are realised. 

If the spin of the identical nuclei in the molecule is non-vanishing, we can, in 
general, realise all rotational states, but with different statistical weights. Let us 
illustrate this by considering as an example diatomic molecules with two identical 
spin-} nuclei, such as the hydrogen molecule, H,. The internal wavefunction g(x) 
must, in that case, contain the spin variables of the nuclei in the molecule. Its 
symmetry properties are thus determined by the total spin of the two nuclei. In 
the nuclear singlet spin state, the wavefunction corresponding to the vibrational 
and electronic ground states is antisymmetric under an interchange of the spin 
variables of the two nuclei. In order that the total wavefunction be antisymmetric 
under an interchange of the two nuclei, it is necessary that the function (121.22) 
does not change sign when the spatial coordinates of the nuclei are interchanged, 
and we have thus J = 0, 2, 4,... In the nuclear triplet spin state, the spin function 
is symmetric under an interchange of the spin variables, so that function ©’ must 
be antisymmetric under an interchange of the spatial coordinates of the two nuclei, 
that is, under a rotation over 180°. This means that J = 1,3,... The rotational 
energy levels of the hydrogen molecule in its nuclear singlet spin state are thus given 
by equation (121.21) with J = 0, 2, 4, ... These molecules are called para-hydrogen 
molecules. The rotational energy of the hydrogen molecule in the triplet spin state 
is given by equation (121.21) with J = 1, 3,5, ... Such molecules are called ortho- 
hydrogen molecules. The statistical weight of the para-states is equal to } and that 
of the ortho-states to 3. 

In XY3-molecules belonging to the point group C3, and having three identical] 
spin-} Y-atoms, the total wavefunction must correspond to the irreducible represen- 
tation A, (see Table 19), since the operation o, corresponds to an interchange of one 
pair of identical nuclei, and the operation C3 to an interchange of two pairs of nuclei. 
The total spin of three identical Y-nucleican be either 4 o r3. In the quartet spin 
states, with S = 3, the spin wavefunction corresponds to the Young diagram IERLD| 
and is completely symmetric, that is, corresponds to the representation A,. In order 
that the total function should belong to the representation A ,, it is necessary that the 
function ® in (121.23) has a symmetry corresponding to the representation A,. One 
sees easily that this requirement is satisfied, provided K = 0, 3, 6,9, ... The rota- 
tional energy of an XY3-molecule in the nuclear quartet spin state is thus determined 
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by equation (121.15) with K = 0, 3, 6, 9, ... In the doublet spin state, the spin func- 
tion corresponds to the representation £ of the C3, group. In order that the total 
wavefunction in that case can belong to the A,-representation, it is necessary that 
the function ® should also belong to the E-representation. Indeed, from the equa- 
tion Ex E=A,+A,+ E (see Mathematical Appendix E) it follows that we can 
construct from the functions ® and » belonging to the E-representation four inde- 
pendent functions, one of which must belong to the required A,-representation. 
The function ®{ belongs to the E-representation, if K = 1, 2, 4, 5, 7, 8, ... 


122*, TYPES OF COUPLING OF ANGULAR MOMENTA IN MOLECULES 


We studied in Section 121 the rotational states of molecules with zero total elec- 
tronic spin. Let us now study the problem of the energy states of molecules with 
non-vanishing electron spin. In the zeroth approximation, when we completely 
neglect the interaction of the total electron spin with the other angular momenta in the 
molecule, the energy of the molecule is independent of the spin-direction and each 
energy level has an additional 2S + 1-fold degeneracy. Because of the interaction 
of the electron spin with other angular momenta this degeneracy is lifted. 

In the adiabatic approximation, the operator J of the total angular momentum 
of the molecule is the resultant of the orbital angular momentum operator L, the 
rotational angular momentum operator R, and the electron spin angular momentum 
S. The character of the energy spectrum of the molecule depends on the kind of 
coupling between these three angular momenta, that is, on the relative role of the 
interactions causing the coupling between these angular momenta. 

Hund was the first to analyse and classify the different kinds of coupling between 
the angular momenta in linear molecules. Let us now briefly consider the Hund 
types of coupling. 

Coupling of type a: The energy of the interaction of the orbital angular momentum 
with the axis of the molecule is large compared to the rotational energy. In that 
case, the component of the orbital angular momentum along the axis of the mole- 
cule, A = ¢L,), is an integral of motion. We can thus consider the spin-orbit inter- 
action to be an interaction between the spin and the axis of the molecule (spin-axis 
coupling). The interaction of the rotational angular momentum both with the 
orbital and with the spin angular momentum is small. The importance of the nuclear 
rotation is determined by the distance between consecutive rotational levels. Hund’s 
case a corresponds to a coupling between orbital and spin angular momenta and the 
molecular axis which is large compared to the distance between the rotational energy 
levels. We can in that case consider the influence of the nuclear rotation using per- 
turbation theory methods. Let us first consider the energy states of non-moving 
molecules. The electronic states are then determined by the angular momentum 
formed by the sum of A and the component of the spin along the axis of the mole- 
cule. This quantity is usually denoted by 2:2 = A+ S,.1f A = S, 2 can take on 
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the values A+ 8,4A+S~-—1,..,4-S;if4<S,Q=S+A,S+A-1,..., 
S — A. Note that the value A = 0 can not correspond to a case @ coupling, since 
there is in that case no coupling between the orbital motion and the axis of the 
molecule. 

The interaction of the orbital and spin angular momenta with the axis of the 
molecule leads to an additional energy, AE = AQ, where A is a constant. Each value 
of 2 has its own energy. This splitting is called the multiplet splitting of the electronic 
levels of the molecule, The distance between adjacent components is equal to A. The 
corresponding terms are usually indicated by a Greek capital, corresponding to the 
value of A, with a subscript equal to 2 and a superscript to the left giving the multi- 
plicity, 2S + 1, of the term. For instance, for § = 4 and A = 1, we can have the 
terms 7//,,, and *JIs,,, while for S = 1 and A = 2, we can have the terms *4,, *4), 
and 9A,. We remind the reader that the multiplicity of a term is equal to the num- 
ber of components of a split line, only if A = [Q|. 

To evaluate the rotational energy, we must average the rotational operator 


- ?? - 2 
Trot = — UF — Qn)’, 
t ay! ) 


where n is a unit vector along the axis of the molecule, over the electronic states, 
for each value of 2. Bearing in mind that a linear molecule rotates only around 
axes perpendicular to the axis of the molecule, so that (7. n)> = Q, we get 


2 
o> = aH +1) + BQ), Tz 2, 


where B(2) corresponds to the terms which are independent of J, but depend on the 
internal state of the molecule. Normalising the rotational energy in such a way that 
it vanishes when J = 2, we obtain a formula which determines the rotational band 
for each internal state with quantum number 2: 


hi? 
a ~A2+ D1, 
Fro = 55 U7 + )- 2@ + dD] 


with J = Q. If the number of electrons in the molecule is even, 2 is an integer. In 
that case, J will also be an integer. If the number of electrons is odd, 2 and J will be 
half-odd-integral. 

Type 4 coupling. The coupling between the angular momenta of the molecule 
is called a type 5 coupling, if the energy of the coupling between the orbital and spin 
angular momenta is small compared to the distances between the rotational energies. 
A pure type b coupling is, of course, found in molecules with electronic states with 
a zero orbital angular momentum, 2-states. In light molecules, type b coupling is also 
found in states with A + 0. Sometimes case a goes over into case b for large rotational 
excitations when the distance between adjacent rotational levels becomes large. 

Because the coupling of the spin S with the molecular axis is weak, or zero for 
2-states (molecules with a ‘‘free”’ spin), we must consider in the first approximation 
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the coupling of the rotational angular momentum R with the orbital angular mo- 
mentum #A, where n is again a unit vector along the axis of the molecule. 
The resulting angular momentum operator is usually denoted by K: 


K=R+ nA. 


As the coupling between K and the spin operator $ is weak, the operator K? will 
approximately be an integral of motion. If A = 0, the operator K is the same as the 
rotational operator R and the quantum number K can take on integral values, 
0, 1,2, ... If A + 0, the quantum number K takes on the integral values A, A + 1, 
A + 2,... 

Each value of K corresponds to a well-defined energy of the molecule, which can 
be considered to be the electronic and rotational energy, that is 


Ex = B+ AK(K + 1). (122.1) 


The vectors K and § combine to form the total angular momentum operator 
1=K+S. According to the rules of vector addition, we can for a given value of 
K have the following values of the quantum number J, which determines the total 
angular momentum of the molecule: K+ S2J2/K — S|. 

The interaction between the operators K and S leads to a splitting of each term Ex 
into 2S + 1 components, if K = S, and in 2K + 1 components, if K < S. The 
operator determining the splitting of the terms (122.1) is proportional to 


(K.S) = 4[7? — K? — S$’). (122.2) 


In states with well-defined values of J, K, and S, the average value of this operator 
is equal to 


(IKS|(K . S)|IKS) = {17 + 1) — K(K + 1) — S(S + 1}. 


The magnitude of the splitting of the terms Eg thus increases as K increases. 

The above-considered cases a and 6 are the most important ones. Hund also 
considered other possible kinds of coupling between angular momenta, which occur 
relatively rarely in molecules. One must bear in mind that the Hund types of coupling 
are idealised limiting cases. In reality, one type of coupling is not always more im- 
portant than all others; moreover, when the rotation becomes stronger, one type of 
coupling may change to another—this is called breaking the coupling. 

When we considered the cases a and b, we neglected the interaction between the 
rotational operator R and the orbital angular momentum operator Z. When there 
is no rotation, the component of the angular momentum along the axis of the mole- 
cule, A, is an integral of motion, since the electrical field acting upon the electron is 
axially symmetric. The energy of the molecule depends then on the absolute magni- 
tude of A, which leads to a two-fold degeneracy of all terms with A + 0. Under the 
influence of the rotation of the molecule, this degeneracy is lifted, leading to a 
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doubling of the terms. The magnitude of the splitting increases with increasing 
rotational energy, that is, with increasing J. Kronig, Van Vleck, and Mulliken and 
Christy have developed the theory of A-doubling. 


123. MOLECULAR SPECTRA; FRANCK-CONDON PRINCIPLE 


A molecule is a system with many degrees of freedom, so that the calculation of 
quantum transitions between different excited states of the molecule is a very com- 
plicated problem. To simplify the calculations one usually uses some kind of ap- 
proximation, depending on the character of the transition in the molecule and the 
cause of the transition. 

Let us consider transitions accompanied by the absorption or emission of electro- 
magnetic waves. In the study of the absorption and emission spectra of molecules, 
it was established that these spectra consist of more or less wide bands and they 
are thus called band spectra. Sometimes these bands consist of a huge number of 
lines, the intensity of which in some cases at one end of the band breaks off abruptly 
(band edge) and at the other end of the band decreases slowly. Sometimes the bands 
are continuous sections of the spectrum. 

The complex nature of the absorption and emission spectra of molecules is con- 
nected with the fact that excited molecular states are caused by the character of the 
motion of the electrons and the vibrational and rotational degrees of freedom of the 
molecule. We saw in the previous sections of this chapter that the adiabatic approxi- 
mation, which can be applied relatively well, enables us to write the energy as a sum 
of the electronic energy, E,,, the vibrational energy, E,,,, and the rotational energy, 
Exot, Of the molecule. 

Since the distance between adjacent rotational energy levels is a hundred to a 
thousand times smaller than the distance between vibrational energy levels, which in 
their turn are a hundred to a thousand times smaller than the distance between 
electronic levels, if we neglect transitions between neighbouring levels in electronic 
multiplets, we can divide the molecular spectra into three classes: (1) rotational 
spectra occurring when only the rotational motion of the molecule changes; (2) vibra- 
tional-rotational spectra, which occur when both the vibrational and the rotational 
states of the molecule change; (3) electronic-vibrational-rotational spectra, or 
simply, electronic spectra of the molecule when the electronic state of the molecule 
changes at the same time as its vibrational and rotational state. 

Let us consider the rotational spectrum of symmetric top molecules (see Section 
121). The wavefunctions of the rotational states of such molecules are determined 
by equation (121.10) and the energy levels by equation (121.14). To find the selec- 
tion rules corresponding to £1-transitions—electrical dipole radiation—we must 
consider the matrix elements of the electrical dipole transitions with respect to the 


ft R. Kronia, Zs. Phys. 50, 347 (1928). J. H. vAN VLECK, Phys. Rev. 33, 467 (1929); Phys. Rev. 
37, 733 (1929). R. S. MULLIKEN and A, Curisry, Phys. Rev. 38, 87 (1931). 
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functions (121.10). In the adiabatic approximation the rotation of the molecule is 
not accompanied by a change in the electronic or vibrational states, so that p, 
remains unchanged and we need only consider the functions 


2i+ 1 
P= | 8x2 Dux(9:). 


We can only have E1-transitions between rotational states for molecules which 
have an intrinsic electrical dipole moment, that is, molecules without a centre of 
symmetry. Examples of such molecules are CO, HCl, and N,O. 

The intrinsic dipole moment of a symmetric top molecule is oriented along the 
axis of the molecule. If we denote the absolute magnitude of the intrinsic moment 
of the molecule by d), the operator of the electrical dipole moment in a fixed system 
of coordinates will be given by 








dj} = doDjo(8,), (123.1) 


where the 9, are the Euler angles determining the orientation of the system of co- 
ordinates fixed in the molecule, with respect to a fixed system of coordinates, and the 
Dio are the functions introduced in Section 43. 

The selection rule for E1-transitions is determined by the matrix element 





= + ; do(1I0K|1'K’) (1IuM\I'M’). (123.2) 
4 





(Dirix |p |Oix> = | 


We used (43,24) when evaluating (123.2). Using the properties of the vector addition 
coefficients (170 K|I’K’) (see Section 41), we see that the matrix elements (123.2) 
are non-vanishing, that is, that the transition is possible, only when the following 
conditions are satisfied: 


AK=0, and AI=0, +1. (123.3) 


For all molecules with a centre of symmetry, d = 0, so that E1-transitions 
between their rotational states are forbidden. If such molecules have an intrinsic 
electrical quadrupole moment Q,, the operator of the quadrupole moment in the 
fixed system is of the form 


Oo, = OQoDjo(8,). (123.4) 


The selection rule for £2-transitions will be determined by the matrix elements 


<I'M'K'|Q>,|IMK) = J (27 + 1) (27 + 1) ee | Diyte-DioDisx 491 sin 6 dO, dO. 
Tt 


Using again equation (43.24), we see that the selection rule for E2-radiation reduces 
to the equation 


AK=0, AT=0, +1, +2. (123.5) 
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We must use the function (121.19) to find the selection rule for rotational spectra 
for asymmetric top molecules. We can then show that £1-transitions between 
rotational states can only occur if the molecule has an intrinsic electrical dipole 
moment. The selection rule for the total angular momentum remains in this case 
unchanged: AI = 0, +1. The condition AK = 0 can, however, not be satisfied. 

The purely rotational spectrum of molecules lies far in the infra-red, so far that 
only in a few cases can it be observed by the methods of infra-red spectroscopy. 
Recently, however, it has been possible to use radiospectroscopy methods to observe 
in many molecules the rotational absorption of electromagnetic waves with wave- 
lengths up to 1 cm when their rotational states are excited. 

The energy of quantum transitions accompanied by a change in the nuclear 
vibrational states of molecules—the vibrational spectrum—corresponds to wave- 
lengths from 2 to 100 «. The selection rules for transitions between vibrational levels 
with wavefunctions y,. and y, are determined by the conditions that matrix elements 


such as “ P . 
CPoe |X lPu>> Vor lY lWo>> and CPorlZ lpy> (123.6) 


do not vanish, since for long-wavelength radiation the matrix elements of the dipole 
transition operator reduces to the matrix elements of the operators x, y, and z. 

It is not necessary to evaluate the matrix elements (123.6) explicitly to find the 
selection rules; it is sufficient to know the irreducible representations to which the 
vibrational levels belong. 

We considered in Section 120 the classification of the vibrational coordinates 
in terms of the irreducible representations of the symmetry group of the molecule. 
The wavefunction of the single-phonon vibrations, that is, the excitations with 
quantum number n = 1, is transformed in the same way as the corresponding 
coordinate. If n > 1, the wavefunction of an n-fold or n-phonon excitation of a 
non-degenerate vibration is completely symmetric, if n is even. If 2 is odd, the sym- 
metry of the wavefunction is the same as the symmetry of the wavefunction of the 
single-phon excitation. 

The wavefunction of the n-phonon excitation of one degenerate vibration trans- 
forms according to the representation formed by a direct product of n irreducible 
representations corresponding to a single-phonon excitation. Such a representation 
is, in the general case, reducible. If 7 is even, this reducible representation contains 
the completely symmetric representation. 

If several frequencies of different vibrations are excited simultaneously, the wave- 
function corresponds to a representation which is a direct product of representations 
corresponding to functions belonging to each of the vibrational frequencies. 

It is shown in Mathematical Appendix D that the integrals, in which the matrix 
elements (123.6) can be expressed, will be non-vanishing only when the direct pro- 
duct of the representation, corresponding to the wavefunctions y, and y,, will 
contain the representations of x, y, and z. 

The selection rules for the occurrence of the frequencies of the normal vibrations, 
that is, for E1-transitions between the ground state y, of the molecule and the first, 
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excited single-phonon vibrational states y,, reduces to the requirement that the 
representation I, is the same as the representation of the coordinates x, y, z, since 
the functions of the ground state always belong to the completely symmetric re- 
presentation A, that is, l,, = A andl, x A=T),. If the selection rules for an 
E1-transition, corresponding to some vibrational frequency, are satisfied, one says 
that this frequency is active in the infrared region, since it will occur in the emission 
and absorption spectra of electromagnetic waves of the appropriate frequency. Such 
vibrations are always accompanied by a change in the dipole moment of a molecule. 

To illustrate the above, we shall determine the vibrational spectrum of the water 
molecule, active in the infra-red region. We showed in Section 120 that of the three 
basic frequencies of the nuclear vibrations in the water molecule, two frequencies 
belong to the A,-representation and one to the B,-representation. Bearing in mind 
that the characters of the representations of the coordinates x, y, and z, are the same 
as the characters of the translations 7,, T,, T,, and using Table 18, we see that all 
these frequencies are active in the infra-red, since the representation 4, is the same 
as the representation of z and the representation B, the same as that of x. 

Using Table 19, we can similarly see that also all basic vibrational frequencies of 
XY, molecules, corresponding to the C3, symmetry group, are active in the infra-red. 

Molecular vibrational spectra practically never occur in a pure form, since the 
nuclear vibrations of a molecule are usually accompanied by its rotation. The super- 
position of small rotational excitations on the vibrational motion leads to a line- 
band structure of the infra-red absorption and emission spectra. 

Let us now consider briefly the electronic spectra caused by the simultaneous 
change of both the vibrational and rotational, as well as the electronic states of the 
molecule. The energy of such quantum transitions is basically determined by the 
distances between the electronic levels. Changes in the vibrational and rotational 
quantum numbers lead to a fine structure: a band system. 

The main peculiarities of the structure and intensity distribution in the electronic 
band spectra are basically explained by the Franck—Condon principle, formulated in 
1926.} The Franck—Condon principle starts from the assumption that because of 
the large difference between the nuclear and the electronic masses, during the time 
that the electronic transition takes place, the nuclei in the molecule do practically 
not move. Since the nuclei move in different potential fields in different electronic 
states, the transition of the electrons to a new state is usually accompanied by a sub- 
sequent change in the equilibrium positions of the nuclei—and the frequencies of 
the normal vibrations—and this leads to the simultaneous excitation of. electronic 
and vibrational states. The character of such excitations is determined by the depend- 
ence of the electronic states of the molecule on the arrangement of the nuclei. The 
simplest case is observed in the case of diatomic molecules for which in the adiabatic 
approximation the energy of the electrons depends on only one coordinate: the 


t J. Francx, Trans. Far. Soc. 21, 536 (1925). E. U. Conpon, Phys. Rev. 28, 1182 (1926); 32, 858 
(1928). G. Herzaerc, Molecular Spectra and Molecular Structure, Van Nostrand, New York 1945. 
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distance between the nuclei. We have depicted in Fig. 25 qualitatively the possible 
dependence on the distance between the nuclei of the energy of a diatomic molecule for 
two electronic states. Case (a) corresponds to two electronic states for which the mi- 
nima of the functions ¢9(R) and ¢,(R) correspond to almost the same values of the 
equilibrium distance, that is, Ro ~ R,. In cases (b) and (c), Rp + R,. The horizon- 
tal lines in Fig. 25 indicate schematically—and not to scale—the vibrational energy 





(a) (b) (c} 


Fic. 25. Possible dependence on the distance between the nuclei of the energy of two 
electronic states of a diatomic molecule. 


levels in the two electronic states. We shall assume that initially the molecule is in the 
electronic state [0>, the nucleus performs zero-point oscillations around the equili- 
brium position Ry, and the initial energy of the molecule is equal to e9(Rp), if we 
neglect the vibrational zero-point energy. If now light causes a transition to the 
electronic state [1>, during the transition the nuclei will hardly change their position, 
and the molecule goes over into a state with energy ¢,(R,). The energy involved in 
the transition will thus be equal to Ae = €,(Ro) — &9(Ro). This energy is indicated 
in Fig. 25 by full-drawn arrows. In case (a) the nuclei in the molecule perform zero- 
point oscillations both in the initial and in the final states. Such a transition can be 
called a pure electronic transition: Ae = Ae,,. In case (b) the molecule has gone after 
the transition into a state |1) with R = Ry which is not the same as the equilibrium 
position R,. The nuclei in the molecule will, therefore, in this state perform oscil- 
lations around the equilibrium position with an energy niw, where n corresponds to 
the quantum number (number of phonons) determining the excited vibrational state. 
In that case, the energy involved in the transition will be given by the equation 
Ae = Ae, + niw, where Ae, = €,(R,) — €9(Ro). 

In case (c) the quantum transition leads to a state corresponding to a continuous 
spectrum. When a transition to that state takes place, the nuclei of the molecule 
can move at infinite distances from one another corresponding to a photo-disso- 
ciation of the molecule. 

Because of the zero-point oscillations of the nuclei in the initial state, the value 
R = Rg is only the most probable one. Apart from the transitions indicated in Fig. 25 


518 Elementary Theory of Molecules and Chemical Bonds [XII, 123] 


by full-drawn arrows, there is also the possibility of less probable transitions ac- 
companied by the excitation of other vibrational states, for instance, those indicated 
by dashed arrows. We see thus that it is possible that there is not just one transition, 
but a whole series of transitions corresponding to the excitation of various mole- 
cular vibrations. This gives rise to an electronic-vibrational band, which is still 
further complicated by the presence of rotational states. In the case shown in Fig. 25c 
when the transition takes place to a state of the continuum, the band of excited states 
is continuous. 

To obtain a quantitative picture of the intensity distribution of E1-transitions 
in the electronic spectrum, we must evaluate the matrix elements, 


<2v' |r| 1v> = J pi(r, R) S*(R) rpi(r, R) ®,(R) dr dR, 


of the electrical dipole transition with respect to the wavefunctions of the adiabatic 
approximation, which are products of the electronic wavefunctions g(r, R), in which 
the nuclear coordinates R occur as parameters, and the wavefunctions ®(R) describ- 
“ing the nuclear motion. 
The matrix element 

M,,(R) = f pir, R) ro(r, R) dr 

is a slowly varying function of the nuclear coordinates R, since the electronic wave- 
functions depend only weakly on R for small displacements R from the equilibrium 
positions. We can thus expand M;, in a power series 


0M; — eee 
Mai(R) = Mz,(Ro) + ae (R — Ro) + 


Substituting this value into (2v’|r|1v)>, we get 
<2v'|F| 10) % M21(Ro) J GF(R) G(R) aR, (123.7) 


where v’ and v are the quantum numbers of the two vibrational levels of the upper 
and lower electronic states between which the transition takes place. The integral 


<v’|v> = J DE(R)D,(R) dR (123.8) 


is called the overlap integral of the wavefunctions describing the nuclear motion. 
The absolute square of this quantity, 


Woy = [Co] |?, (123.9) 


determines the relative intensity of the transition between the states v’ and 2, that is 
Wy, Characterises the intensity distribution in the band, corresponding to the elec- 
tronic transition 1 - 2. We have )' w,-, = 1, that is, the total transition probability 
from one vibrational state of the initial state to all vibrational states of the final 
state depends only on the probability of the electronic transition which is proportional 
to |M2,(Ro)|?. 

The overlap integral (123.8) is non-zero only when the functions ®,, and ®, have 
the same symmetry, with respect to the same irreducible representation of the group. 
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If ®, corresponds to the ground state of the molecule (» = 0), for completely sym- 
metric nuclear vibrations in the upper electronic state, the values v’ = 0, i, 2,... 
are possible. For vibrations, which are antisymmetric with respect to some symmetry 
element of the group, the even values v’ = 0, 2, 4, ... are possible. 

The numerical values of the overlap integral (123.8) depend on the character of 
the potential curves, determining the nuclear motion in the two electronic states. 
Replacing the real potential curves by the parabolae 4uw7(R — R,)* with different 
frequencies w, and different equilibrium positions R; in the two electronic states, 
Hutchinson} evaluated the overlap integral for a few values of v and v’. Manne- 
back+ then obtained recurrence formulae connecting the overlap integrals for dif- 
ferent values of v and v’. A number of authors{t developed methods for overlap 
integrals for potential curves, which are closer to the true one. 

The calculation of the intensity distribution in electronic-vibrational bands of 
polyatomic molecules is even more difficult, since in that case the potential energies 
determining the nuclear motion are multi-dimensional functions. 

Apart from discrete absorption and emission spectra, one observes also conti- 
nuous molecular spectra. Such spectra occur as a result of transitions between two 
states one of which belongs to a continuous energy spectrum. In the case of mole- 
cules, such spectra may correspond to the ionisation of a molecule (escape of an 
electron) or the dissociation of the molecule (break-up of a molecule into the con- 
stituent particles). Continuous spectra border upon the series of vibrational levels 
of each electronic state, and also occur in those cases when the final electronic state 
has no discrete vibrational levels at all—for instance, the 3Z,-state of the hydrogen 
molecule. Apart from a quantum transition directly into a continuum state, corre- 
sponding to the ionisation or dissociation of a molecule, the appearance of continuous, 
diffuse bands in molecular bands, which are caused by predissociation, is possible. 
Predissociation is detected by the smearing out of the vibrational-rotational bands 
in the electronic absorption spectra of molecular gases. The broadening of lines, 
often leading to their complete blending, is connected with the short lifetime of an 
excited molecule. Bonhoeffer, Herzberg, and Kronig gave a theoretical explanation, 
invoking the concept of non-radiative transitions of the molecule from a discrete 
state to a state of the same energy corresponding to a repulsive potential curve. 
Such spontaneous transitions are caused by the fact that the adiabatic approxi- 
mation, which makes it possible to write the wavefunction of the molecule as a pro- 
duct of an electronic function and a function determining the nuclear motion, is 
not strictly applicable. Dropping the operators Ay, of (116.7) in equations (116.6), 
when we apply the adiabatic approximation, causes spontaneous transitions between 
different electronic-vibrational states with the same energy. Predissociation is ob- 


t E. Hurcuinson, Phys. Rev. 36, 410 (1930). 

+ C. MANNEBACK, Physica 17, 1001 (1951); 20, 497 (1954). 

tt T. Y. Wu, Proc. Phys. Soc. A 65, 965 (1952). P. FRASER and W. JarMaIn, Proc. Phys. Soc. 
A 66, 1145 (1953). P. Fraser, Proc. Phys. Soc. A 67, 639 (1954). 
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served, when transitions are possible to states belonging to the continuous spectrum. 
One can find a more detailed discussion of the predissociation of a molecule in Herz- 
berg’s book f. 


124. VAN DER WAALS FORCES 


The covalent, homopolar, attractive and repulsive chemical forces, which we 
considered in Section 118, are caused by the correlation in the motion of the electrons 
(exchange effect) in that region of space, where the electron wavefunctions of the 
interacting atoms overlap. These forces decrease exponentially when the distance 
between the atoms increases, and have a comparatively small range—of the order 
of a few angstrém. 

Experiment shows, however, that weak attractive forces act between neutral atoms 
and molecules; their potential energy depends on the distance R between the atoms 
according to the formula 

A 


ro (124.1) 


V(R) = — 
where A is a positive constant. The forces caused by (124.1) decrease more slowly 
with increasing distance than the chemical forces and they are thus at large distances 
more important. These attractive forces with a comparatively large range play an 
important role in the determination of the properties of gases—van der Waals 
equation of state—and they are usually called van der Waals forces. Van der Waals 
forces are also needed for an explanation of the properties of some liquids and solids, 
such as solid hydrogen. 

London and Eisenschitz+ gave the quantum theory of van der Waals forces in 
1930. Let us consider the basic ideas of a calculation of the van der Waals forces. 
We shall be interested in the interactions between neutral atoms or molecules at 
distances where their electronic wavefunctions do not overlap, so that we can neglect 
exchange effects, that is, neglect the symmetry properties of the wavefunctions of 
the system following from the fact that all electrons are identical. For the sake of 
simplicity, we shall consider the interaction between two atoms, a and }, each with 
one electron. It is not difficult to generalise the discussion to many-electron systems. 

The Hamiltonian of the whole system can in the adiabatic approximation be 
written as 

A = A,(r1) + Ay (r2) + Wr, r2, R), (124.2) 


where r, and r, are the coordinates of the electrons relative to the centre of their 
corresponding atoms and R is the distance between the atoms. If r,,r. < R, the 
operator of the interaction between the atom corresponds to the interaction operator 


T G. Herzperc, Molecular Spectra and Molecular Structure, Van Nostrand, New York 1945. 
+ E, EIsENscuiTz and F. Lonpon, Zs. Phys. 60, 491 (1930). 
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of the two electrical dipoles formed by the electrons and their nuclei, that is, 


W = alt fn) — oe (124.3) 


For many-electron atoms, we must in equation (124.3) make the substitution 
Na Ny 
nd Y Wits Vo > Pais 
t=1 i=1 
where N, and N, are, respectively, the numbers of electrons in atoms a and b. 
If we choose the z-axis along the line connecting the atoms, we can write for 


(124.3) 


2 


2 
e e 
W= @ [x1X%2 + Wi y2 — 227,22] = re Ww. (124.4) 


Let E,,n, be the eigenvalues and |,n,)> the eigenfunctions of the operator H,(r1) 
+ H,(r2), that is, 
[Ho(r1) + Ae(r2) — Enyn.] laim2> = 0. 


Let us also denote by [00> the wavefunction of the system in which both non- 
interacting atoms are in their ground state. For neutral atoms without a constant 
dipole moment, the first-order perturbation theory correction to the energy vanishes, 


as 
<00|w]00> = 0. (124.5) 


In the second-order perturbation theory approximation (see Section 47), the energy 
correction is given by the expression 


AE(R) == y 00] w|msmayI" (124.6) 


mune Ego — Eni 


All terms in (124.6) are negative, since Ey9 < E,,,. In the adiabatic approximation 
the energy of the electrons in the system as a function of the nuclear coordinates is a 
potential energy determining the nuclear motion, so that (124.6) is the same as (124.1), 
if . 

A= Y, KOO] winner! . 9, (124.7) 
ny M2 Eoo _ Enno 


Let us estimate the magnitude of A for the case of the interaction of two hydrogen 
atoms in their 1s-state. According to Section 38, the energy of the electron in the 
hydrogen atom is equal to —e?/2n?a,, where @ is the atomic unit of length. The 
denominator in (124.7) varies thus between —3e?/4a, and —e7/a, so that we can 
approximately replace it by a constant, —e?/a). Using also the fact that 

Y [X00|w|n.22>[? = <00|w?|00), 


ny nz 
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we have A = ae” (00|w?/00). (124.8) 
In its ground state, the hydrogen atom is spherically symmetric and = y = 7? 
=lp=@ a 
=4r ao, so that ¢00|19?/00) = 6a’. 
Substituting this value into (124.8) and (124.1), we find for the potential interaction 
energy of two hydrogen atoms 

A 6e7a5 
V(R) = ~ RS = co (124.9) 
Eisenschitz and Londont found, by evaluating the sum in (124.7) exactly, the more 
correct value 25 
ea5 
“Re 


V(R) = —6.47 


125. RESONANCE INTERACTION BETWEEN ATOMS. 
TRANSFER OF EXCITATION ENERGY 


In the preceding section, we considered interaction forces occurring between atoms 
in their ground state at large distances from one another. Let us now consider the 
interaction between two identical atoms, or molecules, one of which is in its ground 
state, [0 = yo, and the other in an excited state, |”) = y,. The Hamiltonian of 
the system is given by (124.2). In zeroth approximation, there are two wavefunctions 


1 
Y, = [Pn 
/2 
1 
Y,= WE [yn(1) po(2) — po(L) yn(2)], | 
corresponding to the stationary state of the system; the arguments 1 and 2 denote, 
respectively, the coordinates of the atoms a and b. 


Even in first-order perturbation theory, the correction to the energy of the system 
is non-vanishing in each of these states. We have 


(1) po(2) + wo(1) y,(2)], | 
(125.1) 


2 2 
AE\(R) = 55 Fi1#1%1), AER) = 55 PalW1%2>. (125.2) 
Substituting (125.1) and (124.4) into (125.2), we find 


- ME,(R) = ~YE,(R) = z <n|F|0>|? OC, 2), (125.3) 


! 
/ 


where 
@(1, 2) = [cos 67 cos 63 + cos 64 cos 6, — 2 cos 64 cos 83] (125.4) 


¢ E. Eisenscurrz and F. Lonpon, Zs. Phys. 60, 491 (1930). 
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is a geometric factor, depending upon the orientation of the dipole moments of the 
transition in the two atoms (or molecules). Here 67, 0; , and 63 are the angles between 
the direction of the dipole transition in the first atom and the x-, y-, and z-axis, 
and 63, 03, and 63 are the corresponding quantities for the second atom. 

We can (see Section 81) express the square of the dipole transition matrix element, 
|<n|r|0>|?, in terms of the oscillator strengths, corresponding to the transition and 
the angular frequency of the transition w = (E° — EQ)/h, using the formula 


KKn|#|0> 2 - 


where y is the electronic mass. We can thus write 


ef, .P(1, 2) 


AE,(R) = —4E,(R) = SuoR® 


(125.5) 
It follows from (125.5) that in both stationary states (125.1), the energy of the inter- 
action between the atoms changes as the inverse cube of their distance apart, rather 
than as the inverse sixth power as for van der Waals forces. The interaction corre- 
sponding to the potential energy (125.5) is called resonance interaction. 

In the stationary state Y, the energy of the system is 


ef P(1, 2) 


E,=E2+ Eot+ 
, ° 2uwR?* 


(125.6) 
Including the time-dependence, we can write the wavefunction of this state in the 
form 


P= L [ya(1) vol2) + voll) va(2)] eE”, (125.7) 


J2 


The energy of the second stationary state is given by the expression 


e*hfroP(1, 2) 


i) i) 
E, = Fo + EQ ak 


(125.8) 


and its wavefunction by 

P= rE [pa(1) yo(2) — po(1) pa(2)] e'*2*”. (125.9) 
The two states (125.7) and (125.9) are characterised by the fact that in each of them 
the excitation energy is at any moment distributed over the two atoms with equal 
probability. In other words, in these states, the separate atoms do not have a well- 


defined energy. 
Let us consider the superposition of the states Y, and W,, that is, the wavefunction 


-p, + ¥]. 


N 
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Using (125.6) to (125.9), we find 


x = [va(1) po(2) cos vf + ipo(1) yp(2) sin vt] e~ Ent EO , (125.10) 
with 
y= efroP(1, 2) 


(125.11) 
2uarR? 


It follows from (125.10) that at t = 0 the wavefunction, (0) = »,(1) yo(2) de- 
scribes a state in which the first atom is excited and the second atom is in the ground 
state. However, after a time 
22 pw R? 


a ee, (125.12) 
»  efoP(1, 2) 


t= 


the function becomes 


42) = ipo(1) ya(2) exp | ~e? + BF) iI 


corresponding to a state with the excitation localised at the second atom. The time t 
thus characterises the time for the exchange of excitations between atoms. 

Thus, if at a certain moment, a system consisting of two identical atoms is in 
a—non-stationary—state, in which one atom is excited, this excitation will be trans- 
ferred to the other atom in a time t, because of the resonance interaction. The closer 
the atoms are to one another, the faster the transfer of the excitation from one atom 
to another takes place. The process of transfer of excitation energy from one atom 
to another—or from one quantum system to another, identical, system—plays an 
important role in a number of physical and biological phenomena. 


PROBLEMS 


1. Evaluate the equilibrium distance between the hydrogen atoms in the hydrogen molecule, using 
the trial wavefunction (117.18) with (117.24) instead of (117.5) for the y4 and yg. 


2. Consider an axially symmetric molecule with a single electron. Write the eigenfunctions in the 
form 


1 
Pa, 20, z, ya) = ant n(@, z) etx, 


where @, z, and y are cylindrical polars. 
Prove that the oscillator strengths, f, for transitions between states |x and |), which are 
given by the expression 
2ulE, — Eg] 
fap= saga KalP BP, 
3e7h 

where P is the electrical dipole moment operator and y the electronic mass, satisfy the sum 
rules 

Dinan =A +a -—ay W=aa+1,4- 1]. 

o 


3. Which spectral terms are possible for the diatomic molecules N, Br2, Lid, HBr, and CN, if 
they are formed from the two constituent atoms in their ground states. The ground states of the 
H, Li, C, N, and Br atoms are, respectively, 28,78, >P, 4S, and 2P. 
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4, 


c=) 


10. 
. Find the Zeeman components of the term of a diatomic molecule, assuming type a coupling. 


12. 
13. 


14. 


15. 


16. 


Find the vibrational and rotational energy system of a diatomic molecule, if the nuclei are 
moving in a potential field given by 


V(R) = -2DIgp-* — 40°71], 9 = Ria. 


. Represent the effective potential of the preceding problem, 


2 


V(R) + —— I + 1), 
(+ Taal + Y 


near its minimum by an oscillator potential, and find the energy levels for small vibrations. 


. Find the moment of inertia and the distance between the nuclei in the 1H?5CI molecule, if the 


difference in the frequency of two neighbouring lines in the rotational-vibrational infra-red band 
is Av = 20-9 cm-?. 
Calculate the corresponding value of Av for the DCi spectrum. 


. Calculate the ratio of the differences in energy between the first two vibrational and the first two 


rotational levels of the HF molecule. The moment of inertia of the HF molecule is 1-35 x 10-*° 
gem? and the vibrational frequency Av, = 3987 cm. 


. In approximating the potential energy curve of a diatomic molecule one often uses the so-called 


Morse potential: 


V(R) = DO — efy?, ¢ = R22, 





Find the vibrational energy spectrum for J = 0. 


. Using the properties of the Pauli spin matrices, prove that even if one takes into account the 


spin-spin interaction, the 72 terms of a diatomic molecule are not split. 
Find the multiplet splitting of a 7 term for case 6 coupling. 


Assume the magnetic field to be weak, that is, assume that the energy of the interaction between 
the spin and the external magnetic field is small compared to the difference in energy of suc- 
cessive rotational levels. 

Find the Zeeman components of the term of a diatomic molecule for type 5 coupling for the 
case of a weak magnetic field. 

Solve the preceding problem for the case when the spin-axis interaction energy is small compared 
to the spin-magnetic field interaction energy. 

Determine the Zeeman components of a doublet term of a diatomic molecule for type 6 coupling, 
assuming that the spin-magnetic field and the spin-axis interaction energies are of the same 
order of magnitude. 

A diatomic molecule with a constant electrical dipole moment d is placed in a uniform electric 
field. Determine the term splitting for type a coupling. 

Solve the preceding problem for type 6 coupling. 


CHAPTER XIII 


BASIC IDEAS OF THE QUANTUM THEORY 
OF THESOLID STATE 


126. THE ELECTRON IN A PERIODIC FIELD 


In the present chapter, we shall consider the basic ideas of the quantum theory 
of the solid state. In accordance with the general theory of the adiabatic approxi- 
mation, the first problem of the theory is the determination of the energy states of 
the electrons in the solid, when the nuclei of the atoms have fixed positions in space. 
We shall assume that the nuclei take up their equilibrium positions, that is, we shall 
neglect the small vibrations of the nuclei around these equilibrium positions. 

The most characteristic property of solids is their crystalline structure. We under- 
stand by a crystalline structure such a position of the nuclei in a solid, which can be 
obtained by a periodic repeating of an elementary cell, consisting of one or more 
atoms. A vector taking a point from one elementary cell to the corresponding point 
in another cell is called a lattice vector. A lattice vector m can be expressed in terms of 
three non-coplanar basis vectors @,, a2, and a, through the relation 


n= ,@; + N24, + 343, (126.1) 


where n,, #,, and n, are integers. 

We can assume in the adiabatic approximation that the periodic structure of a 
solid is caused by the arrangement of the nuclei in the appropriate fixed points of 
space, The electrons in a solid move in the electrical field of the atomic nuclei and 
interact with one another. If we use the self-consistent field method (see Section 90), 
the problem of the motion of many electrons reduces to the problem of the motion 
of a single electron in an effective potential produced by the atomic nuclei and all 
other electrons. This is called the Hartree-Fock approximation. Because of the 
periodic structure of the solid, the potential energy operator of an electron in a solid 
has the translational symmetry of the lattice, that is 


Vir + 2) = Ver). (126.2) 


To avoid dificulties connected with the surface of the crystal, one usually considers 
an infinitely large crystal. 

The Hamiltonian determining the motion of an electron in a solid can be written 
in the form i 


AH = —-—V’+ Vr). (126.3) 
2m 
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where V(r) satisfies equation (126.2). The translational symmetry of the potential 
energy V(r) enables us to classify the electron states in a solid. To show this, we 
introduce the operator 7, of the translation by a lattice vector through the equation 


Tw) = yr + 7). (126.4) 
Different translation operators commute with one another, since 
TT, vr) =yprtatn)= T,-T,y(r) 
One sees easily that the translation operator commutes with the Hamiltonian 
(126.3): 
T,H = HT,, 
that is, the Hamiltonian is invariant under a translation over an arbitrary lattice 


vector n. The translation operators 7, and the Hamiltonian A can thus have common 
eigenfunctions, that is, the functions p(y) must simultaneously satisfy the two equa- 


tions (# — E)y =0, (126.5) 
(T, — t,) yp = 0, (126.6) 

where yp is one of the eigenfunctions. Because of (126.4), equation (126.6) reduces to 
pr + 2) = t,y(r) (126.7) 


As y(r) must remain normalised, it follows that the operator T, is unitary, so that 
the eigenvalues ¢, must have absolute magnitude unity. We can thus write for the 
eigenvalues of the translation operator 


1, = be, (126.8) 


where k is a vector. The translation operator is not Hermitean, so that its eigen- 
values are complex. The vector & in (126.8) is determined apart from the trans- 
formation 

kok =k+g, g=2at (126.9) 


Here ¢ is a reciprocal lattice vector, which can be expressed in terms of integers m; 
and the basis vectors 5, of the reciprocal lattice (see Section 114) by the equation 


3 
t= Y m,b;. (126.10) 
t=1 
The 5, are determined in terms of the basis vectors a, of the original lattice through 


the formula 
(a, . b;) = 4,;. (126.11) 


Using (126.10) and (126.11), we see easily that the vectors k and k + g are equi- 


valent: 
th _ eitkm = elkten) 


528 Basic Ideas of the Quantum Theory of the Solid State = [XTII, 126] 


The equivalence of the vectors k and k + g enables us to consider only values of k 
within the first cell of the reciprocal lattice—with its linear dimensions multiplied 
by 2x. This cell is called the first Brillouin zone. In a simple cubic lattice with lattice 
constant a the first Brillouin zone is a cube of edgelength 27/a. In Fig. 26, the first 
three Brillouin zones for a two-dimensional square lattice with lattices constant a 
are shown. 


Ae 


ne 
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Fic. 26. The Brillouin zones for a two dimensional square lattice with lattice constant a. 
In Figs. 26a, 26b, and 26c, the first, second and third Brillouin zones are shaded, respectively. 


In the general case, the first Brillouin zone is a polyhedron in the space of the reciprocal lattice 
vectors (multiplied by 27), which can be constructed as follows. From each lattice point of the 
reciprocal lattice, we draw lines to all neighbouring lattice points. We then construct the planes 
perpendicular to these lines and bisecting them. The Brillouin zone corresponds to the polyhedron 
formed by these planes and containing the origin. 


The wavefunctions of the electrons in the crystal can thus be characterised by 
the values of the wavevectors k—in the first Brillouin zone—by the relation 


Tv") = Viale + 0) = kyr), (126.12) 


where the symbol A denotes other quantum numbers characterising the state of the 
electron. 

The vector Ak determining through (126.12) the wavefunction of the electron in 
the crystal is usually called the quasi-momentum of the electron, since, to some 
extent, this vector is analogous to the momentum vector of a free particle. We must, 
however, bear in mind that this analogy is far from complete. The quasi-momentum 
Ak is not unambiguous as the vectors A and k + g are equivalent; moreover, the 
function »,, is not an eigenfunction of the momentum operator —iAV. 

In an infinite crystal, the vector k takes on continuous values in k-space restricted 
to the first Brillouin zone. If we introduce periodic boundary conditions with large 
periods L,, L,, and L3, the vector & will run through the discrete values 


ke, = my, i= 1,2,3, 
Li 
where L, = a,N;, and the », are integers satisfying the inequalities —4N, < »; S 4N,. 
In this case, the number of possible k-values is equal to N = N,N,N3, that is, 
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equal to the number of elementary cells in a crystal of volume L,2,,. The density 
of allowed k-values is equal to L,L,L3/87°. 

The functions y,, corresponding to the quasi-momentum Ak can, according to 
Bloch, be written in the form 


Yaar) = Puy, (0). (126.13) 


In this case, it follows from (126.12) that the function u,, must have translational 
symmetry : 
Uy,(r + W) = u,,(r). (126.14) 


Substituting (126.13) into the Schrédinger equation for the stationary states of 
an electron in a periodic field 


hi 
| y+ 1) - #00 vail?) = 0, 
2m 
we get an equation to be satisfied by the function u,,: 


[= (V + ik)* + E,(k) — ro u,,(r) = 0. (126.15) 
m 


Because of the periodicity condition (126.14), it is sufficient to solve equation 
(126.15) only within a single elementary cell with such boundary conditions for the 
function u,, on opposite faces that the periodic continuation into the neighbouring 
cell is guaranteed. 

For a given value of &, equation (126.15) has, in general, an infinite number of 
solutions which differ in the second index A, which characterises the other quantum 
numbers, which, together with the three numbers A, completely determine the state 
of the electron in the crystal. For each solution u,, we shall have a well-defined energy 
value E,(k). ; 

Changing from equation (126.15) to the complex conjugate equation 


2 
[aa (? — )* + Ext) — 10) utie) = 0, 
2m 
we see that it is the same as the equation 


h . 
E (y - ik)? + B(-# - vo | pale) = 0, 
2m 
which is obtained from (126.15) by replacing & by —&, but with E,(k) instead of 
E,(—-k). 

For all crystals with a centre of symmetry, the energy E,(k) is an even function 
of k, that is, 

E,(k) = E,(-k). (126.16) 
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If (126.16) is satisfied, it follows from the equations for uf, and u_,,, that 
u_,ya(h) = u(r). (126.16a) 


The functions u,, referring to different A, but the same k, are mutually orthogonal. 
It is convenient to normalise them through the equation 


L [ Ub, Uy, d°v = Say. (126.17) 
2QJo 


The integral in (126.17) is extended over the volume 2 of one elementary cell. If 
the functions u,, are normalised according to (126.17), we can write for the Bloch 
functions, normalised in the basic region of the crystal with volume ¥* = NQ, 


Pra = —_ bh Oy (nr). (126.174) 
Vv 


To elucidate the possible form of the electron energy £,(k) as function of the 
quasi-momentum Ak, we consider some very simple examples. 

(a) The tight binding case. For the sake of simplicity, we shall consider a one- 
dimensional chain of N identical atoms at distances a from one another. 

If W(x) is the potential energy of an electron in the atom at the origin, the potential 
energy of an electron in the crystal can be written in the form 


Vix) = ¥ W(x — na). 
The Hamiltonian is then of the form 
= h? d? 
H= ~— — + ), Wa — na). 
2m dx? 2, ( ) 
If ,(x — na) satisfies the Schrédinger equation for a free atom, 


| -F, — + W(x — na) — «| p(x — na) = 0, 
x 


we can look in zeroth approximation for the wavefunction of an electron in the 
crystal, corresponding to the non-degenerate atomic level ¢,, in the form 


Vualx) = % y eo (x — na). 


To avoid end effects, we require that the periodic boundary condition (x) 
= y(x + Na) be satisfied. In that case, & will take on the discrete values k = 2z/Na, 
where the » are integers within the interval -4N < » S$ 4N. We have taken the ab- 
solute squares of the coefficients in the expansion of y,, to be equal, in order to 
take into account the identical nature of the atoms. The energy of an electron in the 
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crystal, corresponding to the atomic level ¢,, is determined by the relation 


y, Hi ea—™ 


E, = > 02, gmae=m Qi gem? (126.18) 


where 
Q7, = J p(x — ma) v(x — na) dx, 


2m dx? 


Hi, = [oe - ma)| a +) Wx - t) 9,(x — na) dx. 


When the overlap of the wavefunctions of neighbouring atoms in the crystal is small, 
Q2., ® Om and among the matrix elements H7, the only non-vanishing ones are 


Hi, ® 8, =&, + Y | lex — na)|? Wx — Ia) dx, 
) 


len 
Heaat = Hon & | ere) W(x — la) p(x — a) dx = B,. (126.18 a) 


We can thus write (126.18) in the form 
E,(k) = © + 2B, cos ka. (126.19) 


The potential energy W(x — /Ja) is negative, so that B, < 0, if the overlapping 
parts of the wavefunctions in (126.18a) have the same sign, which is, for instance, 
the case for the s-states of the interior electrons. In that case, the minimum of the 
energy occurs for k = 0. If B, > 0, the value k = 0 corresponds to a maximum of 
E,(k). 

In the approximation used here, each of the atomic levels e’ is thus “smeared 
out” into a continuous band of energies—or quasi-continuous band with a number 
of sublevels equal to the number of cells in the crystal, for the case of a finite crystal— 
with a width 4|B,|. 


The results obtained can easily be generalised to a three-dimensional crystal containing o identical 
atoms in the elementary cell. The zeroth order function is in that case 


Vp AM) = Ase Por — n— 0), 
al 


where the @, are the coordinates of the j-th atom in one elementary cell. The summation over j is 
over all o atoms in a single elementary cell. The coefficients A, can be found from a set of o equations. 
The total number of levels in one zone is equal to No, where N is the number of elementary cells in the 
crystal. If the A-th atomic level is s-fold degenerate, the function gy, must be replaced by a linear 
combination of an appropriate set of s functions. 


The approximation discussed here is justified only for electrons in the inner shells 
of the atoms of real crystals, that is, in the shells, the radii of which are small com- 
pared to the interatomic distances. The atomic levels are, in that case, changed into 
bands with a width small compared to the distances between the atomic energy 
qu 18 
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levels. The overlap of the outer electron shells of neighbouring atoms in a crystal 
is large, so that we cannot use the tight binding method to study those electron 


states. 

(b) Case of nearly free electrons. Let us consider a one-dimensional crystal in 
another limiting case, when the electrons in the crystal are almost free, that is, when 
the periodic field V(x) is weak. If there is no interaction, the state of the electrons is 
characterised by plane waves, 


1 
vy, =—e™, (126.20) 


JL 


where L = Na is the periodicity length (the size of the crystal). In the state y, the 
electron energy is e(k) = A7k?/2m. 
According to perturbation theory, the wavefunctions and the energies change 
under the influence of the interaction potential V(x), as follows 
<k'| Vx) Ik) 


Wea: y, + ES 126.21 
k = Wr vate e(k) — e(k’) Vr ( ) 


E(k) = e(k) + Al Vixjdx+ ¥ KR’ P LRT? (126.22) 


ni) e(k) — e(k’) 


It is convenient to normalise the potential V(x) in such a way that { V(x) dx = 0. 
Because of the periodicity of the potential V(x) the matrix elements <k'| 7|k> vanish 
always except when 


k—k=g= =m, m= +1, 42... (126.23) 
a 


If at the same time as (126.23) is satisfied, the condition e(k) = e(k’) is satisfied, that 
is, if 
2 2a \? 
ke =(k-—-—m|, m= +1, +2,... (126.24) 
a 


there are some infinite terms among the correction terms in (126.21) and (126.22). 
The usual perturbation theory is thus not applicable when (126.24) is satisfied. 

When (126.24) is satisfied, the two states y, and y,_, belong to the same energy, 
as e(k) = e(k — g) (degeneracy), so that we must use in zeroth approximation wave- 
functions which are a linear combination of the degenerate states 


Pe = ay, + bvy—4- 


The first-order energy is then obtained by substituting Y? into the equation 


2 2 
EE @ ye | p= 0. (126.25) 
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Multiplying (126.25) successively by pf and p#_, and integrating over x, we find a 
set of homogeneous equations determining E and the coefficients a and b: 


ale — E) + b<k|VIk — g> = 0, 
atk — g|V|k> + be — E) =0. 
From the condition that this set of equations be soluble, we find 


Ey. =e +ViKIP Ik — gP, (126.26) 
where 


“~ a{2 ; 
Ck | V\|k _ gZ> = | V(x) e” 2timx/a dx. 


a —a/2 


Equation (126.24) is satisfied when k = 4g. There is thus a discontinuous jump 
equal to 














|Z P| 2 
\a a/ 
in E(k) at the values 
k= 5e-"m, m= +1, +2... (126.27) 
a 


The zeroth-order wavefunctions at the discontinuity are 


PY? a2 = F [ee _ en tima/ay 
L 
1 . ee 

PY? o/2 = [ele +e nimx/ay 


JL 
that is, standing waves. 

We show in Fig. 27 the dependence of E(k) on the wavenumber k. If we 
restrict the values of the quasi-momentum to the interval —z/a S k S a/a, that is, 
to the first Brillouin zone, the dependence of E(k) on k is depicted in the figure on 
the right of Fig. 27: E(k) is then a multi-valued function of the quasi-momentum Ak. 
If follows from Fig. 27 that the electron can move with any value of k in a periodic 
field, but only with an energy corresponding to the full-drawn curve in Fig. 27. The 
electron spectrum consists thus of quasi-continuous energy bands, separated by 
forbidden bands. Such a spectrum is called a band structure. 

One can easily generalise these results to the three-dimensional case. In the three 
dimensional crystal, the discontinuities of the function E(k) occur for values of k 
satisfying the equation 


ke =(k—g)’, or (k.g) = 4g’, (126.28) 


where g/2x is a reciprocal lattice vector (see (126.10)). Equation (126.28) determines a 
family of planes, perpendicularly bisecting the lines from the origin of the reciprocal 
lattice to its lattice points; these planes separate one Brillouin zone from another. 
18* 


534 Basic Ideas of the Quantum Theory of the Solid State = [XIII 127] 


Condition (126.28) is a very general way of writing the Bragg condition (see (114.10)) 
for each reciprocal lattice vector characterising the diffraction of neutrons or x-rays 


in crystals. 
E(k) E(k) 





ar O = 
a a a a 


a a a 


33 or ca e] a 2r 3a 
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Fic. 27, The dependence of the electron energy on the quasi-momentum hk for the 
case of nearly free electrons. The figure on the right corresponds to the case where 
the quasi-momentum Ak is restricted to the first Brillouin zone. 


We have thus seen in two limiting cases that the energy spectrum of anelectron in a 
periodic field splits into quasi-continuous bands of allowed energies, separated in 
some cases by forbidden regions. This enables us to state that the band structure 
of the energy spectrum is a general property of systems with a periodic potential 
energy. The electronic state with quasi-momentum Ak in the band is determined 
by the Bloch function y,,(r) of (126.17a). To each state y,, corresponds an energy 
E,(4). The explicit form of the dependence of the energy on the quasi-momentum is 
determined by the properties of the solid. 


127. Basic CONCEPTS OF THE BAND THEORY OF SOLIDS 


In the preceding section, we showed that if we use Bloch’s theory} to describe 
the interaction of an electron with a crystal using an effective potential energy V(r) 
with periodic properties, reflecting the symmetry of the crystal lattice, the dependence 
of the energy on the momentum—the dispersion law—which for free particles is 
E(k) = p?/2m is replaced by a more complicated dependence of the energy E(k) 
on the quasi-momentum Ak of the particle. The values of the quasi-momentum (in 
units #) is restricted to the first Brillouin zone. The function E(k) which gives the 
dispersion law for the electrons in the crystal is a multi-valued function of the quasi- 
momentum and each branch of it corresponds to an allowed energy band (one should 
not confuse these bands with the Brillouin zones). These energy bands may be 
separated by forbidden regions or may partially overlap. However, even if the bands 
overlap, their individuality is retained and this leads to a different dependence of 
the particle energy on its quasi-momentum. 


t F. Btocu, Zs. Phys. 52, 555 (1928). 
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The Bloch theory is based upon a reduction of the many-electron problem to a 
single-electron one. Hence, in this theory the interaction between the electrons is 
taken into account only through the average effective field V(r). Up to now, it has 
not been possible to construct a theory which takes into account the whole of the 
interaction between the electrons on the basis of a consistent many-electron treatment. 
The conclusions of band theory are, therefore, not completely without blemishes. 
Nevertheless, band theory has been able to give a qualitative explanation of a number 
of phenomena. One of the most important achievements of the band theory has been 
the possibility of explaining the regularities observed in a study of the electrical conduc- 
tivity of solids—excluding superconductivity. It turned out to be possible to divide 
all solids into metals, dielectrics, and semi-conductors. Such a division is caused by 
the character of the energy bands of the various solids. 

We showed in Section 126 that each allowed energy band contains 2Ne states, 
where N is the number of elementary cells in the crystal, o the number of atoms 
per cell, and where the factor 2 takes into account the two possible electron spin 
orientations. At absolute zero, all electrons in the solid will, in accordance with the 
Pauli principle, fill up the lowest energy levels up to a limiting energy EZ), which is 
called the Fermi energy. In the space of the quasi-momenta Ak the electrons thus 
fill all states within a volume bounded by the surface E(k) = E,. This surface is 
called the Fermi surface. 

The many-electron wavefunction of the crystal must be a function which is anti- 
symmetric under the interchange of the spatial and spin coordinates of any two 
electrons in the crystal. To write down such a function, we must supplement the Bloch 
function 


Pralr)s 


characterising the state of the electrons by the quasi-momentum hk and the quantum 
numbers A indicating the band, by a spin function y, determining the spin state of 
the electron. We then get the function 


pdé) = Sy fu) He, (127.1) 


where the index s stands for all the quantum numbers, while é stands for both the 
spatial coordinates r and the spin variable. If there are N electrons in the crystal, 
the complete many-electron function can be written in the form of a determinant 


9s,(E1) 9s,(€2) ace 9s, (En) 
@ = — %s,(E1) Ps,(E2) ote %5,(Ew) . (1 27.2) 
TT 


N 
Psy($1) Psy(F2) ore Psy(En) 


The energy of the state of the crystal described by the function (127.2) will be a mini- 
mum if the electrons occupy the N lowest single-electron Bloch states 9,,, Ps,5 +++ Psy: 
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The electrical properties of a crystal are determined by the single-electron energy 
states, that is, by the structure of the energy bands and the position of the Fermi 
level relative to the bands. Let us assume that Ep lies inside an allowed energy band, 
or at the upper edge of a band which overlaps with a band with higher energy levels. 
In that case, there will be empty states in the immediate vicinity of Ey. Even a small 
amount of energy will then be sufficient to put part of the electrons, which are near 
the Fermi surface, into these empty states. In particular, an electric field will produce, 
in the crystal, states corresponding to charge-carrying wavepackets, which are mov- 
ing in the direction of the field. Solids with this kind of energy spectrum are metals. 
Of course, only the electrons near the Fermi surface can take part in the conduction 
in a metal. To transfer “deep-lying” electrons or electrons from filled bands to 
empty, allowed energy levels requires a considerable energy, since the neighbouring 
energy states are occupied. Since only electrons from partly filled bands take part 
in the conduction, these bands are called conduction bands. There can be several 
conduction bands in a solid. When studying conduction, we can neglect the comple- 
tely filled bands. 

One sees easily that all solids with an odd number of electrons in an elementary 
cell are metals. Indeed, the energy levels are degenerate, as far as the electron spin 
orientation is concerned, so that the last (odd) electrons in the N cells can only fill 
half of the states in the upper band. In particular, all monatomic solids with an odd 
number of electrons per atom, which form face-centred or body-centred cubic lat- 
tices—which have one atom in an elementary cell—fall into this category. Examples 
are: all alkali metals, copper, silver, gold, and aluminium. 

Solids with an even number of electrons are metals, if EZ falls into the overlap 
region of energy bands. Examples of such solids are: the alkaline-earth metals, tin, 
lead, arsenic, antimony, and bismuth. 

If Ep coincides with the upper edge of one of the allowed energy bands and the 
next empty band is separated from it by an energy gap, the solid will, at absolute 
zero, be a dielectric. Without absorbing an appreciable amount of energy, the state 
of motion of the electrons cannot change; this is true, not only of the “‘deep-lying” 
electrons, but also of the electrons at the Fermi surface. In dielectrics, the filled and 
the empty bands are thus separated by a forbidden region. The forbidden regions 
in different solids have different widths. For instance, it is 6 to 7eV in diamond, 
1-11 eV in silicon, 0-72 eV in germanium, and 0-1 eV in grey tin. All these solids in 
a pure form are, at absolute zero, insulators. Diamond stays a good insulator also 
at room temperature, since the thermal energy is insufficient to transfer electrons 
into the empty band . Powerful action is needed to transfer electrons in diamond 
into the empty band. Bombarding diamond with fast electrons or other particles can, 
for instance, make diamond conducting. 

In germanium, the filled and the empty bands are relatively close to one another. 
In this case, even at room temperature an appreciable number of electrons is trans- 
ferred from the filled to the empty band. There are then electrons in the empty band 
and empty places are formed in the filled band. In that case, electrons in the two 
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bands can take part in the conduction. When there are a small number of empty 
places in a band, one usually speaks not about the motion of many electrons, but 
about the motion of the empty places—“‘holes”’. The conductivity of pure germanium 
is thus caused by the motion of the “holes”—“hole” conductivity—in an almost 
filled band, and of electrons—electron conductivity—in the upper band. The con- 
ductivity of germanium increases with increasing temperature, since more and more 
electrons fill the empty band and leave the filled band when the temperature increases. 

Solids with a vanishing conductivity at T = 0, which appreciably increases when 
the temperature increases, are called semi-conductors. Of particular importance, are 
semi-conductors, where the conductivity is caused by impurities. Let us consider a 
silicon crystal as an example of such a semi-conductor. If a certain amount of arsenic 
atoms is introduced into a silicon crystal, even at room temperatures the arsenic 
atoms can relatively easily lose an electron; these electrons go into a state corre- 
sponding to the empty band in silicon. The more arsenic atoms introduced and 
the higher the temperature of the crystal, the larger is the number of electrons in 
the conduction band, and thus the larger is the conductivity of the crystal. Impurity 
atoms, which can give off an electron to the conduction band of the crystal are called 
donors and the semi-conductors formed in this way are called n-type semi-conductors 
(electron conductivity). 

If a boron atom is introduced into a silicon crystal, this atom can capture one of 
the electrons in the states corresponding to the upper filled band of the silicon crystal. 
This transition also requires thermal energy. As a result of this transition, there 
occurs an empty place in the filled band, a “hole”. The band containing a certain 
number of empty states, “holes”, is called the “hole” conduction band. Impurities cap- 
turing electrons from the filled band of the crystal are called acceptors and the corre- 
sponding semi-conductors are called p-type semi-conductors (‘“‘hole” conductivity). 

In germanium semi-conductors there is, apart from impurity conductivity, also 
conductivity arising from the transfer of electrons from the filled into the empty 
band. This is called intrinsic conductivity, as it does not depend on impurities, but 
on the temperature and the properties of germanium itself. 

Donors and acceptors in solids are not necessarily foreign atoms. They can also 
be other inhomogeneities in the lattice, such as interstitials or vacancies in the lat- 
tice. In oxides, for example, the amount of oxygen in an actual crystal may differ 
from what it ought to be in a perfect crystal. In that case, the vacancies or inter- 
stitials will play the role of impurities. 


128. MOTION OF AN ELECTRON IN THE CONDUCTION BAND 


Let us study the motion of an electron in a conduction band containing a small 
number of electrons. The state of the electron inside a given band—aA and o fixed— 
is determined by the quasi-momentum Ak, and its energy E(k) is a function of the 
quasi-momentum. If the number of electrons in the band is small, they are in states 
close to the bottom of the band, that is, in states close to the minimum of the energy 
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E(k). If the energy minimum corresponds to a value ky, we can expand the energy 
in powers of the deviation of & from that value 


E(k) = Elk) +} x ( ve ) (k; — kia) (ky — Kyo), (128.1) 
k=ko 


L7=1 \ 6k, 0k, 

where 2 
2 OE _i (128.2) 
Ah Ok; 0k; k=ko mi 


are the components of a second-rank tensor, which has the dimensions of a re- 

ciprocal mass. The tensor formed by the components (128.2) is called the reciprocal 

effective mass tensor. For cubic crystals, the reciprocal mass tensor reduces to a 
scalar, so that (128.1) becomes 

A(k — ko)? 

E(k) = (leo) + #6 — Ao 


2m* 


m* > 0. (128.3) 


The quantity m* is called the effective electron mass in the conduction band. Except 
for a constant term, (128.3) is similar to the dependence of the energy of a free 
particle of mass m* on its momentum. 

It would be more correct to speak not of the motion of an electron in the con- 
duction band, but of the motion of some quasi-particle—an elementary excitation of 
the crystal as a whole—since the energy E(k) corresponds to the energy of the crystal 
as a whole. The energy spectrum of such particles, which obey Fermi statistics, 
determines the properties of their motion. In the following, we shall, for the sake 
of simplicity, talk about “conduction electrons” and “electronic effective mass”’. 
We must, however, bear in mind that these terms really refer to quasi-particles and 
their effective mass. 

In a conduction band containing a small number of “holes”, we can expand the 
energy of the electron near the maximum energy. If now ky corresponds to this 
maximum, we have for cubic crystals 


E(k) = E(k) + 





2 

h (k — ky)’, (128.4) 
2m* 

where m* < 0. The effective electron mass near the upper edge of a band is thus 

negative. 

We noted in preceding sections that it is convenient to consider in an almost 
full band not the occupied states of which there are many, but the empty states, that 
is, to speak about “hole” states. The absence of an electron from a filled band is 
equivalent to the presence of a particle of positive charge of the same absolute 
magnitude and an effective mass 


mi = —m* > 0. (128.5) 
We can thus consider the ‘“‘holes” in a filled band as being positively charged par- 
ticles (Heisenberg’s theoremt) and the results formulated for the behaviour of a 


T W. HeisennerG, Ann. Physik 10, 883 (1931). 
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small number of electrons in the conduction band can immediately be taken over 
to apply to the behaviour of a small number of holes. 
The motion of electrons in a band can be described by a wavepacket 


ht Ak 


yw = | Ae EGe oem d*k’. 
The centre of gravity of the wavepacket moves with the group velocity (see Section 3) 
v= “era, E(k). (128.6) 


The average velocity of an electron in a band is thus obtained by differentiating the 
energy of the electron with respect to its quasi-momentum. 

Let us assume that a constant external field F acts upon an electron in a band. 
The average work done by the force per unit time will be related to the change in 
the electron by the relation 


_ dE(k) _ (dk 
(v. F) = ht (% grad, B®). 


Using (128.6), we find a connexion between the force and the change in quasi- 
momentum 


Fan. (128.7) 


This equation is the same as the operator relation between the time derivatives of 
the momentum and an external force acting upon a free particle. 

When an electron moves in a uniform electric field &, the force acting upon the 
electron is F = e&(e < 0); if it moves in a uniform magnetic field, F = (e/c) [v A #], 
where v is the complicated function of the quasi-momentum given by equation 
(128.6). The properties of the motion of a conduction electron depend essentially 
on the character of the dispersion law E(k). Readers interested in this kind of prob- 
lems are referred to a survey by Lifshitz and Kaganov{ in which the classical and 
quantum motion of a particle with an arbitrary dispersion law is studied. 

Let us consider an approximate method of describing quantum-mechanically the 
motion of an electron near the bottom of the conduction band under the influence 
of a weak field, which changes little over the distance of a lattice constant. For the 
sake of simplicity, we shall only consider a cubic lattice. When there is no external 
field, the wavefunction of an electron in the conduction band satisfies the equation 


2m 


| h V7 + Vr) — £0 | yr) = 0, (128.8) 


Tt I. M. Lirsurrz and M. I. Kacanov, Usp. Fiz. Nauk 69, 419 (1959); Soviet Phys.-Uspekhi 2, 831 
(1960). 
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where the potential energy V(r) is a periodic function with the period of the lattice. 
Let the potential energy operator of the electron in the external field be A(r); the 
stationary states of the electron are then determined by the equation 


2 
Ee V24 V9) +A — E| P(r) = 0. (128.9) 
2m 

In general, we cannot obtain a solution of equation (128.9), not only because of 
mathematical difficulties, but also because we do not know the form of the potential 
energy V(r). Let us consider an approximate method of finding the eigenfunctions 
and eigenvalues of equation (128.9) by introducing as a phenomenological parameter 
the effective mass of an electron. This is called the effective mass method. The effective 
mass method has been widely applied in the theory of semi-conductors, the properties 
of which are determined by a small number of conduction electrons. 

Let k. = 0 correspond to the minimum of the energy E(k); for small values of k, 


when ka < 1, we have then 
hk? 





E(k) = Ey + . (128.10) 
2m* 
The energy (128.10) corresponds to a wavefunction 
ple) = a g(r), (128.11) 
Nea 


where u,(r) is a function changing over the distance of a single lattice constant, 


which is normalised by (126.17). 
Let us now consider the equation 





2 
fe V? + Ey —&/9,{(r) = 0. (128.12) 
2m* 

If ¥ is the volume of the “basic region” of the crystal, the solution of equation 

(128.12) is of the form 1 
% =—e*”, (128.13) 

nh? k? 

e=Eo+ ome (128.14) 


Equations (128.8) and (128.12) have thus, neglecting terms of order k*, the same 
eigenvalues. If & satisfies the condition ka < 1, under which condition the effective 
mass method is valid, the function (128.13) is practically constant within one cell, 
but the function (128.11) varies strongly. 
We obtain equation (128.12) from (128.8) by the transformation 
i 


-—-W + Vir)> - h 
2m 2m* 


2 





V? + Ep. (128.15) 


[XIIL, 128] Motion of an Electron in the Conduction Band 541 


Let us perform the same transformation to equation (128.9); we then get the equation 


2 

_ + Ey + Ar) — E’ | G(r) = 0. (128.16) 
2m* 

One can showf that the eigenfunctions of that equation, neglecting terms of order k*, 

are the same as those of equation (128.9), that is, E’ ~ E. The eigenfunctions of 

(128.9), however, are approximately given by the equation 


P x 2 ayy, (r), 


where yp, is determined by (128.11) and where the expansion coefficients are the same 
as the coefficients of the wavefunctions of equation (128.16), when expanded in 
terms of a complete set of wavefunctions of equation (128.12), that is, 


a, = (P(r) |P(r)>. 


The parameter E, appears in the energy E’ as an additive constant and the function 
@(r) does not depend on it. Since we are usually interested in energy differences, 
the value of Ey is inessential. The action of the periodic field V(r) upon an electron 
is thus in the effective mass method taken into account by replacing in the kinetic 
energy operator the electron mass m by an effective mass m* which is considered 
to be a parameter of the theory to be chosen in order to get agreement between 
theory and experiment. 

According to band theory, the mean free path of a conduction electron in an in- 
finite, perfect crystal lattice is infinitely large. If, under the influence of an external 
action, the electron obtains a momentum Ak, this state of motion, described by the 
wavefunction y, will be conserved infinitely long. 

In real crystals, however, the mean free path of an electron is always finite. This 
fact is for conduction electrons caused through elastic and inelastic scattering of the 
Bloch waves by deviations of the crystal from a perfect crystal. Such deviations can 
be divided into two categories: static and dynamic ones. Static deviations from a per- 
fect lattice are caused by the inhomogeneity of the crystal such as structural defects 
or various inclusions. Dynamic deviations from a perfect lattice arise because of the 
vibrations of the ions about their equilibrium positions. 

As a result of the scattering of the electrons by both types of inhomogeneities, 
they change from one state in the quasi-momentum space to another. Any ordered 
motion of electrons, carrying an electrical charge, will thus become a random motion, 
which is manifested in the occurrence of a resistivity when current flows. The number 
of impurities and defects is independent of the temperature so that the resistivity 
caused through the scattering of electrons by static lattice defects is temperature-inde- 
pendent. The vibrations of the ions in the lattice depend on the temperature, so that 
the interaction of the electrons with the lattice vibrations leads to the tempera- 
ture-dependent part of the resistivity. 


TS. I. Pexar, J. Exptl. Theoret. Phys. (USSR), 16, 933 (1946). 
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To conclude this section, we shall consider the transition of an electron from one 
band to another under the influence of electromagnetic radiation. Let us assume 
that the initial and final states correspond to the wavefunctions 


val?) = 1 thn 
Jv 


isl)» Purse) = ex Pug pA). 
Jt 

The operator of the interaction between an electron and the electromagnetic radiation 
field is, according to Section 78, proportional to e'2(4, . V), where Q is the wave- 
vector of the light wave and Ay the vector potential amplitude. The selection rules 
for the absorption or emission of electromagnetic radiation when an electron makes 
a transition from one band to another will be determined by the condition that the 
matrix element 


M= CK'h | e2(Ag . V)|kA> = 7 | Fo elktO-k'r) dr 


is non-vanishing; here 
F(t) = uf, {Ao . Vg, + ikuy,) 


is a function of the electron coordinate with the periodicity of the lattice. 
Bearing in mind that F(r) has the same value in each cell of the crystal, we can 
transform the matrix element M to 


M= phere” | Fe) el kt O-k On) 7>g, (128.17) 


where the vector nr characterises the position of the elementary cell (see (126.1)); 
the summation is over all elementary cells, and the integration over the electron 
coordinates in the n-th cell. 

All integrals occurring in (128.17) are equal, 


J F(q) eh*t2-* @ d?q = B, (128.18) 
and thus 
M = BY tok) (128.19) 


The sum in (128.19) differs from zero only if 
k+Q-—Kk' = 2a, (128.20) 


where is a reciprocal lattice vector. 

The emission and absorption of electromagnetic waves is thus only possible for 
quantum transitions of an electron between states for which B + 0 and for which 
equation (128.20) is satisfied. For optical transitions, usually [k|, |k’| > |Q| since 
k ~ l/a, Q ~ 1/A, where a is the lattice constant and A the wavelength of the light. 
In that case, equation (128.20) becomes simply 


ki =k + Qn. (128.20a) 
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If the values of & are restricted to the first Brillouin zone, quantum transitions of an 
electron from one band to another can take place only if the electron quasi-momen- 
tum is not changed: vertical transitions. Each such transition will be accompanied 
by the emission or absorption of a photon with energy 


ho = E,(k) — E,(k). 


129. ELEMENTARY THEORY OF FERROMAGNETISM; SPIN WAVES 


In the band theory of solids one takes the interaction between the electron into 
account only through an average effective field, and the many-electron problem is 
reduced to a single-electron one. The band theory is thus unable to give even a 
qualitative explanation of phenomena for which the interaction between the electrons 
is essential. The spontaneous magnetisation of ferromagnetics is such a pheno- 
menon. 

Experiments on gyromagnetic effects established that the elementary carriers of 
the magnetic properties of ferromagnetics are the magnetic moments connected 
with the electron spins. The spontaneous magnetisation is caused by the parallel 
orientation of the electron spins. To explain the stability of such an orientation, 
one must prove that, at low temperatures, states corresponding to a violation of such 
a regular orientation are improbable. 

Frenkel and Heisenberg ft were the first to show that in ferromagnetism the main 
role is played by the exchange interaction between the electrons, that is, the inter- 
action caused by the correlation in the motion of the electrons due to the anti- 
symmetry of the crystal wavefunctions under an interchange of electrons. 

The ferromagnetic properties of iron and cobalt are caused by the 3d-electrons 
of the atoms. The electronic 3¢-shells of the iron and cobalt atoms in a crystal over- 
lap comparatively littlh—the 4s-shells are the outer ones—so that we can take the 
interaction between them into account by using perturbation theory based upon 
the atomic model of a solid. 

For the sake of simplicity, we shall consider a one-dimensional model of a crystal: 
a chain of N atoms at a distance a from one another. To avoid end effects, we intro- 
duce a cyclic condition with a large period, L = Na. We shall be interested in the 
state of only one electron in each atom, and shall consider the remaining electrons 
and the nucleus as one unit—a positive ion. We can write for the Hamiltonian of 
this system 


2 
é 


y V+ Erie) +5 


ie [ry — nr, 


h 
—— 129.1 

2m i ( ) 
where V,(r,) is the negative potential energy of the i-th electron in the field of the 
l-th atom. The last term takes into account the interaction between the electrons; 


t J. FRENKEL, Zs. Phys. 49, 31 (1928); W. HEIsenperG, Zs. Phys. 49, 619 (1928). 
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the prime on the summation sign indicates that the summation excludes terms with 
i=1, 

Let there be one electronic state corresponding to each isolated atom, with a 
wavefunction satisfying the equation 


|-> Vi + Vir) — | y,(r;) = 0. (129.2) 


As there is little overlap of the wavefunctions of different atoms, we can write 


5 of (r:) g(r) d° r, © On. 


We shall indicate the two possible orientations of the electron spin—parallel or 
antiparallel to the z-axis—by the spin functions « and 8. Complete magnetisation 
corresponds to a state where all electrons are in the state « (or #). The antisym- 
metrised wavefunction of the crystal, which corresponds to that state of complete 
magnetisation has, in zeroth approximation, the form 


|0> = Fah Y(- 1" P, {p11) (1) galt) (2) «> pwlew) o(N)}, 
(129.3) 
where the summation is over all possible permutations, P,, of the electrons. The 
permutations are numbered arbitrarily, except that each successive permutation can 
be obtained from the preceding one by the interchange of an odd number of pairs of 
electrons. 
The energy of the crystal in the state (129.3) of complete magnetisation is in 
first-order perturbation theory equal to 


- 1 
E, = (0|H|0>) = Ney + O — 5y Mu, (129.4) 
. i,t 


where 





Q = ¥ | nteor {via 1 { ope)? an} dr, 
it 2) |r — #il 


is the average energy of the Coulomb interaction between the electrons and the ions 
and between electrons and electrons; and 


2 





My = [ee piri) ke + Viri) + froeo pry) d°r,d°y, (129.5) 


i t 


is the integral of the exchange interaction between atoms i and J. 

The lowest excited state of the crystal will, in zeroth approximation, correspond 
to the flip of the spin of one of the atoms to an orientation, antiparallel to the z-axis. 
If this flip occurs at the atom n, the wavefunction of the crystal will be 


In) = YS (— DP, {osles) a1) = gala) BD) Galen) CAD}. (129.6) 
JN 
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Wavefunctions such as (129.6) corresponding to the flip of a spin at another atom 
of the crystal have, in zeroth approximation, the same energy, so that the solutions 


of the equation 
[7 — E] ¥ =0, (129.7) 


which determines the excited states of the crystal, in the next approximation, must 


be looked for in the form 
Y= Y byl, (129.8) 


where |) is a function, such as (129.6), with the one spin which is in the antiparallel 
direction at the m-th atom, and the b,, are constant coefficients. Substituting (129.8) 
into (129.7), multiplying from the left by <n] and integrating over the coordinates 
of all the electrons, we get a set of equations determining the energy of the system 
and the coefficients b,: 


Y <n| A|m) b, + (nl Hind — E]b, = 0. (129.9) 
) 


m+n 


Using (129.1) and (129.6), we find the matrix elements 
, ry 1 , 
Ey = (n|H|n> = Eo + 5 M,,, 
t 
where Ep is determined by (129.4), and 
<n| H|m> = —43Man- 


Substituting these values into (129.9) and taking into account only exchange inte- 
prals between neighbouring atoms, 


Mant = Ma-iyn = M, (129.10) 
we get a set of equations 
(E — Eo) by = 4M[2b, — bys — by-1). 
We can write the solution of this set of equations in the form 
b, = LL gtkne. (129.11) 
VN 


where k = 2xy/Na, with » an integer satisfying the inequalities —4N < 1 < 4N; 
k takes on N different values. For each value of k, we have an energy of the system 


E(k) — Eo = M( — cos ka). (129.12) 


It is immediately clear from (129.12) that the exchange integral M must be positive, 
if the state of complete magnetisation with energy E is to correspond to the energy 
minimum. The integral M is of the same order of magnitude as the Curie temperature, 
expressed in energy units. For iron M ~ 2 x 1071* erg. 
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For each excited state, characterised by a well-defined value of k, we have a wave- 
function 1 
JN 
which is called a spin wave. The quantity 


e(k) = E(k) — ES = M(1 — cos ka) (129.13) 


Y= y eIny, (129.13) 


is called the energy of the spin wave (129.13). At low temperatures, spin waves 
corresponding to small values of ka are of interest. The energy of those waves is 


simply given by e(k) = 4Ma?k?. (129.14) 


One can easily generalise the results obtained here to the case of three-dimensional 
lattices. For a simple cubic lattice, for instance, with a lattice constant a, the depen- 
dence of the spin wave energy on the wavevector k is given by the equation 


e(k) = M x (1 — cos k,a). (129.14) 


For small values of ka, this expression reduces to 
e(k) = 4Ma?k?. (129.15) 


Excited states corresponding to the electron spins of two or more atoms in the 
antiparallel position can also be represented by spin waves. If we consider states 
with small values of ka and a small number of “‘reversed’’ spin as compared to the 
total number of atoms, such excited states correspond approximately to super- 
positions of independent spin waves (129.13) with one reversed spin. Such an approx- 
imation is equivalent to neglecting spin wave-spin wave scattering and neglecting 
spin complexes, that is, states in which two or more “reversed”’ spins are bound 
together to form a single system. In this approximation, the low-lying excitations of 
the crystal are considered as a collection of independent spin waves, that is, as a 
collection of elementary excitations, each of which behaves as a quasi-particle of a 
perfect gas. Taking into account that, according to (129.15), the relation between 
the energy of the particle and its quasi-momentum Ak is the same as that of a free 
particle with mass He 

m* = —., (129.16) 
Ma’? 
we can call m* the effective mass of the quasi-particle. Such quasi-particles—ele- 
mentary excitations—are called ferromagnons or sometimes just magnons. 

If we assume the spin waves to be independent, we can determine the average 
number n(k) of elementary excitations—ferromagnons—in a state with a well- 
defined value of k, using Bose-Einstein statistics. We have then 


1 
mk) = omy 1 
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where 8—' = @ is the absolute temperature of the crystal in energy units. In wave- 
vector space, the number of possible values of k per unit volume of the crystal is 
equal to (27)-* so that the total number of ferromagnons per unit volume of the 


crystal is equal to 
dak? dk 
~ Ons > ere oy 


where the integration is over the first Brillouin zone. Substituting into the integral 
the value «(k) from (129.15) and bearing in mind that if O < M, the integrand is 
very small for values of & near the zone boundaries, we can replace the upper limit 
of the integral by infinity. We get then 


1 (OV? (? x?dx _ 1-058 / @\'? 
n ~] —saalwa 7) Ry are _ . (129.17) 
20° a” \M oe ~-1 awa \M 
If there are o electrons in the elementary cell, which produce the magnetisation, 


there are o/a? electrons per unit volume. The average relative number of “incorrectly 
oriented” electrons at a temperature @ is thus equal to 


na? _ 1-058 3)" 








o on? \M 


The average magnetisation per unit volume of the crystal must thus, at low tempera- 
tures, be given by the equation 


. 3/2 
n= mos —!258(2)" 
on” \M 


We must note that in a one-dimensional crystal the integral in (129.17) must be 
replaced by the integral j dx/[exp x? — 1]. This integral diverges at x = 0. This shows 
that in a one-dimensional crystal, the fraction of incorrectly oriented electrons 
cannot be small, that is, there is no spontaneous magnetisation. 

We refer to the literature for a more detailed discussion of spin wave theory. 





130. Excrrons IN MOLECULAR CRYSTALS 


Among the solids, molecular crystals consisting of molecules or atoms, between 
which van der Waals attractive forces act, take a special place. Molecular crystals 
are formed by the atoms of the inert gases and by molecules with saturated bonds 
such as H,, O,, or CH,. Most molecular crystals are found among the organic 
substances. 


t F. BLocu, Handb. Radiologie, 62, 354 (1934). A. I. Axummser, J. Phys. (USSR) 10, 217 (1946). 
A. I. AKntesrr, V. G. BAR’YAKHTAR, and M.I. KaGaANov, Usp. Fiz. Nauk 71, 533 (1960), Soviet 
Phys.-Uspekhi 3, 567 (1961). J. VAN KRANENDONK and J, H. VAN VLECK, Rev. Mod. Phys. 30, 1 (1958). 
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Molecular crystals do not conduct an electrical current, that is, they are dielectrics. 
When studying the optical properties of molecular crystals, it is natural to start from 
the assumption that these properties, to a first approximation, are determined by 
the properties of the separate molecules. The influence of the interaction between 
the molecules can be taken into account as a perturbation. The first papers on the 
theory of the absorption of light by the monatomic molecular crystals of the inert 
gases were those by Frenkel and Peierls}. The general case of the absorption of light 
by molecular crystals with a complex structure was studied by Davydov+. In these 
papers, it was shown that the peculiar features of the absorption of light and lumi- 
nescence in molecular crystals are connected with a process of migration of energy 
in the crystal caused by resonance interaction between the molecules. 

To illustrate the methods of the theory, we shall study the excited states of a 
molecular crystal, using a one-dimensional model of a crystal: N atoms at a distance a 
from one another. To simplify the inclusion of end effects, we introduce cyclic 
conditions with a large period L = Na. We shall assume that the energy states of an 
isolated molecule are determined by the equation 


LH, ~ E‘lg, = 0 
The value f = 0 corresponds to the ground state of the molecule. We shall, for the 
sake of simplicity, assume that the levels of the molecule are non-degenerate. 


The wavefunctions ® and energy levels E of the whole of the crystal will be deter- 
mined by the equation 


N 
[> i, ++ Y Vom Elo = 0, (130.1) 
n=1 2 nm 
where 
e 3(ry - Ram) Pim « Ram 
Yan = Eyota) — Me Ran eB] (302 


is the operator of the dipole-dipole interaction between atoms m and n, which was 
considered in Section 124, R,,, is the distance between the centres of these molecules, 
and r, and r,, are the coordinates of the electrons in these molecules (we assume again 
that there is one electron per molecule). There is little overlap between the electronic 
wavefunctions of neighbouring molecules in a molecular crystal, so that, to simplify 
matters, we can neglect exchange effects, that is, forget about the correct symmetry 
of the wavefunctions of the crystal under an interchange of electrons. We can then, 
in zeroth approximation, write for the wavefunction of the ground state of the 
crystal N 

©, = IT 9. (130.3) 

n=1 


+ J. FRENKEL, Phys. Rev. 37, 17, 1276 (1931); J. Exptl. Theoret. Phys. (USSR) 6, 647 (1936). 
R. Peters, Ann. Phys. 13, 905 (1932). 

+ A.S. Davynov, J. Exptl. Theoret, Phys. (USSR) 18, 210 (1948); Theory of the Absorption of 
Light in Molecular Crystals (in Russian), Izd. Akad. Nauk Ukr. SSR, Kiev (1951); Theory of Molecular 
Excitons, McGraw-Hill (1962). 
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The energy of the ground state of the crystal is thus in first-order perturbation 
theory equal to ' 
Ey = NE) + 5 Y | leel? VamlGPml? dz. (130.4) 
nem 


If one molecule makes a transition to the (th excited state and if the molecules 
are far from one another, the excited states of the system will be determined by the 
wavefunction 5 r ° 

Pu = Pn i Pmn- (130.5) 
m( +n) 
When the molecules approach one another right down to the distance corresponding 
to their normal positions in the crystal, the excitation will no longer be localised 
upon one molecule. The wavefunction of the excited state of the crystal, corre- 
sponding to the fth excitation of a separate molecule, can be written as a linear 
superposition of the states (130.5): 


@! = = Yds, (130.6) 


where N~-'|b,|? determines the probability that for a given arrangement of the 
molecules in the crystal, the molecule turns out to be in the excited state. 
Substituting (130.6) into (130.1), multiplying by y{* and integrating over the 
internal variables of the molecules, we obtain a set of algebraic equations for the 
coefficients 6, and the energy of the crystal: 
Y Manda — bp = 0. (130.7) 


aC =m) 


The summation is here over all molecules, except the m-th, the matrix element 


Man = § Gn Pn" VamPnPn At (130.8) 


determines the exchange of the excitations between the n-th and the m-th molecules, 
and 


Balt Ele Y [ze + [le Fall? de + y _ | lee Vans l |? ar| 


n(#m) 


(130.9) 


Subtracting from the ground state energy (130.4), (130.9) we get for the excitation 
energy of the crystal 
AE = AE, +D+eé’, (130.10) 


where AE; is the excitation energy of a single molecule and the quantity 


D= x I IGE? Venlo af ae ~ [ipa Vanl a (130.11) 
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determines the difference in the interaction energy between the m-th molecule and 
all the other molecules, for the cases where the m-th molecule is excited or in its 
ground state. 

The excitation energy AE of the crystal differs thus from the excitation energy 
AE, of a molecule by the two terms D and e*. To evaluate e’, we must solve the set 
of equations (130.7). Using the translational symmetry of the crystal, we can write 


b, = eh", (130.12) 


where & is a wave number taking on WN discrete values, 


k=—, (130.13) 


where v is an integer, satisfying the inequalities -4N < » < 4N. Substituting (130.12) 
into (130.7), we find 
v=c(k)= Y Myee™. (130.14) 
n( =m) 
If we take into account only the matrix elements for the transfer of the excitation 
to neighbouring molecules and put 


Mnm+1 = Min—14m =M, (130.15) 
equation (130.14) becomes simply 
et(k) = 2M cos ka. (130.16) 


It follows from (130.14) that each excited state of an isolated molecule in a molecular 
crystal becomes a band of excited states containing as many sublevels as there are 
molecules in the crystal. Each of the sublevels is characterised by a well-defined 
value of the wave number k (see (130.13)). 

One can easily generalise the results obtained to three-dimensional crystals. If there 
is one molecule in an elementary cell of the crystal the excited states are determined 
by a quasi-momentum Ak through equation (130.10) if 


c(k)= Y Mayer”; n= Yna, i= 1,2,3; (130.17) 
n(#m) i 


and the wave vector is 
2 1 1 
k= y— vb, --N,<%,S-M,, 
iN; 2 2 
where the 5, are the reciprocal lattice basis vectors and N,N,N; is the number of 
molecules in the crystal. 
In a simple cubic lattice when we consider only excitation-energy transfer to 
nearest neighbours, we have 


e%(k) = 2M}. cosk, a. (130.174) 
t 
For small values of ka, this becomes 
ef(k) = 6M — Ma?k?. (130.17b) 
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For each value of the quasi-momentum k& and energy (130.17), we have in the 
crystal a wavefunction 


Of ppelen (130.18) 


_ 1 

JN* 
Such excited states of the crystal are called exciton excitations. It is important that 
exciton excitations are not accompanied by a transfer of an electron from one mole- 
cule to another. The exciton excitations can, for small values of ka, be considered to 
be quasi-particles—excitons—with an effective mass 


m* = fe 
2a°M 





To determine the selection rules for quantum transitions under the influence of 
light waves from the ground state ®, to an excited state of , we must evaluate the 
matrix element ' 
Byo = (Py le*?-(Ay . V)|Do>, 


where V = )' V,, @ is the wavevector of the light wave, and Aj is the amplitude of 


n 
the vector potential. Substituting the values of the wavefunctions (130.3) and (130.18), 
we can write the transition matrix element in the form 


Bro = Fay eto | pite2"Ay.V,) 92 dry, (130.19) 
N n 


where r, is the coordinate of the electron in the n-th atom. The integrals occurring in 
(130.19) correspond to the transition matrix elements for isolated molecules. All 
molecules are the same, so that these integrals are independent of n, and we have thus 


Byo = Ke "eNO Ay Vn) Pn Fen eee. (130.194) 


1 
JN 
It follows from (130.19a) that in a perfect molecular crystal with fixed molecules 
quantum transitions under the influence of light can only take place when the selec- 


tion rule 
k=@Q (130.20) 


is satisfied; this selection rule expresses the conservation of momentum during the 
absorption or emission of light. Thus, even though the band of exciton excitations is 
comparatively wide, light can only excite excitons with a wavevector k, satisfying 
condition (130.20). 

The magnitude of Q is 27/4, where 2 is the wavelength of the light, while k ~ 1/a, 
where a is the lattice constant; therefore, Q is about 10° times smaller than k and we 
can replace condition (130.20) by the approximate condition k ~ 0. 

The selection rule (130.20) may be violated in real crystals, because of the presence 
of inhomogeneities and lattice defects. We must also take into account the vibrations 
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of the molecules about their equilibrium positions. Simultaneously with the excita- 
tion of excitons, phonons with a wavevector g can be emitted or absorbed. In that 
case, the selection rule (130.20) must be replaced by the condition 


k=Q+q. (130.21) 


The selection rule (130.21) makes the excitation of almost all exciton states in the 
crystal possible. Because of this, the absorption bands of molecular crystals are rela- 
tively wide and have a complicated structure. We refer to the literature for the theory 
of excitons, including lattice vibrations{, and for a general survey of the theory of 
exciton states in solids*. 


PROBLEMS 


1. Determine the allowed energy bands for a particle moving in the one-dimensional periodic potential 
given by the equations 
Vw=0, nat bd) sx<(@+Datno; 
V@=Vo, @+Datnbsx<(n+)1I@4+d), 


where n is an integer, running from — © to + «~, 
Discuss the limiting case as Vp > 00, b-» 0 while Vb remains a finite constant (Kronig—Penney 
model tT). 

2. For the case where the electrons are nearly free, find the electron effective mass for an energy 
near the bottom of an allowed band. 

3. Consider the one-dimensional motion of a wavepacket in a uniform electric field and show that 
the effective mass, that is, the ratio of the applied force to the resultant acceleration, is given by 
equation (128.2). 

4. Use the effective mass method to discuss the occurrence of localised states in semi-conductors 
with donor or acceptor impurities. 

5. Find the spin-wave energy for a body-centred cubic and for a face-centred cubic lattice, assuming 
nearest neighbour interactions only. 

6. Consider a Hamiltonian given by 

24 = Hy + Jy, 
Use perturbation theory to find the change in the density matrix, which at t = — is given by 
equation (14.19) with HT = Hp (work in the interaction representation). Hence find the time- 
dependence of an arbitrary operator A (Kubo formula ++). 

7. Use the result of the preceding problem to find an expression for the electrical conductivity tensor, 


putting A= Tes k = x; ys Z, 
and P= -e D(E-r), 
i 


where the j, are the components of the electrical current operator, @ is an external electric field, 
and the summation over / is over all charge carriers in the solid. 


ft A. S. Davypov, Proc. Inst. Phys. Ukr. SSR. 3, 36 (1952). A.S. Davybov and E. I. RASHBA, 
Ukr. Fiz. Zh. 2, 226 (1957). A. S. Davypov and A. F. LuscHENKo, J. Exptl. Theoret, Phys. (USSR) 
35, 1499 (1958); Soviet Phys.-JETP 8, 1048 (1959). 

+ I. TANAKA, Progr. Theoret. Phys., Suppl. 12, 183 (1959). D. S. McCuureg, Solid State Phys. 8, 1 
(1959). 

Ti R. pe L. Kronic and W. G. Penney, Proc. Roy. Soc. A 130, 499 (1930). 

++ R. Kuno, J. Phys. Soc. Japan, 12, 570 (1957). 


CHAPTER XIV 


SECOND QUANTISATION OF SYSTEMS 
OF IDENTICAL BOSONS 


131. OCCUPATION NUMBER REPRESENTATION FOR THE HARMONIC OSCILLATOR 


We studied in ChapterIV, the different representations of wavefunctions and 
operators in quantum mechanics. When studying systems consisting of a large num- 
ber of particles, it is convenient to use yet another representation: the number of 
quanta representation or occupation number representation. The study of quantum 
systems in the occupation number representation is usually connected with the 
method of second quantisation. In this method, we use a field description of a system 
of particles, and the particles of the system are considered to be the quanta of some 
field. The interaction between the particles is realised through other fields, the 
quanta of which are other particles. The fields of the particles are considered to be 
dynamical variables. They are functions of the three spatial coordinates and the time. 
These coordinates are points in space and are not coordinates of particles. Since the 
particles are considered to be field quanta, the second quantisation method is parti- 
cularly convenient for studying systems with a variable number of particles, that is, 
systems in which particles are transformed into other particles. This method also 
makes the study of systems of a large number of identical particles considerably easier. 

We shall first make ourselves acquainted with the occupation number representa- 
tion by considering the one-dimensional harmonic oscillator. We can in this simple 
example meet with a number of concepts used in the occupation number representa- 
tion. 

We showed in Section 33 that the Hamiltonian of the harmonic oscillator can be 
written in the form 


- 1 l, 22. 
A(é = 5 fe (* _ =) = 5 he E? + Bi), (131.1) 


where & is a dimensionless variable related to the particle mass m, the angular fre- 
quency @, and the coordinate x by the equation 


The eigenvalues and eigenfunctions of the Hamiltonian, 


E, = (4 + 4) ho, VnlE), 
553 
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were determined by one quantum number n which could take on non-negative 
integral values 0, 1, 2, ... We also showed that we could introduce, instead of the 


coordinate operator £ = € and the momentum operator De = —id/dE two other 
operators 
“ 1 7) | rr 
a= é +—|J= —=(€ + ips), (131.2) 
V2\ a} V2 
“ 1 ,) 1: “ 
at= —.(£- —)=—_( - p,), (131.3) 
V2 ( a} 4/2 


satisfying the commutation relations 
(a, a*]_ = aat — ata = 1. (131.4) 


Using (131.2) and (131.3), we can express the Hamiltonian (131.1) in terms of 
the new operators 


H = tho(dat + ata) = ho(ata + 4). (131.5) 
All other operators referring to the harmonic oscillator are functions of & and —id/dé 


and can thus also, by means:of (131.2) and (131.3), be expressed in terms of the 
operators @ and at. In particular, 


1. 4 - a 
—E=—~(a4+ a), L1G HH, (131.6) 
J2 ae 4/2 

We showed in Section 33 that the action of the operators a and at upon the wave- 
function p, was determined by the relations 


GYn = Jn vn-15 } 


(131.7) 
aty, = Jn+1 Watts 





Giving the quantum number n characterises completely the state of the oscillator. One 
often calls the single-quantum excited state corresponding ton = lasingle-phonon ex- 
citation; the one with n = 2 a two-phonon excitation, and so on. In other words, each 
quantum of excitation of the oscillations of the oscillator will be called a phonon. In 
this terminology, the quantum number v thus determines the number of phonons in 
the corresponding state. Each phonon has an energy fw. The state y, corresponds 
to the presence of m phonons with a total energy n fw. This state will be character- 
ised by the function |n>, which can be considered to be a function of the independent 
variable n—the number of phonons in a given state. The action of the operators 4 
and a‘ upon this function is determined by the equations 


dn) =JVnlan—1), any =JVnt¢1 fn +1). (131.8) 


This representation of functions and operators is called the quantum number or 
occupation number representation. The operators @ and at act upon the occupation 
number—number of phonons—n. The operator a decreases the number of phonons 
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by unity and is called the operator of decreasing the number of phonons by unity, or 
simply, a phonon annihilation operator. The operator dt increases the number of 
phonons by unity and is called a phonon creation operator. The operators a and at 
are completely determined by the relations (131.4) and (131.8). The exact form of 
these operators is unimportant. 

Using (131.8), we can show that the action of the operator 7 = at a upon the 
function |n> reduces to multiplying that function by n. In other words, the operator 
of the number of phonons, 7, is diagonal in the occupation number representation 
and its eigenvalues are equal to the number of phonons in a given state. Since the 
Hamiltonian (131.5) contains only the operator 7 = a‘a, this operator is diagonal in 
the occupation number representation and its eigenvalues, FE, = (n + 4)hw deter- 
mine the energy of the system. 

If the eigenfunction of the ground state—the state without phonons—in the occu- 
pation number representation is |O>, we can by » successive applications of the 
creation operator at obtain the wavefunction of the state with n phonons: 


n> = = (a*)" |0>. (131.9) 


In the occupation number representation, one usually puts |O> = 1; in that case, the 
functions [n> defined by (131.9) are also normalised to unity. The ground state of 
the system, described by the function |0), is often called the vacuum state. It can be 
defined by the relation 

a|O> = 0, 


that is, the phonon annilhilation operator acting upon the vacuum state, gives 0. 
The energy of the vacuum state is Ey = tho. 

The occupation number representation corresponds thus to describing the vibra- 
tions of an oscillator in terms of excitation quanta: phonons. All phonons are the 
same in this case, and a state is uniquely determined by giving the number of phonons. 
The wavefunction thus depends in the occupation number representation on only one 
variable: the number of phonons. 

If we replace in the Hamiltonian (131.1) the operators £ and pz by classical quan- 
tities, we get the Hamiltonian of classical mechanics, 


He, = tho(& + pz), 


where ¢ and p, are real, canonically conjugate variables. If we change from these 
real variables to complex variables, 


I 
a=—~(£-ip,), at= te + ip,), (131.10) 
J/2 V2 
we find the Hamiltonian 
Ay = hoa*a = hwaa*. 
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The transition from the classical Hamiltonian to the quantum Hamiltonian (131.5) 
consists in replacing in the symmetrised Hamiltonian 


He = tho(aa* + a*a) (131.11) 


the complex variables a and a* by the operators @ and at satisfying the commutation 
relations (131.4). In this way, we again obtain the Hamiltonian in the occupation 
number representation. This transition from the classical to the quantum Hamil- 
tonian is called second quantisation. This quantisation is identical with the usual 
quantisation, which consists in the coordinate representation in going from the co- 
ordinates and their conjugate momenta to the appropriate operators. 

The operators of the harmonic oscillator in the occupation number representation 
can be written in the form of infinite matrices. The non-Hermitean phonon anni- 
hilation and creation operators are, for instance, given by 


ov1 0... 0 0 
_ foov20.. J1 0 0 
a= 0 J30.]° 7% 0 J2 0 
0 0 /30 


In this representation, it is clearly evident that a and at are each other’s Hermitean 
conjugate. The phonon number operator is given by a diagonal matrix 


(131.12) 


The wavefunctions of the stationary states are given by single-column matrices 


1 0 0 
0 1 0 
0 0 1 


Let us now study a system of two identical, interacting, harmonic oscillators with 
an interaction energy proportional to the product of the displacements from the 
equilibrium positions. The Hamiltonian of such a system can be written as 


AE, &) = Mé) + AG) + ae, (131.13) 
Ma 
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with 


~ 1 2 a “ 1 2 a? 
A =-h —~— |, HE.) =-h —— |}. 
(€1) 2 o(& =) (2) 2 o(8 =) 


We change in the operator (131.13) to new, normal, coordinates by the relations 


m= [eG +8), m= [2G -&), 
20 2@ 





with 


In the new variables, the operator (131.13) splits into a sum of two operators corre- 
sponding to two effective, non-interacting oscillators with frequencies w, and w,: 
A = 1h 2 @ ly 2 # 131.13 

(1112) = 5 Oy ™ ~ 53 +5 Mme Pay (131.13a) 


We change to the Hamiltonian in the occupation number representation by intro- 
ducing the creation and annihilation operators for phonons with energies hw, and 


hw, using the relations 
al" * ay) B= (tap) 
JS 1 ~~ J? 27 7 2 2 Yo 
V2 ons J2 ans 


- 1 a] - 1 é 
t-Z(n-<), at=—(n- 2), 
J2\ amy 2 ano 


The Hamiltonian is thus diagonal in the occupation number representation: 


Ay 


(131.14) 


A = hw, ALA, + ho ,AtA, + $h(o, + 2). 
The stationary states of the systems are determined by the wavefunctions |N,N.)> 
corresponding to the energy 
E= N,how, + Noho, + $h(w, + a2), 


where N, and N, are the eigenvalues of the phonon number operators of the two 
kinds: At 4, and 4tA4,. The operators (131.14) satisfy the commutation relations 


[4,, 4.]- = (44, 4¢]. =0, (4,, Af] = 65, G2=1,2. (131.15) 


The phonon excitations corresponding to the stationary states [N,N,> characterise 
the excitations of the system as a whole, that is, the simultaneous excitation of both 
oscillators. The state 10>, for instance, characterises a single-phonon excitation of 
both oscillators with an energy fiw,. 
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If we wish to consider the quantum excitations of each of the oscillators separately, 
we can change to the occupation number representation by introducing the operators 





(131.16) 


which satisfy the commutation relations 
[a;, a )_ = (at, as)_ =0, [4;, at]_ = bit, i= 1,2. 


The Hamiltonian (131.13) then becomes 


~ ag a nt a AA in 2 ne a aga 

H = ho(ata, + ata, + 1) + — [d,a, + atah + a,a4+ ata]. (131.17) 
2mw 

This operator is not diagonal in the phonon numbers nm, and n,, which are the 

eigenvalues of the operators aja, and ala,, characterising the excitations of 

each oscillator separately (neglecting the interaction). In other words, the wave- 


functions 


Inna) = a (at): at)" J0) 


n,! 





are not eigenfunctions of the operator H. If initially the state of the system corre- 
sponded to the excitation of one oscillator, for instance, n, = 1, n, = 0, then after 
some time the system will be in the state n, = 0, n, = 1, and later on it will again 
be in the state n, = 1, mn. = 0,... In between, the state of the system is such that 
neither m, nor n, have well-defined values. The smaller the parameter A, the longer 
will the initial state, corresponding to the independent excitation of one of the oscilla- 
tors of the system, be conserved. 

The transition from the operators d,, ..., df to the operators A,, ..., Af can be 
realised by means of a canonical transformation, diagonalising the Hamiltonian 
(131.17). 


132*. QUANTISATION OF SMALL VIBRATIONS OF ATOMS IN SOLIDS. PHONONS 


Let us study small vibrations of atoms about their equilibrium positions in crystals. 
We shall consider a crystal with an elementary cell containing o atoms, which is 
defined by three non-coplanar basis vectors a,, a,, and a;. To avoid the difficulties 
connected with a continuous spectrum of wavevectors, we introduce as boundary 
conditions cyclic conditions with large periods: N,a,, N a2, and N3a;. These 
boundary conditions correspond to an infinite repetition in all directions of the basic 
region of the crystal, which contains N = N,N,N, elementary cells and No atoms. 
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The equilibrium positions of the atoms in the basic region of the crystal will be 


indicated by the lattice vectorsm = )' n,a;, determining the position of the elementary 
t=1 


cell, and a number « giving the position of the atom in the elementary cell. Let&, 
be the x-th component of the displacement of such an atom from its equilibrium 
position. If we retain only the quadratic terms in the expansion of the potential 
energy in powers of the displacements, we can write the energy of small vibrations 
of atoms about their equilibrium positions in the form 


Ha 5D | MiGio + EHC a) ene 


Fy yx n',a',x" (132.1) 
The classical equations of motion are in this case 
ME, + YO AQ — an) EE = 0. (132.2) 


n’,0",x!' 


In equations (131.1) and (131.2), 4, is the mass of the atom in the «-th position in 
the cell; the coefficients A7*-(n — n‘) depend only on the difference n — n’, and not 
on n and n’ separately. These coefficients form a difference matrix with respect to n 
and wn’ and each element in turn is a matrix of finite order with respect to the indices x 
and «. 
Because of the translational symmetry of the crystal, we can look for solutions of 
(132.2) in the form 
Ena(4) = €n(g) ee” Pa? (132.3) 


To satisfy the cyclic boundary conditions, we must put 


where the 5, are the reciprocal lattice vectors defined in Sections 114 and 126, while 
the y, are integers satisfying the inequalities 


—4N;, <4, 3 4N;, i= 1, 2, 3. 


The wavevector q can thus take on N different values, lying in the first Brillouin 
zone. As N > oo, the vector g changes continuously. The vectors e,(g) characterise 
the direction of the vibrations in the travelling wave (132.3) with a given wavevector q. 
The Cartesian components of these vectors are determined as the solutions of the set 
of equations 

Y Le(@) ex — of Me; = 0, (132.4) 


xa! 


( ° )s t t 
aa'(4) ) An - ) e (q.n-n') 


7 


form a Hermitean matrix. 
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The squares of the eigenfrequencies of the small vibrations of atoms in a crystal 
are, for each value of the wavevector g, determined from the condition that the set 
of equations (132.4) has a solution. This condition reduces to an equation of order 3o, 
where 3o is the number of degrees of freedom in one elementary cell, 


\L53-(9) _ 0g MbxxSax'l = 0. 


As the matrix L33- is Hermitean, and as the equilibrium positions correspond to 
an energy minimum, all 30 roots of this equation will be real and positive functions 
of g. Among the 3o frequencies w, (j = 1, 2, ..., 30) three vanish when g = 0. These 
solutions are called the acoustic branches of the vibrations. They correspond to dis- 
placements, which are in phase, of all atoms belonging to one elementary cell. The 
remaining 3(¢ — 1) frequencies are non-zero for g = 0. These solutions are called 
the optical branches of the vibrations. If there is only one atom in an elementary cell 
(o = 1), all three roots correspond to the acoustic branch. If some frequencies among 
the 30 have the same value, we say that there is degeneracy. 

For each frequency w,(q), there is a corresponding set of real vectors e,,;, which 
are the solutions of the homogeneous equations (132.4). We shall distinguish these 
vectors by an index j, which can take on 30 values. They form an orthogonal set, 
which can conveniently be normalised by the equations 


» (€xj- Cat) = Oy. (132.5) 
a=1 


The elementary displacements of the «-th atom in the n-th cell, corresponding to 
the j-th branch of the vibrations with a wavevector g can thus be represented by 


E1(q) = €4,(q) hem EO? 


We can write any displacement of the same atom as a superposition of elementary 
displacements corresponding to all different branches of vibrations and all possible 
values of g. We wrote a complex expression for the elementary displacements &,(q), 
but the displacements of atoms should be expressed in terms of real quantities. 

We can write for any real displacement 


h i(gen —i(g.n 
ba = lates) lage” + ape"). (132 
2 a J 


The normalising factor in (132.6) is chosen for the sake of convenience. The time 
dependence of the displacements from the equilibrium position is included in the 
coefficients a,;, and we have 


da,; 7 
Se! = — ing) ay. (132.7) 


Each term in (132.6) describes thus a plane wave propagating in the direction of 
the wavevector q. 
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Substituting (132.6) into (132.1) and using (132.4) and the fact that, for sufficiently 


large N 
¥ hee” = N64, (132.8) 


we find for the total energy of the atomic vibrations in a lattice 
1 
Hy = > ho,(q) [a,,aF; + axja,;]. (132.9) 
q 


Comparing the energy (132.9) with (131.11), we see that (132.9) can be considered 
as the sum of classical Hamiltonians of independent oscillators for all values of j 
and q. The total number of these operators is equal to 3a.N. 

Replacing, in accordance with Section 131, the complex amplitudes a,,; and aj, 
by the operators 


a,; and aj,, 
satisfying the commutation relations 

[4.3.47 1- = (at, at, =0, [a,,, at] = 6,84), (132.10) 
we get the quantum mechanical Hamiltonian in the occupation number representa- 


tion 
H = ¥) ho,(q) atya,; + Eo, (132.11) 
qd 


where 


1 
Eo =- > ho (q) 
2 qJ 


is the energy of the ground state or the vacuum state energy, as it is often called. 
Usually, the energy of the system is reckoned from the vacuum state energy as zero. 
If [0> is the vacuum state wavefunction, the wavefunction, 


I1ay> = ah; |0> 
characterises a state of the system with one phonon—a quantum excitation of a 
vibration of the j-th branch with wavevector g. The phonon energy is equal to hw,(q). 
Each such excitation—phonon—corresponds to vibrations of all atoms of the crystal. 
In other words, phonon excitations of the crystal are a manifestation of the collective 


properties of the interacting atoms in a solid. 
The state with n phonons of the same type is determined by the wavefunction 


1 
l"tqi> = — 
J tai! 


This state corresponds to an energy n,,hw,(q) of the phonons. 

Since the wavefunction of the state with n identical phonons depends only on the 
number of phonons, it does not change when we permute the phonons—it is a sym- 
metric function. Functions which are symmetric under the interchange of identical 





(at,)" |0>. 
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particles describe states of Bose-particles; the elementary quantum excitations of the 
atomic vibrations in a solid, the phonons, are thus Bose-particles or bosons. Phonons 
must satisfy Bose-Einstein statistics. Each quantum state can accommodate an arbi- 
trary number of phonons. 

In the general case, the state of the atomic vibrations in a crystal is determined by 
giving the number of phonons of different kinds in that state. We shall write for the 
wavefunction of such a state. 


|... gj ved 


In the case of solids containing one atom in an elementary cell, the phonon excita- 
tions correspond only to the three acoustic branches of the vibrations (j = 1, 2, 3), 
which, for each wavevector g, are characterised by three mutually perpendicular 
polarisation unit vectors, e,;, e,, and e;. In an isotropic solid, one of these vectors 
is along the wavevector and corresponds to a longitudinal sound wave. The other two 
polarisation vectors are perpendicular to the vector g and correspond to two trans- 
verse sound waves. 


For a given direction of the vector g, the two transverse waves have the same velocity, which is, 
however, less than the velocity of the longitudinal wave. In an anisotropic crystal, the three waves 
corresponding to the three polarisation vectors e,, e2, ¢3 have different velocities of propagation. 
In the general case, none of the polarisation vectors will be along the direction of the propagation 
vector. The sound waves are thus neither longitudinal nor transverse. However, for some selected 
directions of the vector g we can even in those crystals divide the sound waves into longitudinal and 
transverse ones. 


The displacement of the atom in the n-th cell of the lattice, corresponding to the 
j-th branch of the vibrations, will, for a crystal with one atom in the elementary cell, 
according to (132.6), be described by the formula 











h e,(q) i(q.n) —iq-n) 
n= [Ay j eam + ake am), 132.12 
J 2 - J0(9) [a,; ag ] ( ) 


where M is the atomic mass. We obtain the displacement operator from &,, by chang- 
ing from the complex amplitudes a,,; and a*, to the phonon annihilation and creation 
operators. We can then write the operator §,, as the sum of two terms, 








Ey = Ep + EP, (132.13) 
where 
e(- h eq)» iq.n) 
ED = as; j a,je 4°" (132.14) 
2MN ‘4’ ./,(g) " 


is the operator corresponding to the annihilation of phonons, and 








e h €9) +40 -i 

(+) J t i(q.n) 

= | —— ye aie (132.15) 
, cae @ Jog) 


the operator corresponding to the creation of phonons. 
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We can formally change from the displacement operators (132.13) of the -th 
atom in the lattice to the operator of a continuous variable—the displacement field 
operator: 








Er) = Fn") + FP), (132.16) 

where 

B= VED 6r — nn), EP = py EP sr — n), 
or 
_ i(q-r) 

prt 51 day ae", (132.16a) 
ge? e; Har) 132.16b 
-r ae (9) dase ( ) 


where @ is the density and ¥ the volume of the solid. Using the above expressions 
and the commutation relations (132.10), we can easily determine the commutation 
relations for the displacement field operators at different points in space, but at the 
same time, which is not explicitly mentioned, 

air) ss10 =0 | 


Er), £1. =| fO), 2K 


AEG r), a6 ae = ind(r — r') by. | 


It follows from the commutation relations (132.17) that when we change to a quantum 
mechanical description, we must consider the classical displacement field as an oper- 
ator field. To the displacement operator é ‘(v) at the point r at time ¢ there will corre- 
spond a canonically conjugate operator determined by the equation 


a ,(r) 
at 


(132.17) 


x,(r) =@ 


133*. THE INTERACTION OF CONDUCTION ELECTRONS 
WITH ATOMIC VIBRATIONS IN A SOLID 


To illustrate the use of the results obtained in the preceding section, we shall con- 
sider the interaction between conduction electrons and the atomic vibrations in a 
lattice. 

When there are no vibrations of the atoms about their equilibrium positions, the 
potential energy of an electron in a crystal is a periodic function with the lattice 
periods, Vo(r) = )° Wr — an). Because of the vibrations of the atoms, their positions 


are changed: n> n + &,, with &, = )'&,,. The displacements &,, corresponding to 
J 


the j-th branch of the vibrations are given by (132.12). For small deviations from the 
qu 19 


564 Second Quantisation of Systems of Identical Bosons [XIV, 133] 


equilibrium positions, we can write for the potential energy of the electron 


Vir) = Vor) + ©, Vn) Wr — 2). (133.1) 


The Hamiltonian of the system of the electron and the crystal can thus be written as 
follows: 
H = Ha + Hyg (r) + Aue, (133.2) 


where 
~ ne 


A, = + V(r) (133.3) 
2m 


is the operator determining the motion of the electron of mass m in the periodic field 
of the crystal, which is unperturbed by the lattice vibrations, 


Fin = ¥.&,° V,) Wr — a) = » EO) -V,) Wr —y)d’y (133.4) 


is the operator of the interaction between the electron and the lattice vibrations, with 


Ei(y) = Y Ey —” n), 


where ey is defined by equation (132.13), and 


1 ra 1 
Hy = = ¥, hog; | abyayy + = 
2 gd 2 


is the Hamiltonian of the lattice vibrations. 
When there is no interaction between the electron and the lattice vibrations, the 
state of the electron in the conduction band is described by the Bloch function 


vr) = = Pur), (133.5) 





where N is the number of elementary cells in the basic region of the crystal, Q the 
volume of an elementary cell, ik the electron quasi-momentum. For the sake of simp- 
licity, we shall consider the case where the electron energy for a given value of the 


quasi-momentum is given by the equation 
242 


Ee)» * 





, (133.6) 
m* 
where m* is the effective electron mass in the conduction band. We dropped the con- 
stant term in the energy, since we are only interested in its variation. The free vibrations 
of the lattice are, according to Section 132, determined by the wavefunction |... 1,; ...>, 
that is, by giving the number of phonons of different kinds in that state. 

Let there be m,; phonons in the initial state and let the electron quasi-momentum 
be Ak. This state corresponds to the wavefunction 


[i> = [ng y, Ar). 
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Let us consider final states, which can be obtained from the initial state by exciting 
in the crystal one more phonon of type (q,/), so that in the final state there are 
Ny + 1 phonons, while the electron quasi-momentum is Ak’. This state corresponds 
to the wavefunction 


If> = qi + 1D Yer). 


According to perturbation theory, the probability for a transition of the system 
from the state [i> to the well-defined state | f> is given by the equation 





2 wa, 
Pri = Kf Aine li>l? Es — Ey) (133.7) 
where AA? 
E, = om* + Ngshw,(q) 


is the initial energy of the system, reckoned from the vacuum state energy as zero, 


and 
2472 


h*k 
Es = 2m* 





+ (qs + 1) 10,(9) 


is the energy of the final state of the system. The presence of the 6-function in (133.7) 
shows that the transition takes place between states satisfying the energy conser- 
vation law 


h? 
E, — E, = ——(k” — k’) + ho,(q) = 0. (133.8) 
2m* 
When evaluating the probability for the emission of a phonon, we must consider 


the transition matrix element, occurring in (133.7). Using the values (133.4) and 
(133.5), we can write for this matrix element 


Sal =r + NTE V)FOAY My, 033.) 


where 
F(y) = fe@ uk) Wer — y) u(r) ar 


is a function which has the same values on opposite faces of the parallelepiped 
bounding the basic region ¥” = NQ. Integrating by parts in (133.9), we find 


(fla lid = = Cngy + WEY. | (¥, £1) F() d*y Ings. (133.10) 


Since in the final state the number of phonons exceeds by unity that in the initia 
state, we must in the operator &,(y) of (132.16), take only the part containing the 
phonon creation operators; we have 


(V,° &)) = -i y (a €,(9)) e@™Gt5(y — xn). (133.11) 
; 2NM tan Jaq) 
19* 
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We noted already in Section 132 that in isotropic crystals, only one of the three 
acoustic branches of the vibrations, namely, the one corresponding to longitudinal 
sound waves, has a polarisation vector along the wavevector q. It follows from 
(133.11) that only longitudinal acoustic waves interact with the electron. If j = 1 
corresponds to the longitudinal acoustic wave, (133.11) becomes 


.£. = eam At _ . 
2 (Vv, E,(y)) = id Wh ge ai, 0(y n) 


Substituting this value and the value of F(y) into the matrix element (133.10) and 
dropping the index 1, we get 


a NS h 
CSlfhalty = 1 





qq + 1 a5 MQ» 





Og 


x — ly et: -n) elk yay) Wr _ n) u,(r) d°r. 
NQ a 

Putting r = n + @, where g is a coordinate characterising the position of a point 

in the mth elementary cell, and using the periodicity of the functions u,, we can 

reduce the integral to an integral over one elementary cell only, 


1 see d’r = Welk km 
92 


W= = | ut-(@) W(e) e*-*:@ u,(@) de. 


Using also the fact that 
dng + Uatin,> = Jn, +1, 
we get 
hn, +1) 5 Jy lee am, 


fl Aiacli> = MD a ve 


The sum in this expression vanishes unless 
k—k' ~q=2nar, (133.12) 


where ¢ is a reciprocal lattice vector. Condition (133.12) determines the quasi- 
momentum conservation law for the electron and the emitted phonon. Let us consider 
the case where r = 0, that is, 

k=k'+4q. (133.13) 
When condition (133.13) is satisfied, 


y elk -k —qen) = N, 
n 


and thus 
h(n, + 1) 


On.ke tae 133.14 
2NMo, kk’ +@ ( ) 


fl Aili = iv Mea *D 
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Transitions accompanied by the emission of longitudinal acoustic phonons are 
thus only possible if the energy and momentum conservation laws (133.8) and (133.13) 
are satisfied. Substituting the value of k’ from (133.13) into (133.8), we find for j = 1 


* 
kh =(k—q)’ + ee (133.15) 
If we consider the simplest case of sound waves for which the dependence of the 
frequency on the wavenumber q is determined by the equation 
@_ = Sq, 
where s is the velocity of longitudinal sound waves in the solid, and if we use the 
equation (k . g) = kq cos 6 to introduce the angle 6 between the direction of emission 


of the phonon and the direction of the electron momentum in the initial state, we 
can rewrite equation (133.15) as follows 


sat kcos6 — 14 . 
m* 2 


For the case of the dispersion law (133.6), we have 


where v is the velocity of the electron in its initial state. The equation determining 
the possibility of the emission of a phonon by the electron thus reduces to 


s=veos9 — 24, (133.16) 
2m* 
Using the same notation, we have 
2,2 
EB, — E, ="© + ts — cos). (133.17) 
2m" 


From (133.16), it follows that the emission of a phonon by an electron is possible 
only if its velocity exceeds the velocity of longitudinal sound waves in the solid. 
This condition is similar to the condition for the occurrence of Cherenkov radiation. 
If v > s, the emission of a phonon is possible at angles not exceeding 0,,,,, where 
Grax is determined by the equation v cos 6,,, = s. Using (133.17) and (133.14), we 
get from (133.7) for the probability for a transition per unit time to a well-defined 


final] state 
a2 2,2 
Py; = a >) 5 (halo cos —s]— ng ) 





MNs 2m* 


The final states belong to the continuous spectrum. In the basic region ¥ of the 
crystal, there are ¥q?dq dQ/(2x)° phonon states with wavevectors with absolute 
magnitudes within the range g, g + dq and directions within the solid angle dQ. The 
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expression for the probability for transitions per unit time, involving the emission of 
phonons into the solid angle d2 and g within the range g, q + dq will thus be 


72 2 
OW Cet) q°6( hg{v cos @ — s] — —~)dq dQ. 
2sM(22) m* 
After integrating over all values of g, we see that the emission of a phonon into the 
solid angle dQ is possible only if vcos 6 > s and that then 
Own, +1) 3 
dP(n, +17) = 24" 9? dQ, 133.18 
(1, «) sMOny q ( ) 
where 


* 
= SE (vos —s)>0. 


The probability for the emission of a phonon is thus proportional to n, + 1. 
Phonons can be emitted where there is no phonon present in the initial state, when 
nq = 0. The probability for the transition per unit time obtained from (133.18) with 
nq = 0 is called the probability for the spontaneous emission of phonons. The part of 
(133.18), which is proportional to the number of phonons of a given kind in the initial 
state is called the probability for induced emission or stimulated emission. 

If we take in the operator Ay,,, of (133.4) the part of the displacement operator gE 
corresponding to the annihilation of phonons, we can evaluate the probability of a 
quantum transition in the system accompanied by the absorption of a phonon by 
the electron. One sees easily that such a process is possible when the momentum 
conservation law (with x = 0) 

k-k'+q=90, 
and the energy conservation law 


E, — Ey = hg(s — vcos 6) — oe =0 (133.19) 
m 





are satisfied. Condition (133.19) can be satisfied for all electron velocities. 
The probability for the absorption of a phonon per unit time is given by the equation 


2Wn, 


——4__ 4? dQ, 
2sM(2x)* 4 


dP(ng- 1-7) = 
where 


* 
q = 6- v cos 6): 


This probability is proportional to the number of phonons in the initial state. 

The expressions obtained here refer only to the case where there is only one elec- 
tron in the conduction band. If there are several electrons in the conduction band, 
we must take the Pauli principle into account, which forbids transitions of an electron 
into states which are already occupied by other electrons. 
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134, QUANTISATION OF THE ELECTROMAGNETIC FIELD WITHOUT CHARGES 


The electromagnetic field in vacuo is in classical electrodynamics determined by 
the vector potential A, satisfying the wave equation 


2 
104 _5 





VA — 134.1 
c2 at? ( ) 

and the additional condition—determining the Coulomb or radiation gauge— 
(V.A) =0, (134.2) 


guaranteeing that the electromagnetic waves are transverse. The electric and magnetic 
field strengths are determined by A: 


6= — 1 oA HW = curla. (134.3) 


c Ot 


The energy of the field is given by the formula 
H., = . | (8? + H?) dr (134.4) 
x . 


Let us write the vector potential A as a superposition of real plane waves, 
A= YP egglAge?”? + Abe 27]. (134.5) 
a @ 


Condition (134.2) is satisfied if (Q. eg,) = 0, that is, the polarisation unit vectors 
must be perpendicular to the wavevector Q. We can, for each vector Q choose two 
mutually perpendicular vectors satisfying this condition, so that the index « in (134.5) 
can take on two values. We must introduce cyclic boundary conditions with the basic 
region a cube of edgelength L in order that the wavevector Q takes on discrete values. 
In that case, an 
Q; = TL Vi» (134.6) 
ith 
wit » =0,+1,42,.., 2=1,2,3. 
The wave equation (134.1) is satisfied if the time-dependence of the coefficients Ap, 
is given by the equation 
0Agy 


3 = —iwgAgas Wg = cd. (134.7) 
t 


When we satisfy (134.7), each term in the sum describes a plane wave propagating 
in the direction of the wavevector Q. 

Using equations (134.3), (134.5), and (134.7), we find the electric and magnetic 
field strengths 


é = iD Y Qeg Age?” _ Age “2?], | 
a @ 


_, (134.8) 
H = iT VIO A coal (Ag.e"@” ~ AB.e-“”I, | 
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Substituting these values into (134.4) and bearing in mind that when integrating 
over the basic volume L? 
fe 2- O°” gy = L590, 
and that 
(IQ A eg]. [2 A egy]) = O76 a0; 


we find for the total energy of the field 
L* 2 n * 
Aya = kn Y d OTAgcAba + AbcAoal- (134.9) 


It is convenient to change in the expressions obtained here to new amplitudes ag, 
using the relations 


2ahe 
Ag, = .|—~ 40x- 134.10 
Q pe Q ( ) 


We then get for the total energy and for the vector potential 





H., = ; » hwglagaaba + I%a8Qa), (134.11) 
a,0 
A= | 2ahe S £08 faye + ge 12), (134.12) 
LD «@ Jo 


It follows from (134.11) that the total energy of the electromagnetic field can be 
expressed as an infinite sum of independent contributions, each of which is the energy 
of a harmonic oscillator corresponding to a plane wave with polarisation « and wave- 
vector Q. 

By analogy with Section 131, we can change from (134.11) to the Hamiltonian for 
the quantum mechanical description of the electromagnetic field using the transfor- 
mation 

Aox > Aga, Ay > Aba, (134.13) 


where the operators dg, and a}, are, respectively, the annihilation and creation 
operators of the quanta of the electromagnetic radiation, satisfying the commutation 
relations 


[aon dga']- = [aba agyq/\- = 0, (dou, ah.a- = 5 .x/O90"- (134.14) 


Using the transformation (134.13) and the relations (134.14), we can thus obtain 
from (134.11) and (134.12) the operators 








H = ¥ hoglab.ao, + 41, (134.15) 
a0 
A= [a y £00 [apse 2” + tye OP), (134.16) 
L” a0 Jo 
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Let us also evaluate the operator of the total momentum of the field. According 
to classical electrodynamics, the momentum density is equal to the Poynting vector 
divided by c?. We have thus, for the total momentum per unit volume 


1 3 
CN M\dr. 
al 


P= 





Substituting (134.8) into this expression, we have 


1 
_. Y QQA po. Abas 
41c «4.0 


and using (134.10) to change to the new amplitudes, we find 
1 
P= 5f > Olox8b« + Gb0%Qa)- 
«0 


The operator of the total momentum can be obtained from this expression by 
using (134.13) to change to operators. Using the commutation relations (134.14), 


we have P = Y Ohldh,do, + 4). (134.17) 
a,Q 


Since there corresponds a vector — Q to every vector @ in the sum over all Q, we have 

¥ @ = 0, and thus 

2 P = ¥ AQG),o.- (134.18) 
a,0 


The energy operator (134.15) and the momentum operator (134.18) are diagonal 
in the occupation number representation, since they contain only the quantum num- 
ber operators ata. In states with well-defined numbers of particles, |... 2g, ...> the 
energy and momentum are thus given by the expressions 


E= Y, fo olroa +4), P= Yh Ongs. (134.19) 


Each quantum excitation of the electromagnetic field—photon—has thus an energy 
hwg and a momentum AQ, where wp) = cQ. The vacuum state energy 


Eo -!y hog = 0, 
24.0 


since the number of possible states is infinite. In physical phenomena, only energy 
differences are important, so that we can reckon the energy of the field from its 
vacuum state value as zero. 

The vector potential operator (134.16) and the electric and magnetic field operators, 











€=i¥ | 27heQ 4 Mdgye2 — aye], (134.20) 
a0 L 

H =i, | a [OQ A egal [dg.e?' — abe “2 ] (134.21) 
«2 


QM 19a 
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obtained from (134.8) by using the substitution (134.10) and the subsequent change 
(134.13) to creation and annihilation operators, contain the operators a and at 
linearly. All these operators, A, &, and #, are functions of the coordinates r and the 
time (Heisenberg representation). 

The transition from the classical quantities A, 6, and #, describing the electro- 
magnetic field, to the operators (134.16), (134.20), and (134.21) is called field quanti- 
sation. Such a quantisation is called second quantisation. This term is very often used, 
even though it is not justified. There is only one transition from classical quantities 
to quantum mechanical operators. The coordinates on which A, &, and # depend 
are parameters, and not particle coordinates. 

The quantisation of the electromagnetic field corresponds to the introduction of 
elementary excitations—field quanta, that is, some kind of elementary particles—the 
photons. Photons corresponding to a well-defined quantum state are completely 
identical. The wavefunction describing a state with m photons of the same type is 


__! (th 
\n> = Ta (a')" |0>. 


This function is symmetrical under an interchange of photons; the photons are thus 
Bose particles. Photons always move with the velocity of light, so that their rest 
mass vanishes. 

Using the commutation relations (134.14) for the photon creation and annihilation 
operators, we can evaluate the commutation relations for the components of the 
vector potential operator (134.16), referring to different points in space, at the same 
time. We find in this way 





[4 1), Afr’, OJ. =0, Lk=x,y,z; (134.22) 
|4 (r, t), OAL, ae) = 4nihc7b,0(r — r’). (134.23) 
The operator 
. aA 
a= — 134.24 
xc at ( ) 





can be called the momentum operator, canonically conjugate to the vector potential 
operator A. It follows from (134.23) and (134.24) that 


[A,(r, 1), 20,(r', D]_ = if6,8(r — r’). (134.25) 
One can also show that the momentum operators commute with one another: 
[2,(r, 1), or’, )J_ = 0. (134.26) 


We can immediately express the electric field strength (134.20) in terms of the mo- 
mentum operator (134.24): 


om 
PNG) 


3 1 ; 
€=-—- = —40cn. (134.27) 
c 


im?) 


t 
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The magnetic field strength operator can be expressed in terms of the vector potential 


operator: # = cul A. (134.28) 


Using (134.27) and (134.28) and the commutation relations (134.22), (134.25), and 
(134.26), we can easily evaluate the commutation relations for the field strength 
components: 

[2.0,0, &C', O1- = (Hr, ), Hr’, N]- = 0. 


The parallel components of & and # also commute; for instance, 
[é.(r, t), Hr’, t)]_ = 0. 


However, perpendicular components of & and # do not commute; for instance, 


[2(r, 1), #,(r', D]_. = 4nich = oir — r’). 
a 


The commutation relations for other pairs of components can be obtained by cyclic 
permutations of x, y, and z. It follows from the commutation relations that the per- 
pendicular components of & and # cannot simultaneously have well-defined values 
at the same point in space. 

We used the commutation relations (134.14) for the amplitudes in the expansion 
of the vector potential in terms of plane waves to obtain the commutation relations 
for the potentials and fields. We can, however, begin second quantisation by imme- 
diately postulating the commutation relations (134.22), (134.25), and (134.26) for 
the vector potential operator A(r, t) and the operator of the canonically conjugate 
momentum 





The Hamiltonian (134.15) of the electromagnetic field can be directly expressed 
in terms of the electric and magnetic field strength operators 


= = | (€? + #7) d’r. (134.29) 
Ki 4 


The Jaw for the change with time of any operator F of the electromagnetic field 
will, in the Heisenberg representation, be given by the general quantum mechanical 


equation ar 
th mn = [F, H]_. (134.30) 
t 


Hence, all quantities with operators commuting with the operator (134.29) are 
integrals of motion. ; 
We can, for instance, show that 


[div &, H]_ = [div #, HJ_ =0. 
19 a* 
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Hence, div & and div # are integrals of motion; if they vanish at one moment, they 
will remain equal to zero at all times. Using (134.30) to evaluate the time derivatives 
of the electric and magnetic field strengths, we find operator equations, which are 
formally the same as the Maxwell equations for the corresponding quantities. For 
instance, 





0é. _ a [fx A_ = c[curl] # |, tee 
Ct ih 

O# _ I (7%. A- = —c{curl é],, tee 
ot ih 


To conclude this section, we shall evaluate the commutation relations for compo- 
nents of the field strengths € and # at two points, differing by a space-time interval. 
We can find the change with time of the operators dg, and a},, from the equations 


ad, 
ot 








in 222 — [ag,, A). and ih 22 = [ah AL, 

ot 
using the Hamiltonian (134.15) and the commutation relations (134.14). We get in 
this way 





Oa , oat, P 
joC@a _. COGga» j—22 — —cQa},,, 
at 
or 
doa = Agee“, ab, = aghe, (134.31) 


where the operators abn and dot satisfy the same commutation relations (134.14). 


Substituting (134.31) into (134.20) and (134.21), we get 





Z . 2nhw “0 i _ ok _ 
&r,)=i1> | 7 2 egalagee” ogtt _ apie 2.0 age) 
«0 








22h 
Lv @ Q 





[Q A €ga] [apae'2 22 — agte MOP-e9%, 


Hr, t) = ic y | 
«2 


Using these expressions and the commutation relations (134.14), we find 
[Fr 0), Fr’, OL = AG, D), Br’, 
4nxhQc , 


=i) x Conlon Sin [(Q-r — rv’) — Oc(t — t’)]. (134.32) 
a,Q 





To evaluate the right-hand side of (134.32), we use the following relations 
2.0, 


t u 
} Can€. = One - > 
+ Qa Ox Q? > 





2 
0,0, e277? = — 7 Or-r 
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and get 
Y; ebalon Sin [(Q.r — r’') — c(t — t’)] 


1 fo» 2 8 7, 
==! —— - sin rk — cVlt — ft). 
rake ator" ior | KrF) — Oe 


If we now introduce the notation 





1 osin[(Q.r —r') — ceQG¢ — 1) 
ny eta eT 034.33) 


we can write the commutation relations (134.32) in the form 
[F,(r, t), é Ar’, t’)]_ = [#(r, t), H Ar’, t’)]- 


On a? a? 
c? état’ = ar,0ry. 


Dr-r,t-t)=- 





[Poe —r,t—t'). (134.34) 


Similarly, we can obtain 
2 
2.0.1), P(r, t))- = Anite = 


-Do(r — r,t — 1’). (134.34a) 
zot 





In all these commutation relations, the function Dy, defined by equation (134.33), 
occurs. Bearing in mind that in the sum over Q there occurs a vector ~-Q for each 
vector Q, we can transform (134.33) as follows 


1 i sin cOt 
De, t) = — ~Y ele @ 134.35 
o(@, T) py <0 ( ) 


where @ = r—r’,t = t — t’. We can replace the summation over Q by an integral, 
if L is large, and we have 





1 9. @) Sin COT 13 
Dlg, t) = — eo @ = PQ. 134.35a 
@.) = - a | a0 (134.352) 
We can easily integrate in (134.35a) over the polar angles of the vector Q, and we get 
Dfe@,t) = — = | sin Qo sin cQt dQ. 
2x ec Jo 


For the next integration, we express the sine in terms of exponentials. Using then the 
relation 


1 +a 

d(x) = — e'** dé, 
2n —9 

we can write 


Dolo, 0) = ies [5(0 + cr) — do — cx)]. (134.35b) 


It follows from (134.35b) that the function Do(r — rv’, t — t’) has a singularity for 
jr —v'] = tet - 2’), (134.36) 
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and vanishes when (134.36) is not satisfied. If the four-dimensional points (r, 7) and 

(r’, t') satisfy equation (134.36), one says that they lie on the light cone, as they can 

be connected by a light signal. The components of the electromagnetic field commute 

thus everywhere, except on the light cone. Field strengths in two points which cannot 

be connected by a light signal can simultaneously have well-defined values. Jordan 

and Paulit were the first to derive the commutation relations (134.34) and (134.34a). 
It follows immediately from (134.35a) that 


Dov — r’,0)=0 and E Dor — r,t -— | = O(r — r’), 
t t=t" 


so that for t’ = ¢ the commutation relations (134.34) and (134.34a) change to the 
commutation relations for field components at the same time, which we derived 
earlier. 

The quantities describing the electromagnetic field: field strengths, number of 
light quanta, ... do thus not have well-defined values in all states. For instance, the 
photon number operator 

Nga = alin 


does not commute with the field strength operators (134.20) and (134.21) so that the 
field strengths do not have well-defined values in states with a well-defined number 
of photons. In particular, in the vacuum state |0> where there are no photons—n = 0 
—the field strengths do not have well-defined values. Although the average value of 
the fields € and & vanish, their dispersion is not equal to zero. These fluctuations 
manifest themselves in real physical phenomena. The spontaneous radiation of a 
quantum system when it makes a transition from an excited state to its ground state 
can, for instance, be considered as radiation under the influence of the vacuum 
fluctuations. 


If we wish to make the classical theory of the interaction between electrons and the electromagnetic 
field relativistically invariant, symmetric and covariant, we must use the feur-potential. Because of 
the Lorentz condition, 

é 


D7 =0, A, = (A, to), (134.37) 
Ws 


ax, 


the four-components of the potential are not independent. This makes it difficult to quantise the 
electromagnetic field. Gupta and Bleuler+ suggested, to remove these difficulties, replacing the con- 
dition (134.37) imposed upon the components of the potential by a condition imposed upon the 
state vector. They proposed that from all possible state vectors for the description of real systems 
only such state vectors ® could be used for which the average value of (134.37) would vanish, that 
is, that only those ® would be allowed for which 


<e 


+ P. JoRDAN and W. Paul, Z. Phys. 47, 151 (1928). 
+ §. N. Gupta, Proc. Phys. Soc. A 63, 681 (1950); K. BLeuLer, Helv. Phys. Acta 23, 567 (1950). 


®» =0. (134.38) 








ye 
p OX, 
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If the state vectors ® satisfy condition (134.38), we can, for a description of the field, introduce 
four independent operators 4 ie which we can write, by analogy with (134.16), after explicitly split- 
ting off the time-dependence, in the form 


2c? ey a 
A= [/— ¥ = [Gp,e0 + ate, (134.39) 
Z | BP 2 Jo @ ou 


with 
#,A=1,2,3,4; x= (, ict); o-(0, 2); Ox =(Q.r)— et. 


The four four-dimensional unit vectors e, are chosen as the basis vectors of a coordinate system 
in such a way that their components satisfy the conditions ef” = oan The values A = 1, 2 correspond 
to a transverse polarisation of photons, 4 = 3 to a longitudinal polarisation, and A = 4 to a scalar 
or “temporal” polarisation. We have then Q; = Q2 = 0, Q3 = w/c, Q, = iw/e and thus 


e,0 = >, efO, = Oy. (134.40) 
i 


The operators occuring in (134.39) satisfy the commutation relations 
lag, Ahvl = O99 Sy, (ag. @oyl- = Tab, abey1_ = 0. (134.41) 


The operator No a= at, 2407 is diagonal in the occupation number representation and is equal to 
the number of photons with a given wave-vector Q and polarisation A. 

Using the commutation relations (134.41), we can easily evaluate the commutation relations for 
the components of the four-potential (134.39): 


2 : _ yf 
[4,0), Ax). = »» mene = —4nc*iDo(x — x'), (134.42) 


where Do(x — x’) is the function defined by equation (134.33). 
To elucidate the role of the condition (134.38) imposed upon the admissible state vectors ®, we 
substitute (134.39) into (134.38). Using (134.40), we then have 


¥ J oh6® |G + ig.) 2 — Gh, + iat) | ®> = 0. 


This equation is satisfied, if 
Gg, + lag) G=0, Stab, + ib.) =0. (134.43) 


In states ® satisfying conditions (134.43), the sum of the average values of the quantum numbers 
of photons with a longitudinal and “temporal” polarisation is equal to zero. Indeed, using (134.43), 
we have 
<@ |Ng,| ®> + @ |Ng,| @ = <@ |Gh,@9, + ab,29, )| > 
= (@ ah, Gg, + ag.) — iG@h, + lag) a@g,|®>=0. (134.44) 


The energy-momentum four-vector operator is defined by the relation 
p,=(P,i=)= YAO" Ab, Go). 
“ c o4 Qn oas 


Because of (134.44) the energy and momentum of the field in the states ® are independent of the 
longitudinal and ‘‘temporal” photons. All other quantities, which have a physical meaning, are 
also independent of these photons. 

The state of lowest energy is determined by the absence of transverse photons. The number of 
longitudinal and ‘‘temporal”’ photons is undetermined. It is thus impossible to determine the vacuum 
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state unambiguously. In this connexion, there is some difficulty in this theory about the normali- 
sation of the state vectors. To remove this difficulty, Gupta and Bleuler proposed using an indef- 
inite metric by introducing a new definition of the average value of an operator. In fact, they used 
as definition of the average value of an operator F in the state ®, the equation 


<F> = @ |nF|®), 


where 7? = 1, and 7 is a Hermitean operator commuting with A (x) and anticommuting with A,(x), 
that is, 


@gn=—"ag,, and a@gn=nag, if A= 1,2,3. 


In the Gupta—Bleuler formalism. the vacuum is defined as the state in which there is no photon 
whatever. The theory then allows the necessary normalisation of state vectors. For details, we refer 
to the original papers by Gupta and Bleuler, or to quantum electrodynamics textbooks.T 


135*. PHOTONS WITH A WELL-DEFINED ANGULAR MOMENTUM AND PARITY 


We showed in the preceding section that the elementary excitations of the electro- 
magnetic field, the photons, can be characterised by an energy fw, a momentum AQ, 
and a state of polarisation, that is, by two vectors e,; and e,, orthogonal to each other 
and to the vector Q. Such states of photons are not the only ones which are possible. 
States are also possible, in which photons have a well-defined energy, angular mo- 
mentum and parity. We remind the reader that a free spin-zero particle can also in 
some states be characterised by well-defined values of angular momentum and parity 
(see Section 35). Photons with well-defined values of angular momentum and parity 
are emitted and absorbed by systems, such as atoms, molecules, atomic nuclei, the 
states of which arealso characterised by well-defined values of the angular momentum 
and parity. 

The photons are quanta of the electromagnetic field. If we want to study photons 
with well-defined values of angular momentum and parity, we must write the potential 
of the electromagnetic field as a superposition of states with well-defined values of 
angular momentum and parity. After that, we must use the method of second quantisa- 
tion to change to the occupation number operators. 

Let us first of all determine the complete set of functions corresponding to well- 
defined values of angular momentum and parity of a photon. The angular momentum 
of any particle is the resultant of its orbital and its spin angular momenta. Since the 
rest mass of a photon vanishes, the usual definition of spin as the angular momentum 
of a particle at rest is inapplicable for a photon. All the same, it is very convenient to 
introduce the concept of a spin angular momentum of a photon as the lowest possible 
value of its angular momentum. Experiment shows that the smallest change of the 
angular momentum of a system emitting or absorbing one photon is equal to 1—in 


Tt For instance, A.I. AKHIEZER and V. B. BERESTETSKU, Quantum Electrodynamics, Interscience, 
New York, in course of publication. N. N. BoGo.tyunov and D. V. Suirkov, Introduction into the 
Theory of Quantised Fields, Interscience, New York, 1959. 
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units #4, which we shall use henceforth in this section. We can thus assume that the 
spin of a photon is equal to 1. 

If we denote the spin operator of a photon by S and the orbital angular momentum 
operator by L, the operator of the total angular momentum is 


J=L+S. (135.1) 


The eigenfunctions Y;,, of the operators J? and J, are called the spherical vector 
harmonics. The spherical vector harmonics satisfy thus the equations 


PY yim = JJ +1) Yuin: (135.2) 
TY sum = MYyrn.- 


The components of the spin operator of a particle with spin S = 1 can be written in 
the form of three matrices 


, [910 , [0-2 0 100 
S,=—=(101], 5 =—=[i 0 -i], S,=[{00 0 ], 
J2\o10 VJ2\0 i 0 00-1 (135.3) 


which satisfy the usual commutation relations for the components of an angular 
momentum. The eigenfunctions x;, of the operators 


100 
S, and §? = §24 5? 4+ $2 =2/010 
001 


satisfy the equations 
S?y ip = 2x 1p? 


SX1p = MXip B= 1, 0, —1. 


If we introduce instead of the three mutually orthogonal unit vectors e,, ey, and 
e,, which are along the axes of a Cartesian system of coordinates, three vectors 
e.(@ = —1, 0, 1) given by 


1 
a= te, + iey), €9 =@,, @€-; = —= (ex — ie,), (135.4) 


V2 J2 
we can write the photon spin wavefunctions x1, as follows 
Mi. = 1, X10 = @o» X1,-1 = @-1- (135.5) 


In the basis system of vectors, e;, €9, e_1, in which the operators (135.3) are defined, 
the functions (135.5) are given, respectively, by the matrices 
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The vectors e, and the spin functions x,, satisfy orthonormality conditions of the 
form 


(e,.e%.) = 6,4, Where ef =(—1)*e_,, (135.6) 
X1ptlae = Supe (135.6a) 
Any vector A can be written as 
A = > Aer = >» (-1)*e_, Ay; (135.7) 
H B 


where it follows from (135.6) that 

A, = (A.e,). (135.8) 
The components A, may be called the spherical components of the vector. Substituting 
(135.4) into (135.8), we find easily the connexion between the spherical and the 
Cartesian components of a vector: 

1 
J/2 
This way of representing a vector is convenient for studying its change under a 
rotation of the system of coordinates and in a number of other applications. Using 


(135.6) and (135.7), we can show that the scalar product of two vectors can be ex- 
pressed in terms of their spherical components by means of the equation 


(4.B) = (1) 4,B_,. (135.10) 


As, = + —=(A, £ iA,), Ao = A;. (135.9) 


The orbital angular momentum operator Z commutes with the spin operators 
(135.3), so that we can use the rules for the vector addition of angular momenta 
(Sections 41) to form the spherical vector harmonics from linear combinations of the 
spin functions y,, and the spherical harmonics Y;,,,-,(#), which are functions of the 
unit vector n = Q/Q, defining the direction of propagation of the photon. We have 
thus 

Yurm = ), (1Lp, m — | Jm) X1u¥rm— yp) (135.11) 
“ 
where (1Lu, m — | Jm) are the vector addition coefficients. It follows from (135.11) 


that 
J=L+1,L,([L-1|; m= +J/,4+0VU —1),..., (135.12) 


since the vector addition coefficients vanish unless these equations are satisfied. Under 
an inversion, the function y,, changes sign, while the function Y;,,_, is multiplied 
by (—1}-. The spherical vector harmonics (135.11) correspond thus to a state of well- 
defined parity, which is equal to (—1)*t?. 
The inverse of the transformation (135.11) is 
LipXim() = ; » 7 (1Lym|J,m + #) Ys,1.m+")- (135.13) 


=L,L 
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Using (135.8) and (135.6), we can show that the spherical components of the spherical 
vector functions (135.11) are given by 


[Yom], = (-1" 0, L, —am + wl Im) Yr me), = 0,41. (135.14) 
The spherical vector functions (135.13) form a complete orthonormal set of functions: 
j VhimY rene’ dQ = SmmOrpOss"- (135.15) 


Three spherical vector functions belong to each value of J; they differ according to 
(135.12) in the value of L: 


Yuan), Yy5+ t.m(M) > and Y;,;- 1,m(#) . (135.16) 


Remembering the rule determining the parity of the spherical wavefunctions, we can 
show that 


the parity of Y,,,, is equal to (—1)’*?; 
Pane OF eam Sd (135.16a) 
the parities of Y,,,,1,, and of Y,,;~1,m are equal to (—1)’. 


The spherical vector function Y,,,, is perpendicular to the propagation vector n. 
Indeed, it follows from (135.10) and (135.14) that 


(n. Yssn(n)) = > Ju, m — wl Im) ny Ys m—y 


If we use the equation — 


and the rule for multiplying the spherical functions 


3(2J + 1) 


aaj + 1) (1J00/j0) (Ju, m — | jm) Yim(n), 


Y,,(") Y;, m— wn) = = » 


we get 


(n. Yism()) = » [22 


3(2J + 1) 
47(2j + 1) 


x } (lp, m — w|Jm) (lJu, m — pljm). 
B 


(1J00|j0) Yim(a) 


Because of the orthogonality conditions of the vector addition coefficients, the last 
sum vanishes unless j = J, but the coefficient (1/.00|j0) vanishes when j = J. 


Hence 
(a. Yyjm) = 0. 
We call a spherical vectorfunct ion Y,,,, which is perpendicular to the propagation 


vector n and which corresponds to a total angular momentum J and a parity (~1)?*+ 
a transverse magnetic spherical vector function, and use for it the notation 


Yyn(@) = Vyy_(n). (135.17) 
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According to (44.26), the action of the spherical components of the angular 
momentum operator EZ (in units #4) on its eigenfunctions Y,,, is given by the equations 


La Yin = F VL Fm (LE M+ DY mois LoYim = MY zm. 


Using the values of the vector addition coefficients, we can write these equations in 
the form 


EY im = (—IY VL + DL, —a mm + wILM)Y imag (135.18) 
Using (135.7), we can combine these three equations into one vector equation 


LY im = > (- 1)" e—LyYim 
BL 
=JLUL+ DY (IL, —p, m + wlLm) e-4¥rm+,- (135.18a) 
B 


Comparing (135.184) with (135.11) with L = J, we see that the magnetic spherical 
vector functions can be expressed in terms of the usual spherical harmonics as 
follows 
L 
Yom = Vy sn(") > Yym(n), (135.19) 
) 


Vi +1 


L = -[@ A Vol = —iQ[n A Vol. (135.20) 





where 


_ Let us now consider a second spherical vector function, perpendicular to (135.17) 
and to the propagation vector ”. We can form such a function as follows: 


Yin = —ifm a Y}4(n)]. (135.21) 


Substituting (135.19) into this expression, we see that the function YF, can be ex- 
pressed in terms of the derivatives of the usual spherical harmonics: 





Yin(") = aS VoYim(n). (135.21 a) 


Vi +1 


The function (135.21) defines a photon state with angular momentum J and parity 
(—1)’, as follows immediately from (135.21) and the parity of the function (135.16a). 
We call this function an electrical transverse spherical vector function. Using the equa- 
tion 

1 


V2J + 1 


we see that the electrical vector function is a linear combination of two spherical 
vector functions, corresponding to orbital angular momenta J + 1 and J — 1: 
, LW Feb 
Yym(") = Joel IVI ¥y.s41.m) + V0 +1) Yo5-1m@)]. (135.22) 
+ 


OVo¥m = UVF +1) Yogerm + 0+ DVI¥y 7am, 





[XIV, 135] Photons with a Well-defined Angular Momentum and Parity 583 


In states described by electrical spherical vector functions, the orbital angular 
momentum of a photon does not have a well-defined value. We cannot, therefore, 
in these states split the total angular momentum into a spin and an orbital part. 

From the two spherical vector functions (135.16) corresponding to orbital angular 
momenta J + 1 and J — 1, we can also form a longitudinal spherical vector function, 
directed along the propagation vector. It is clear that for such a function 


Yyn(t) = nYyn(0). (135.23) 
From (135.7), we have 


An 
n=) (—1)*e_,n, = /é Ye-uV ip: 
B 3G 
Using the rule for multiplication of spherical harmonics, we have 


dot 
nY,,,(n) = /f Yen 1,-pYom 
“ 








+1 . . 
= | 2j + (1400170) >, en, TB mij, m— #) Yjm—u+ 
j B 


When j = J, the coefficient (1/ 00|j 0) vanishes. Using also the symmetry properties 
of the vector addition coefficients, we have 


AY sm(n) = Y. (1J00|j0) Ye, Uj, m — 16| Jen) Yim—p- 
J B 


The last sum reduces according to (135.11) to a vector function. Substituting the 
value of (1J 00[j 0), we get finally 


J+1 J 
Yyn(") = nY,,(n) = — | Yys41.m + Is Yy,3-1,m- (135.23) 
27+1 


2J + 1 


In states corresponding to longitudinal vector functions, the orbital angular momen- 
tum has thus no well-defined value. 

If J = 0, only one function, Yoo(n) = —Yoio = nYoo, differs from zero so that 
Yoo can describe only a spherically symmetric vector field. There are for each value 
J = | three independent spherical vector functions, two of which are transverse and 
one longitudinal]. These three functions, 


Y3i(), Yin(n), and Y%,,(n), (135.24) 


are mutually orthogonal for different J and m; for the same values of J and m, they 
are mutually perpendicular for each value of the propagation vector n; hence 


J (Pom)t Vim AQ = 855-8 ynmOa4°5 (135.25) 
where 
A, 4’ =M,E,L. 
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The spherical vector functions (135.16) and (135.24) are functions of the unit vector 
n which defines the direction of the wavevector @. Under a rotation of the system of 
coordinates, they transform according to the irreducible representation of the three- 
dimensional rotation group, that is, according to the representation D?,. They are 
thus irreducible tensors of rank J, rather than vectors. 

The states of the field, corresponding to well-defined values of energy, total angular 
momentum, and parity, are obtained by expanding the vector potential in terms of 
the transverse spherical vector functions. To obtain such an expansion, we use the 
expansion of the absolute magnitude of the vector potential in terms of spherical 


harmonics: , 
Az eil(@-r)— cat] = dn y, ij,(Or) ‘i (n) Yim (2) eae 


Lim 
where the j,(Qr) are the spherical Bessel functions, which for Qr > 1 have the simple 


form: sin (Qr — ixJ) 


(Or) = 
jL(Qr) Or 
and which satisfy the orthogonality relation 
a 1 7% r 
| Jv(Qr)j(Q'7) r dr = 20 6(2 — Q’), (135.26) 
0 


independent of the value of L. 

We split off from A the parts corresponding to the electrical and magnetic spherical 
vector functions. To do this, we first of all evaluate the integral JAY,,,,(m) dQ in 
which the integration is over all directions of @. Using the definition (135.11) and the 
orthogonality of the spherical functions, we have 


| AY y1,(0) dQ = 4ri'(Qr) Yum () e7 et 
r 
Using this equation and the definitions (135.17) and (135.22), we have 
§ AY} (n) dQ = 4ni’ Ay(QJm), 
[ AYE,(n) dQ = 4ni?*"A;(QJm), 
where 


Ai(QJm) = jy(QV) ¥%, (*) en teat (135.27) 
r 


is the complex magnetic multipole potential, and 


—icQt —_ _—_———. 
A;(QJm) = aS [V7n.10” Yy,341,m (*) ~VJF+ 1 Jy—1(Or) Yy,5- 15m (*)| 





(135.28) 
the complex electric multipole potential. 
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The potentials (135.27) and (135.28) satisfy the wave equation (134.1) and the 
subsidiary condition (134.2) and form an orthogonal set of functions normalised 
according to 


| (A,(QJm) A'#(Q's'm')) d°r = mn 8(Q — 0) 8y3B;4Smans 


where A = E, M;; the integration is over the whole of space and the wavenumbers Q 
and Q’ vary continuously from 0 to oo. These potentials are eigenfunctions of the 
operators J? and J, belonging to the eigenvalues J(J + 1) and m. The magnetic 
multipole vector potential A’,(QJm) has a parity (—1)’ and the electric multipole 
vector potential A,(QJm) a parity (—1)’t'. 

It is convenient to use potentials with quasi-discrete values of Q. To arrange this, 
we assume that the potentials are defined in a volume %, bounded by a perfectly 
conducting sphere of large radius R. The quantity Q in (135.27) and (135.28) will 
then take on discrete values, following from the condition 


Js(QR) = 0. 


If Q takes on a discrete values, we can introduce, instead of the spherical Bessel 
functions, functions f;(Qr) which are proportional to them and which are normalised 
as follows: 


[sense r? dr = Wogqr. (135.29) 


We now determine the complex multipole potentials by the equations 





_ j2ahe m ("\ \-icar 
Ayg(QJm) = | oy fOr) Yin (*) ener 
2xhe a r 
E = | J+1 JJS+1,m | 7 35.3 
Ae(QJm) | arab aN (OP) Yss+1, (*) (135.30) 


- JI + 1f,-1(0r) Yy,5-1.m (=); eW ior, 
r 


The potential A, corresponds to magnetic multipole radiation with electric and 
magnetic field strengths equal to 


Ey(QJm) = iQAy(QJm), #y(QJm) = [V A Ay(QJm)]. 


The electrical field strength is perpendicular to the radius vector, (r. &) = 0, that 
is, in an electromagnetic wave corresponding to magnetic radiation the electrical 
field strength is always perpendicular to the radius vector, in the direction of which 
the wave is propagated. This follows immediately from (135.27), since the spherical 
vector function YM(r/r) is perpendicular to r. 
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The potential A,(QJm) corresponds to electrical multipole radiation with electric 
and magnetic field strengths equal to 


6:(QJm) = iQAy(QJm), #(QJm) = [V a Ap(QJm)]. 


In the electrical multipole radiation, the magnetic field strength is perpendicular to 
the radius vector, in the direction of which the wave is propagated, (r. #,z) = 0. 
If we bear in mind that the potentials A,, and A, are connected by the equation 


A(QJm) = 5 [VA Ay(QJm)], 


we can see that the following equations hold 
&(QJm) = Hy(QJm) = [V A Au(QJm)] = iQAp(QJm), 
Eu(QJm) = —#,(QJm) = iQAy(QJm). 


The potentials (135.30) form a complete set of vectors in the solenoidal vector 
space. Any real solenoidal vector potential A, for which (V. A) = 0, can thus be 
written as a superposition of the potentials (135.30): 


A= on [4,(QJm) A,(QJm) + a¥(QJm) AX(QJm)]. (135.32) 


} (135.31) 


Using (135.31), we can evaluate the energy of the electromagnetic field, corresponding 
to the potential (135.32) 


2 
Ha = i I(: -) + (curl ‘oe d’r 
87 c Gt 
_ 1 


The change from the function H,, to the Hamiltonian operator is made by replacing 
the amplitudes a, and a? by the operators d, and a}, which satisfy the commutation 


relations a aa 
[@,,4,]- = [ai, ai.)_ = 0, 
. seep (435.33) 
[a,(QJm), ato J'm'))_ = 899953 SmmOaa"« 
We can thus write for the Hamiltonian of the electromagnetic field 
Ay, = oon AcQ[a}(QJm) a,(QJm) + 4). (135.34) 


The operator 7, = ala, is the operator of the number of photons corresponding 
to multipole radiation. In states with a well-defined number of photons, the energy 
of the system also has a well-defined value. Each photon in the state AQJm has a 
z-component of the angular momentum mh, so that the operator of the total z-com- 
ponent of the angular momentum of the field is equal to 


M,= Y, mh ai(QJm) a,(QJm). 
QJaAm 
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Changing in (135.32) from the amplitudes to the operators, we get the vector potential 
in the occupation number representation: 


A= Y, [é,(QJm) A,(QJm) + al(QJm) A*(QJm)). (135.35) 
QAsm 


136. EMISSION AND ABSORPTION OF PHOTONS BY QUANTUM SYSTEMS 


The Hamiltonians of the electromagnetic field, studied in Sections 134 and 135, 
referred to a field without electrical charges. We saw that in that case the photon 
number operator commutes with the field Hamiltonian and the number of photons 
is an integral of motion. When there are electrical charges in the system, the number 
of photons in the system is not a constant, as photons can be emitted and absorbed. 
In the present section, we shall study the interaction between the electromagnetic 
field and atoms, molecules, or atomic nuclei, assuming that the system is at rest, 
that is, that it is infinitely heavy as compared with the photon mass. When solving 
the problem in that approximation, we give up the possibility of taking into account 
recoil effects, when photons are emitted or absorbed. 

We shall consider the state of the atomic system—atom, molecule, or nucleus—in 
the coordinate representation, and the state of the field in the occupation number 
representation, which is convenient for the study of systems with a variable number of 
particles. Neglecting the interaction between the atomic system and the field, we 
have for the Hamiltonian of the total system, a sum of operators 


Ao = A, + Fyn 


where H, is the Hamiltonian of the atomic system with eigenvalues ¢,, and eigen- 

functions Py; and Fgh is the field operator defined by expression (135.34). In the 

non-relativistic approximation, the operator of the interaction of a spin-zero particle, 

of mass ys and charge e, and the electromagnetic field, described by a vector potential A, 

is, according to Section 58 of the form 

_e 
pc 


If the atomic system contains several charged particles, we must replace p by >’ p; 


Fin = (A. p). (136.1) 


in (136.1). In the coordinate representation, the operator A is a function of the co- 
ordinates and the time. In the occupation number representation, the operator A is 
determined by equation (135.35). 

Let the initial state of the system—when there is no interaction—be described by 


the function 
WY, = |...2,0m) ...> Om (136.2) 


where the function |... n,(Jm) ...> determines the state of the field, while the function 
Wyrm determines the state of the atomic system. Let us evaluate the probability for 
the transition to a final state, corresponding to the emission of a photon AJm, while 
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the atomic system goes from the state y,;y, to the state g,.,-4-. The wavefunction of 
such a state will be 


Wi, = |...nyJm) +1...) gym (136.3) 


The probability for a transition per unit time from the state Y to the state Y, under 
the influence of the interaction (136.1) is, in first order perturbation theory, equal to 


2 ~ 
Poy = 7 [P| Ainel Fadl? de, + cQ — &). 


Substituting into this expression the values (136.1) to (136.3) and (135.35), and using 
the properties of the photon creation and annihilation operators, we find 


Py (AJm) = a [n,(Jm) + 1] if (A¥(QJm) .j) d°r|? O(e, +heQ—«&), (136.4) 
where 


. eh 
J =— Pim VPum 
ie 


is the density of the electrical current transition matrix element. In the case of a 
spin-+ particle, the current transition matrix element is in the non-relativistic approxi- 
mation equal to 


. eh eh a 
J= 7 Pharm VPym + a, IVA {oF 1m OPS], (136.44) 
i i 


where o is the Pauli spin matrix vector, and the q are two-component functions 
(see (65.13)). In the relativistic description, the current transition matrix element, 


J = CCP yy @P ym), (136.4b) 


is expressed in terms of the Dirac matrix & and the four-component Dirac functions, 
which determine the state of a spin-4 particle in an atomic system. 

We are usually not interested in states with well-defined values of M and M’, so 
that we must sum P,,(AJm) over all possible values of M’ and average over initial 
states with different values of M. If we bear in mind that there are YQ?/2x7hc photons 
in a volume ¥ per unit energy interval, we get, integrating over all possible values 
of the emitted photon, the final expression for the probability per unit time that a 
photon of type 4 with angular momentum J is emitted, 


Py) = ms =a > [n,Jm) + 1] 1f (AI). j) del’, (13 .5) 


(21 + 1) ah'c" m™ 


where AcQ = e, — e,. For the emission of electrical multipole radiation, we must 
putd = Eand use A, from (135.30). For the emission of magnetic multipole radiation 
4 = M and we take A,, from (135.30). 
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Each quantum transition yf > I’ corresponds to multipole radiation with values 
of AJm such that the matrix elements occurring in (136.5) are different from zero. 
The conditions under which such matrix elements are non-vanishing are called selec- 
tion rules. These conditions reduce to the conservation laws for the total angular 
momentum, |Z’ — I| $< J <I’ + J, for the z-component of the angular momentum, 
M’' + m = M, and for the parity. The parity conservation law reduces to the require- 
ment that when a photon of kind EJ (electrical 27-pole emission) is emitted, the atomic 
system changes its parity by (— 1)’, while for the emission of an MJ photon the atomic 
system must change its parity by (—1)’t?. 

The probability for the emission of a photon by an atomic system is thus propor- 
tional to n, + 1. The probability for the emission of a photon when n, = 0 is called 
the probability for spontaneous emission. The quantisation of the electromagnetic 
field explains thus in a natural manner the occurrence of the spontaneous emission 
of photons by quantum systems, mentioned in Section 78. 

Similarly, we can obtain the probability for the transition from the initial state 
(136.3) to a final state 

W = |...n(Jm) — 1... Qype: 


with a number of photons, which is smaller than the number of photons in the initial 
state by unity. The corresponding probability for a transition per unit time is equal to 


YO nism) |f (A,(QIm)+j) rl, (136.6) 


P(A) = ——S—— 
ul) (21 + 1) nc? sm 


where ficQ = & — &,. The selection rules for the absorption of photons of the appro- 
priate multipole are the same as for emission, Of course, the probability for absorp- 
tion is, according to (136.6), proportional to the number of photons of a given kind 
in the initial state. 

The wavefunctions gy; of the atomic system occurring, through the transition 
current density j of (136.4), in the matrix elements (136.5) and (136.6), are non- 
vanishing in a region of space determined by the dimensions of the atomic system. 
When electromagnetic radiation in the ultraviolet or with longer wavelengths is 
emitted by atoms or molecules, or when atomic nuclei emit y-radiation, the inequality 
OR, < 1 is usually satisfied, where Ry is the radius of the quantum system. In these 
cases, we can evaluate the matrix elements in the long-wavelength approximation, 
that is, we can use instead of the spherical Bessel functions occurring in A,, their 
asymptotic values 


(On ~ — 20 grees 136.7 
WOON TTS aren & <7 098-2 


In the long-wavelength approximation, the probability that the atomic system 
emits a 2?-pole photon is proportional to the photon energy to the power 2/ + 1, 
that is, 

Py(AJ) ~ Q?7t. (136.8) 
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One can immediately check this for magnetic photons by substituting the value of Ay from 
(135.30) into (136.5) and using (136.7). When evaluating the probability for the emission of electrical 
multipole photons, we must bear in mind that we can, in the long-wavelength approximation, use 
the approximate relation 

[VA EG Yam) iT + 1) Vs Yom), 


which we obtain easily from the operator equation 


a 
Arav=r—v(1+r5). 


137*, GENERATION AND AMPLIFICATION OF ELECTROMAGNETIC RADIATION 
BY SYSTEMS WITH A ‘‘ NEGATIVE TEMPERATURE” 


The probability for the emission of a photon per unit time, when the atomic system 
makes a transition from the state i to the state f, can, according to (136.5) be written 
in the form 

Py(AJm) = [n,(Jm) + 1] Pr(AJm)sponts (137.1) 


where P,,(AJm)spont iS the probability for spontaneous emission, that is, emission 
when n, = 0. Usually photons are emitted in systems containing a small number 
of excited atoms, or molecules or nuclei, with small radiation intensities, so that 
there is only the spontaneous emission. 

The induced emission of photons will be observed in systems in which there is a 
high radiation density, in which there are at any moment a sufficiently large number 
of excited atoms interacting with the photons. Induced emission is thus favoured 
by a high radiation density and a long lifetime of the atoms in the excited state. The 
lifetime of excited states was shown in Section 80 to be inversely proportional to the 
probability for a transition accompanied by the emission of a photon per unit time. 
Since the probability for the emission of a photon is proportional to Q?"*1, we must 
except a long lifetime for atomic systems emitting long-wavelength photons. It is 
thus not accidental that the first study of induced transitions was made with electro- 
magnetic microwave radiation. By studying the interaction of electromagnetic waves 
in the microwave region with nuclei, atoms, and molecules in different states of 
aggregation, a new branch of physics—microwave spectroscopyt—was started: 
Recently, it has become possible to study induced transitions also in the optical 
region. 

Most striking has been induced radiation in molecular amplifiers and oscillators, 
which are usually called quantum oscillators or masers (Microwave Amplification by 
the Stimulated Emission of Radiation). The earliest papers on masers are those by 
Townes and collaborators and by Basov and Prokhorov+. The first working maser 


T See, for instance, M. W. P. STRANDBERG, Microwave Spectroscopy, Methuen, London, 1934. _ 

+ N. G. BAsov and A. M. ProxHorov, J. Exptl. Theoret. Phys. (USSR) 27, 431 (1954); Dokl. 
Akad, Nauk USSR 101, 47 (1955); Dise. Faraday Soc. 19, 99 (1955); J. Exptl. Theoret. Phys. (USSR) 
30, 560 (1956); Soviet Phys.-JETP 3, 426 (1956). J. P. Gorpon, H. J. Zeicer, and C. H. Townes, 
Phys. Rev. 95, 282 (1954); 99, 1264 (1955). 
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was realised in an ammonium molecular beam, but afterwards also paramagnetic 
solids have been used. 

To elucidate the principle on which masers, based upon the effect of stimulated 
emission, work, we shall study a system consisting of atoms or molecules, which may 
occur in two energy states €9 and e, where ¢, > &9. Let N be the total number of 
atoms, No the number of atoms in the state with energy e,, and N, = N — No the 
number of atoms with energy ¢,. Under the influence of an electromagnetic field 
of frequency w = (€, — &)/h, state in the state «, may make a transition to the 
state e, by the absorption of photons. Atoms in the state «, make a transition to 
the state e9, emitting photons. Let 17(0 > 1) be the number of transitions per 
second, involving the absorption of photons and Z/(1 > 0) the number of transitions 
involving the emission of photons. The ratio of these numbers is then equal to 


T1+0)_ @+M, 
I(0 = 1) nNo 


n , (137.2) 


where n is the number of photons with a well-defined frequency, polarisation, and 
direction of propagation. 

If 7 < 1, the quantum system absorbs electromagnetic radiation. If 7 > 1, the 
quantum system will act as a quantum amplifier of radiation, since the number of 
photons emitted is larger than that of photons absorbed. If we are interested in the 
quantum system as an amplifier, we must take into account only the stimulated 
emission of photons, since only photons emitted in stimulated transitions are coherent 
with the photons of the incident radiation. 

The necessary condition for the working of a quantum system as amplifier is the 
inequality N, > No. Usually, the opposite inequality is satisfied. In states in thermo- 
dynamic equilibrium, the relative number of molecules in the two above-mentioned 
states is given by the formula 


] = ener 20), (137.3) 
No equil 


where $ = 1/0, ,with © the temperature of the system in energy units. Under the 
action of the interaction with the photons, the system changes to a non-equilibrium 
state for which N,/No > (Ni/No)equui- When the density of photons in the system 
increases, the ratio N,/Np also increases. Since simultaneously with an increase of 
the photon density, the probability for stimulated transitions will increase, the lifetime 
of the excited state decreases. Because of this, it is impossible by increasing the photon 
density in the system to make the ratio N,/Npo larger than unity. In the state with 
N, = No = 4N the system no longer absorbs energy: saturation occurs. 

States with N,/No > (Ni/No)equii ate states which are not in thermodynamic 
equilibrium. Such states can be described by the equation 


MN, 


= po Ferrle1 —20) (1 37 4) 
e ’ . 
No 
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where Perr = 1/OQcep, and Ogee is a parameter, called an effective temperature. In that 
case, states with N, > Ny correspond to negative values of the parameter @.,,, that 
is, negative effective temperatures. We must bear in mind the arbitrariness of this 
terminology. 

Non-equilibrium quantum systems in which by some means or other states are 
realised with N, > No are called quantum systems at a “‘negative temperature”. 
Systems at a negative temperature amplify electromagnetic radiation of frequency 
@ = (€; — €9)/h passing through it, since in such systems the number of emitted 
photons in stimulated transitions exceeds the number of absorbed photons. When 
there are reflecting boundaries in a system with a “negative temperature”, photons 
reflected from the boundaries can return to the region of space, just left, in the same 
state in which they left that region. There occurs thus a feed-back, which under certain 
conditions leads to self-excitation—or oscillation}. The condition for self-excitation 
occurs when the power emitted by the system exceeds the power losses in the system, 
such as transfer of energy to thermal vibrations. The energy to excite the oscillator 
is drawn from a system which is used to sustain the “negative temperature” state. 
To produce oscillators and amplifiers of electromagnetic radiation, based upon sti- 
mulated emission effects, we need thus to be able to obtain states which are not in 
thermodynamic equilibrium and which correspond to a negative effective temperature. 
Recently, many methods have been proposed—and used—to obtain “negative tem- 
peratures” in gases and solids, which can be used in the infrared and optical regions. 
There are several review articles available, which discuss the mode of operation of 
such oscillators and amplifiers and the means of obtaining them¥+. 


138. SECOND QUANTISATION OF A FIELD CORRESPONDING TO BOSONS 


In the preceding sections of this chapter, we considered the quantisation of the 
small vibrations of atoms in solids and the quantisation of the electromagnetic field 
by reducing the classical Hamiltonian to a Hamiltonian of a system of non-interacting 
oscillators and after that changing to the creation and annihilation operators of Bose- 
particles. Let us now consider the general method for quantising fields corresponding 
to such particles. 

Let »,(r, f) be the components of a field. These can, for instance, be the components 
of the &,(r, t) field of the displacement of atoms from their equilibrium positions in 
a solid (see Section 132) or the components of the vector potential of the electro- 


f See, for instance, N.G.Basov and A.M. ProxHorov, Usp. Fiz. Nauk 57, 485 (1955). 
N. G. Basov, O. N. KRokHin, and Yu. M. Porov, Usp. Fiz. Nauk 72, 161 (1960); 75, 3 (1961); 
Soviet Phys.-Uspekhi 3, 702 (1961); 4, 641 (1962). 

+ N. G. Basov and A. M. Proxuorov, Usp. Fiz. Nauk 57, 485 (1955). N. G. Basov, 
O. N. Kroxuin, and Yu. Porov, Usp. Fiz. Nauk 72, 161 (1960); 75, 3, (1961); Svieto Phys.-Uspekhi 
3, 702 (1961); 4, 641 (1962). V.M. Fain; Usp. Fiz. Nauk 64, 273 (1958). J. R. SINGER, Masers, 
New York, 1959. W. E. Lams Jr., Lectures in Theoretical Physics (University of Boulder), Inter- 
science, New York, 1961. 
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magnetic field, ... In the classical theory, the wavefunctions y,(r, f) are considered to 
be the field coordinates—dynamic variables—given at each point r in space at a 
given time. The field coordinates y,(r, t) satisfy well-defined equations of motion. 
We can write the equations of motion for the field coordinates in Lagrangian form 
by introducing a Lagrangian density Y(y,) which is a functional of y,(r, ¢) and its 
first derivatives with respect to the time and the spatial coordinates. The Lagrangian 
of the field is defined as the integral of the Lagrangian density over the whole of 


space. L = | Ly) d*r. 
The equations of motion of the field coordinates are obtained from a variational 
principle: 2 
3 Ldt=6| Ly) d*rdt =0, (138.1) 
ty 


where the variation is performed independently for each field component, while the 
variations dy, vanish for t = ¢, and ¢ = f, and on the surfaces bounding the volume 
in which we consider the field. The field coordinates, or wave-functions, y, may be 
complex, in which case # depends on », and y¥ and the variation in (138.1) is 
performed independently over both of them, since a complex field is equivalent to two 
independent real fields. 

We can write the equations of motion following from (138.1) in the form 


3 
d af 6 0f OF 4 (138.2) 


a, oy: |: k>1 OX, g ov Oy; 
ot OX, 





Let us give explicit expressions for the Lagrangian density and the equations of motion following 
from (138.2) for a few fields. 
(a) The real field of the displacements of atoms in a solid. The density is 


1% [ (a8) ag\ | 
2-50 (#2) -93(% » J=1,2,.., 30, 


The 30 displacements—o is the number of atoms in an elementary cell in the crystal—satisfy 
equations of motion, which are of second-order in the time: 


(b) The real vector potential field, where the vector potential A satisfies the condition (V.A) = 0, 
is determined from the wave equation: 
07A 


a — °°V?A=0, 


corresponding to the Lagrangian density 


171 faa\? 
£=—|—(—) -cor)? |. 
8x E (#) (curl 4) | 
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(c) The complex scalar field p satisfying the equation 
a 4 a hy? 
th——Hsn|y=—0, where Hg = — ——+ Vir), 
or 2m 


which is first-order in the time. The field y corresponds to the Lagrangian density 


Qa «w 
f=y* [jaa |v. 


We shall consider in Section 139 complex and real scalar fields satisfying equations, which are 
second-order in the time. 


To each field component wy, we can assign a canonically conjugate momentum: 


t= ——. (138.3) 


The Hamiltonian density is then defined by the equation 
H = ya - &, (138.4) 
i t 


and the total Hamiltonian by 
Hy =S# dv. (138.5) 


The change from the classical quantities, the field coordinates, which are c-num- 
bers, to the quantum mechanical quantities, which are g-numbers, consists in replacing 
the y, and the canonically conjugate momenta x, by appropriate operators, satisfying 
well-defined commutation relations. As y, and x, depend on the time, these operators 
will also depend on the time, thus corresponding to the Heisenberg representation. 
The commutation relations of the field coordinates and momenta are established by 
analogy with the commutation relations for particle coordinates and momenta in 
the Schrédinger representation: 


[res rJ- = [Pr PiJ- =0, [rts Pel- = ifb,,. 
Since the operators in the Heisenberg representation, taken all at the same time, 


satisfy the same commutation relations as the operators in the Schrédinger represen- 
tation, we can assume for the operators the commutation relations 


Iv’, t), vill t)]- = [zr', t); T(t, t)]- = ”| (138.6) 
«  [plr’, 1), m(r, )- = thd, d(r — r’). 


Let us determine the explicit form of the canonical momenta of the field, of the Hamiltonians, and 
of the commutation relations for the three fields, considered a moment ago. 

(a) The real field of the displacements of atoms in a solid. The displacement vector operator é, 
corresponds to the momentum operator 
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and the Hamiltonian density is 


+28) -r-So[) ra62)] 


The Hamiltonian is H = f# d°r, and the commutation relations are 


- at 
Ea ),@ ad = ihd 5 — 1), 





* a Er! ae, 
[E,(r', t), Er, 2) = kewe “ | =0 


These commutation relations are the same as those found earlier (see (132.17)). 
(b) The real vector potential field. The field coordinate operator A corresponds to the momentum 
operator 





and the Hamiltonian density is 


The total Hamiltonian is 


u-+ u ad\ 1A)? | d3 
~ 8} | c2\ ar curl A) " 


and the commutation relations are 


> 


Ae’, ), Ade, N= ae, aut 2] 


Ea 4) a = 4nic?hdy,d(r' — r). 


These are the same as those found earlier (see (134.22), (134.23), and (134.26)). 
(c) Complex scalar field, satisfying the Schrédinger equation. The field coordinate y corresponds 
to the complex momentum 


T= ihip*, H = itry* ~ — L£ =P Asc. 


The total Hamiltonian of the field is equal to the operator of the total energy: 
A= J o* Accu d3r, 
The operators #* and ¥ satisfy the commutation relations 


Or’ fi = [O*(r’ ne _ 
O's ver, Ol wr’, D, 0°, OL =0, } 38.7 
ve’; 4, pre, 1) = or _- r’). 
a 
The change with time of the field operators is determined by the usual operator 
equations a 


in — ty, A, ino = tm, AL, (138.8) 
at at 


where # is the total Hamiltonian or energy operator of the field. 
qu 20 
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By using the commutation relations for the field coordinates and momenta, we 
can easily see that, for the above-mentioned examples, the operator equations ob- 
tained from (138.8) correspond to the classical equations of motion for the field 
coordinates. 

Let us now study the elementary excitations of the field, that is, let us introduce 
the concept of field quanta, or elementary particles. The introduction of field quanta 
is connected with the transition to the number of quanta or occupation number 
representation. To fix our ideas, we shall consider the field corresponding to the wave- 
function of the Schrédinger equation 


ls, _ Fa | y=0. 

ot 
The wavefunction in this equation can be considered as a field coordinate, defined 
in each point of space-time, and not as a state vector characterising the motion of 
one particle. 

We showed in example (c) that the field coordinate operator y(r, ¢) and the operator 
~*(r, t), which is connected with the momentum operator z by the relation z = ihp*, 
satisfy the commutation relations (138.7). The total field Hamiltonian is given by 


H = fy", D Asp, 0 d’r. (138.9) 
We shall take the basic region of space in the form of a large cube with edgelength L. 


Let ,(r) be a set of orthonormalised functions in this space, where » stands for one 
or a set of quantum numbers. The functions q, satisfy the relation 


J o%0) or) d?r = 6. (138.10) 


The field coordinate operator » and the momentum 2, or »*, conjugate to it, can be 
expanded in terms of the complete set of functions g,, as follows 


VD=L40e0), vr) = Lado eo, (138.11) 
where the new operators a,(t) and at(r) are determined by the equations 
“y= fa * 3 
4,(t) J vr, 1) prt) d rs (138.12) 
5 alt) = Jv", er) a’r. 


Let us evaluate the commutation relations for the new operators. From (138.12), we 


get 
2,0), Ol = J oO o') v@ 0, vt, O]-a°r d’r', 


Using (138.7) and (138.10), we obtain: 


[4,(t), at.(a)]_ = Byyre (138.13) 
Similarly, we can show that 


[4,(4), 4,.()]_ = [at(), af(n]_ = 0. 
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If we choose for the function g, the eigenfunctions of the Schrédinger equation, 
that is, ~ 
AgchPy = EyPy> 


we can, by substituting (138.11) into (138.9) change the field Hamiltonian to the form 
H = » ata, f pA sen Py: d’r = Y ala,e,. (138.14) 


It follows from (138.14) that the field energy operator is the sum of the operators 
atd,e,, where ¢, is the energy of the state with quantum number »; the operator 
N, = aia, can be called the number operator of the elementary excitation of the field, 
that is, the operator of the number of quanta or the number of particles of a given 
type. The operator of the total number of particles is then equal to 


N= fore, Ove, 0dr = > dla, = 5 N,. 


One sees easily that the operator of the total number of particles, NW, and the operator 
of the number of particles of a given kind, N,, commute with the field Hamiltonian 
(138.14), Thus, NW and WN, are integrals of motion and have common eigenfunctions 
with the Hamiltonian. 
Let us denote the eigenfunctions of the operator N,, corresponding to the quantum 
number 7,, by |n,>, that is, 
N,|n,> = n,|n,). (138.15) 


Let us now consider the function at |n,>. Using the commutation relations (138.13), 
we can easily show that the action of the particle number operator N, upon the func- 
tion a'|n,) is determined by the equation 


N,[atin,>] = (at + atn,) |n,> = (@, + 1) atin. (138.16) 


It follows from (138.16) that the function at|n,> is apart from a constant factor the 
same as the function |n, + 1), that is, 


a'|n,> = Bln, + 1), (138.17) 


where # is a constant. Since wavefunctions in quantum mechanics are determined 
apart from phase factors, we may assume that f is a positive, real number. The 
function |n, + 1> corresponds to a state with a number of particles equal to n, + 1. 
The action of the operator at reduces thus to increasing by unity the number of partic- 
les of kind ». We can thus call the operator at the particle creation operator. 

The Hermitean conjugate of equation (138.17) is the equation 


<n,| ay = <n, + 1B, 
so that we can write 
<n, + 116? |n, + 1> = Cn,la,at|n,>. 
Since 6? is a constant, (nm, + 1|8?|n, + 1> = B?. On the other hand, using the com- 
mutation relations (138.13) and equation (138.15), we have 


<n,|d,at|n,> = <n,|N, + [n> =n, + 1. 
20* 
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The value of the factor # in (138.17) is thus / n, +1, and thus 
dtIn,) = Jn, + 1|n, + 1). (138.18) 
Using the commutation relations (138.13), we can obtain the equation 
Nyl4,|n,>] = (GN, — 4,) ly = (ty — 1) 4,1), 


from which it follows that 
a,|n,> = yin, _ 1), (138.19) 


where y is a positive real number. It follows from equation (138.19) that the operator a, 
reduces by unity the number of particles of kind ». This operator can thus be called 
the particle annilation operator. To determine the value of y, we use the equation 


ata,In,> = n,|n,). (138.20) 


Using (138.19) and (138.18), we can transform the left-hand side of this equation as 
follows: 
a\a,|ny> = yalln, — 1) = yV ny, |ny). 


Substituting this value into (138.20), we find y = J Ny. The action of the operator 4, 
is thus finally determined by the equation 


é,\n,) = Vn, |n, — 1). (138.21) 


Equations (138.18) and (138.21) enable us to obtain from the wavefunction of the 
state [n> wavefunctions of the states with a number of particles differing by unity 
from the initial one. Successive applications of (138.18) enable us to obtain from the 
function |0> of the vacuum state the wavefunction of the state with n particles: 


1. 
In) = —— (aty" [0). (138.22) 
J 


n! 


If the wavefunction of the vacuum state is normalised to unity, |O>, the wavefunctions 
(138.22) are also normalised. 

When changing to the occupation number representation, we used the orthonormal 
set of eigenfunctions of the operator A,,. In that case, we can express the field 
Hamiltonian in terms of the particle number operators: H = y N,e,. States with 


v 
well-defined numbers of particles |... ,...> are stationary states. In these states, 
the field energy can be expressed as the sum of the energies of separate particles, 
E=Y'n,g,, so that talking about particles has a real meaning. Such a consideration 
v 


is, however, not always possible. For instance, often the eigenfunctions of the opera- 
tor H;., are not known, and we know only the eigenfunctions of a simpler Hamil- 
tonian Hy, where part of the interaction is neglected. These functions, or any other 
complete orthonormal set of functions, can be used to change to the occupation 
number representation. The particle creation and annihilation operators occurring 
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in this case characterise states with a variable number of particles. One says in that 
case that the part of the Hamiltonian, Hs., — Ho, which is not taken into account 
when we choose our functions ¢,, is the reason for the instability, or transformation, 
of such particles. Such an “instability” may reflect also particle-transformation pro- 
cesses corresponding to several interacting fields, which may occur in reality. 

To illustrate what we have said, let us consider the Hamiltonian 


2 
Agen =~—~—V + Wr), 
2m 


and let us choose as the orthonormal set of functions the eigenfunctions of the kinetic 
energy operator, that is, let us put 


= me, where ¥ = L’*, k= 9, i=0,+1,... 


In this case, we can write for the field operators 


Cr, 1) = » ault) gr), rt = ake) pir). 
The particle creation and annihilation operators characterised by the momentum 
p = hk satisfy the commutation relations 
[4,, G,-]_ = [at, at, -_ = 0, [4,5 at]_ = Onn 
The field Hamiltonian becomes ' 
H=Y ¢,ala, + Y. aja, | ptWo,- dr. (138.23) 
k kek 

The operator H does not commute with the particle number operators N, = dja; 
for the state k. The number of particles in a state & is thus not conserved. If initially 
the state corresponded to the wavefunction |... , ... M,-...>, there will be a certain 
probability that, because of the presence of the operators in the second sum in 
(138.23), the system may make a transition to a state corresponding to the wave- 
function |....”, + 1, ...,”,4: — 1, ...>. The probability for such a transition is pro- 
portional to the square of the matrix element | ptWo,. d*r. The potential energy 
operator W, which corresponds to the interaction with other particles or fields, is 
thus the cause of the change in the number of free particles in each of the states of 
the system. 

One sees easily that each of the operators dja, commutes with the operator, 
N = aja,, of the total number of particles in the system. The Hamiltonian (138.23) 

k 

commutes thus with the total particle number operator. Even though the number of 
particles in any given state is not a conserved, the total number of particles in the 
system is thus an integral of motion. 
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139. SECOND QUANTISATION OF THE MESON FIELD 


Experiment shows that there are charged and neutral pions. Charged pions can 
have both positive and negative charge and their mass is 273 times that of an electron. 
Neutral pions are 264 times as heavy as an electron. The pion spin is zero and their 
intrinsic parity negative. 

Charged pions correspond to a complex y(r) field and neutral pions to a real field. 
The dynamic field coordinate y(r) is a pseudoscalar function of the spatial coordinates 
r and the time. In the field description the coordinate r plays the role of a spatial 
coordinate rather than of a particle coordinate. We do, therefore, in the field descrip- 
tion, not meet with the difficulty discussed in Sections 53 and 57 of introducing the 
concept of the coordinate of a relativistic particle. 

Let us consider the complex scalar field of a particle of mass M. The function pr) 
must, according to (54.5) satisfy the Klein-Gordon equation 


2 24 
Ex d -vi+ te |yao. (139.1) 





ér’ h 


The electrical charge and current densities, 


ieh Pes oy* -_ Chey, 
—y—)], f= —(y"vy — pvy*), 139,2) 
2Mc? (v" ot ot ) J 2Mi of ) ( 





o= 


form a four-vector satisfying equation (54.7). One sees easily, by using (138.2), that 
the complex field y, satisfying (139.1) corresponds to a Lagrangian density 


2,4 
= Ov" OY _ 20yye- Vy) — 
ot Gt 





pty. (139.3) 
Applying (138.3), we find that the field coordinates y and y* correspond to the 


canonically conjugate momenta 


* 
a oe and oe = YY, (139.4) 
t 


and Hamiltonian density ot 


H = c'(Vy*> 





op* ow 
139. 
ot at (139.5) 


The quantisation of the field consists in replacing the dynamical variable y and 
the conjugate momentum x = dy*/dt by the appropriate operators satisfying the 


commutation relations 
mp ay mE v0 t) _ faye, t) apter, eee 
[o', 9, ot, DI ke ea ee 





(139.6) 


for’, ), o@, O)- = [~ | 0, 


at” 
[ae 1p, ae, ad = ihd(r' — ¥). 
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Making this replacement in (139.5) and integrating over the whole of space, we 
get the Hermitean field-Hamiltonian: 


24 
H= | [= ov + c(Vpt- Vy) + “ < #9] dr. (139.7) 


We see easily that the field operators p and 6/0t satisfy equations of motion like 
(139.1). Indeed, we have 


2 op _ 18 4 
at at ihjar’? | 
= a KOGAALL hare 


y. (139.8) 











To change to the occupation number representation, we introduce an orthonormal 
set of functions, which are solutions of equation (139.1). We can take as such a 
system of functions solutions corresponding to well-defined values of the momentum 
hk. There are, according to Section 55, two independent solutions for each value of k: 


1 = i eter) — ant] 2 = ZZ ether) + eet] (139.9) 
VI 


_ 5. Mc? 
O, =e + Rp” 


while ¥ = L? is the basic region of space. To simplify our notation, we use here 
cyclic boundary conditions with a large period L. We shall expand the field operators p 
and dp/dt in terms of the complete set of functions (139.9): 


where 











e7 ti 
Ont + ble ont efter) or) 


oY ve, [a,e tant — btelo'] olen. 


By taking the Hermitean conjugate, we can obtain from (139.10) the operators yt? 
and dyt/dt. Substituting these expressions into the commutation relations (139.6), we 
see that these are satisfied if the new operators satisfy the commutation relations 
(ay, Gf] = (by, bL1- = onus } 
[ays dy] = (by, By-]- = [ay, Bb-]- = ++ = 0 
Substituting (139.10) into (139.7), and using (139.11), we find the field Hamiltonian 
in the occupation number representation: 


A = hw, fala, + bf6, + 1). (139.12) 
k 


| (139.10) 


(139.11) 
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The field operators (139.10) were normalised in such a way that they give the 
correct value of the total field energy. If the field operators are normalised in this 
way, we can obtain from (139.2) the operators of the electrical charge and current 
densities, provided we multiply, when changing to the field operators (139.10), both 
expressions (139.2) by the constant factor Mc?/h?. We get thus 

: - + 
5 et GT FR & tg — ove 139.13 
6 aly y iz on YY pvp) (139.13) 

Substituting the values (139.10) into the operator 6 and integrating over the vol- 

ume ¥, we find the total electrical charge operator for the field: 


O = féd’r =eF [aja — 66,1. * (139.14) 
k 
We introduce the particle number operators 
ny = afd, ig = bfby. (139.15) 


Both operators (139.15) commute with the Hamiltonian (139.12) and with the charge 
operator of the field, so that the wavefunctions 


J... ng? mE? > 


describe stationary states. It follows from (139.14) and (139.12) that the wavefunction 


Ini.*>) corresponds to a state in which n{*? particles have a momentum hk, a charge 


Q = en\*?, and an energy nj, hw,; the wavefunction |nj > corresponds to a state in 
which n& particles have a momentum hk, a charge Q = —en\~, and anenergy nt hw, . 
The quantised states of the charged meson field lead thus to field quanta: particles 
which can have both positive and negative charge and which have a positive energy. 
The eigenvalues of the Hamiltonian (139.12) are always positive. The eigenvalues of 
the operator of the electrical charge of the field can be either positive or negative, 
depending on the number of negatively and positively charged particles. 
The neutral mesons are described by a real field. The operator (139.7) will describe 
neutral particles if we put 
pr) = ptr). (139.16) 


It follows from (139.10) that the condition (139.16) is satisfied if the operators a, 
and 4, are connected by the relation 


b, = d_y.- (139.17) 


The operators of the neutral meson field can thus be expressed solely in terms of the 
creation operators aj and the annihilation operators a,: 





y-r /— 


k V2V oa, 





[a,e + at eo] er | 
| (139.18) 


Op hon. tage 
oy -iz,/ « [dye tent — Gt pelt] eter, 
ot kN@W24Y 
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The normalisation factors in (139.18) were chosen such that the operators would 
satisfy the commutation relations 


[yy] = [2 *) =0, ae t), oylr, 2 = ihd(r — r’), (139.19) 





at’ at at 
if the operators aj and a, satisfy the commutation relations 
[ay del = (ah, ab = 0, Udy, abe] = Sue. (139.20) 


Substituting (139.18) into (139.7), we obtain the Hamiltonian of the neutral meson 
field in the occupation number representation: 


H= D, hong ly + 4]. (139.21) 


The operator (139.14) of the total electrical charge vanishes identically in the case of 
a neutral field: 


O=e) [ala, — at ,a_,] =0. (139.22) 
k 


We showed in Section 55 that one can write the Klein-Gordon equation which determines the 
complex scalar meson field as an equation of first-order in the time, 


(m5 - fy) V(r, 1) =0, (139.23) 


if we write the wavefunction Y as a column matrix (") with two functions. The Hamiltonian is 


n2 


A, = (t5 + it2) ou + Mc773, (139.24) 


where the 7, are the two by two matrices defined by (55.11). Considering the function ¥ as a field 


coordinate and using the method of second quantisation to change to the field operator Pp, we can 
by the one equation (139.23) describe a whole collection of any number of non-interacting mesons 
with positive and negative charges. 

The Lagrangian density can be written in the form 


a a. 
£=It, (3 - A) : 


The field coordinate ¥ corresponds thus to a canonically conjugate momentum x = ih¥t¢,, and 
the Hamiltonian density is 
KH = VAP. (139.25) 


The field operators W and % = inte, must, according to (138.6) satisfy the commutation relations 
(Pt, D2, Po, oO). = dr’ — 9); (139.26) 


while other combinations of ¥t and ¥ commute with one another. To change to the occupation 
number representation, we use the equation 


y = F D G,PE,, t) + BEY (—E,, DN) eX (139.27) 
k 


QM 20a 
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to introduce new operators; the functions Y(E,, 1) and Y(—E,, ft) satisfy the equations 


~ an 4 
| + it2) ourt Mc?t3 — r,| W(E,, 1) =0 
(139.28) 
ae a 
G + it) out Me?t3 + | P(— E,,t)=0, 
where 
E, = c/#k? + M?c? 
is the energy of a free particle with momentum ik. These functions are normalised as follows: 
fre, RPE, 0dr=1, [PE )%,¥(—E,, Dd r= 1. (139.29) 


Substituting (139.27) into (139.26) and using (139.28) and (139.29), we see easily that the commutation 
relations (139.26) are satisfied, provided the new operators satisfy the relations 


[a, 5 Gy)_ = b,. byl. = [,. 6h. ==, i 
[a > at. = (6, bh = Opn 
Substituting (139.27) in the Hamiltonian 


(139.30) 


H = J a d*r, 
we get the Hamiltonian in the occupation number representation: 
A= > E, lala, + of, + 11, 
k 
which is the same as (139.12). One can also show that the electrical charge operator is given by 
O=e i} Pit,F dr =e> Gla, - bfé,). 
k 


Particles and antiparticles are, according to Section 55, described by charge conjugate functions. 
If ¥ determines aparticlestate, ¥. = ed determines an antiparticle state. For particles with a charge— 
electrical or otherwise—the operators yp and wy, are independent operators. Particles, all properties 
of which are the same as those of their antiparticles, are called neutral particles. The operators y 
and wr. are thus linearly dependent for neutral particles. There are then two possibilities: 


P= o ¥=—-¥. 


Neutral pions decay into two y-quanta which are even with respect to charge conjugation, so that 
the case p= Pj is realised for neutral pions. The function (139.27) will satisfy this condition, provided 
G_y = by. 


140*. APPLICATION OF THE SECOND-QUANTISATION METHOD 
TO SYSTEMS OF INTERACTING BOSONS 


Let &, stand for the set of the three spatial coordinates and the z-component of 
the spin of the i-th boson—a particle with integral spin. The Hamiltonian of a system 
of N identical particles, which interact through pair forces is in the coordinate re- 
presentation given by 


N 
Agen = » Agsen(Es) + 2, We:, &), (140.1) 
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where H,.,(é,) is the Hamiltonian of a single particle if we can neglect the interaction 
with the other particles. 

The state of a system of N identical particles is in the coordinate representation 
determined by the Schrédinger equation 


(wz _ Fan) v(E1, fo, seen Ey, t) = 0, 


where the wavefunction y is a function in the 4N-dimensional configuration space. 
We showed in Section 87 that this function must be symmetric with respect to the 
permutation of a pair of particles. 

The study of the properties of systems of many identical particles in the coordinate, 
momentum, or any other representation in which the state of each particle is distin- 
guished separately, is very complicated. Fock ¢ showed that the most effective method 
for studying the properties of systems of identical particles is the second-quantisation 
method. In the present section, we shall deal with this method for systems of identical 
bosons. 

Let us first of all consider a system of non-interacting identical particles. The Hamil- 
tonian is, in that case, a sum of operators referring to each particle separately: 


Ao = Y Agon(E;). (140.2) 


Let e,, and y, (€;) be the eigenvalues and eigenfunctions of the operator Asex(£;) of 
a single particle. The state of the system in the coordinate representation is determined 
by giving the set of quantum numbers » for each particle of the system. For a system 
of identical particles, such a description is unjustifiably detailed. Because of the in- 
distinguishability of the particles it is impossible to indicate which of the particles is 
in a given state. Taking into account the fact that the particles are identical also leads 
to the requirement of the symmetrisation of the wavefunctions with respect to the 
permutation of pairs of particles. The symmetrised wavefunction of the system, 
corresponding to a state in which n, particles are in the one-particle state »,, 2 in 
the state v2, ..., can be written in the form 


| ne [Bist=d Pees Pos(Eo) +» Pog(Ew)» (140.3) 


where @,(¢) are the single-particle wavefunctions of the state defined by the quantum 
numbers »; the )’ P sign indicates the symmetrisation of the product of the wave- 
functions over all possible permutations of pairs of particles. 

The unwieldiness of the wavefunction (140.3) and its dependence on 4N variables 
considerably complicates calculations. However, changing to the occupation number 
representation appreciably simplifies the theory. In the occupation number represen- 
tation, the state of the system is characterised by merely giving the number of particles 
in each single-particle state. Such a description automatically takes into account the 


t V. A. Fock, Zs. Phys. 75, 622 (1932). 
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symmetry of the functions under permutations of pairs of particles and thus corre- 
sponds fully to the real properties of a system of identical particles. 

When changing to the occupation number representation, we write the wave- 
function of an arbitrary state of a system of N non-interacting particles as a linear 
combination of states (140.3): 


Vts Ep) = YL [tp mane > Daying, (ee St oo) (140.4) 


M1 eA2 sor. 


The coefficients, |f; 71, #2, ...>, of this expansion are the wavefunctions of the system 
in the occupation number representation. Substituting (140.4) into the Schrédinger 
equation in the coordinate representation, 


js - Y Fool | p(t; ... €;...) = 0, 
Ot t=1 


we find, after multiplying by®* ,,,... (... &:, ...) and integrating over all values of &, 
where the integration includes summation over the spin variable, the Schrédinger 
equation in the occupation number representation: 


[*s - Ler] It; ...m,...)> = 0, (140.5) 


where 


is the energy of the single-particle state y and n, is the number of particles in that 
state. Bearing in mind that 


n|t; ... ny.) = ald|ts .. my >, 
where at and a,, which satisfy the commutation relations 
. [4,, 4,]- = [at, ai]. =0, [4,, at]_ = 4,,, (140.6) 


are the Bose-operators for the creation and annihilation of particles in the state », 
we can write equation (140.5) in the form 


te - | It;...n,...) =0, 
ot 
where 


fy =Sedta, =¥ | atov(G) Heat) dyp,(€) dE (140.7) 


is the Hamiltonian of a system of non-interacting particles in the occupation number 
representation. 

Bearing in mind that the functions ¢, are the eigenfunctions of the operator Hge,(6), 
we can re-write (140.7) as follows: 


Hy = § Pt) Asen(6) PE) dé, (140.8) 
where the operator functions War 63) and WE) are’ defined by the equations 
PH\=Lae, MS = Vator. (140.9) 
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Using (140.6) and the orthonormality of the functions y,, we can show that the operator 
functions (140.9) satisfy the commutation relations 


(YO, VEN = WH, SE = 0, } 
[Pé), ME)]_ = 5 - &). 


Here and henceforth, 


(140.10) 


dé — £) = Or — £') b,6° 


where o is the spin variable. 

We shall call the Hamiltonian of a system of non-interacting particles, in the form 
(140.8), the Hamiltonian in the occupation number representation. It is completely 
determined once we know the single particle operator Ager) of the coordinate 
representation, characterising all possible states of a single particle and if we give the 
commutation relations of the operator functions ¥t(£) and WE). Changing from the 
second-quantisation operator (140.8) to the operator in the occupation number 
representation can be done by using a transformation such as (140.9), using any com- 
plete set of orthonormal functions. 

If we choose for this complete set the eigenfunctions of the operator Hg,,(£), the 
Hamiltonian of a system of non-interacting particles will have the simple form (140.7). 
One can, however, expand the operators YE) and yit(e) in terms of any other complete 
set of orthonormal functions f£,(é). The relations (140.10) are then satisfied, when 


YWH=TbELO, VO =rsro, (140.11) 


provided the creation operators 5t and the annihilation operators 6, for particles in 
the state s satisfy the commutation relations 


[6., 6, J = [ét, bt} = 0, [5,. bi) = Dssr 


In that case, we find, after substituting (140.11) into (140.8), for the Hamiltonian in 
the occupation number representation: 


Ao = »y 5ib,<s| Hsen(6)|5'>, (140.12) 


where 


<s|Hsen(£)18’> = [F*O©) Ascul6) KE) dé. 


The Hamiltonian (140.12) does not commute with the particle number operator, 
ni, = 6tb,, so that the number of particles in single-particle states defined by the func- 
tions f,(£) are not integrals of motion, even when there is no interaction between the 
particles. It is thus impossible to call the choice of the functions f£(€) to characterise 
the single-particle states a fortunate one. If, however, the functions £,(é) are the same 
as the eigenfunctions 9,(é) of the single-particle operator H,,,(6) in the coordinate 
representation, the off-diagonal matrix elements in (140.12) vanish, and this operator 
changes to (140.7). 
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We can transfer the rules for changing from the operator (140.2) in the coordinate 
representation to the operator (140.8) in the second-quantisation representation to 
any operator in the coordinate representation, which can be expressed as a sum of 
single-particle operators: 


FE,, «.. éy) = FE), 


where F(E,) is an operator acting upon the coordinates of the i-th particle. Since the 
particles are identical, the terms in this sum differ only in the number of the particles. 
Changing to the second-quantisation representation corresponds to the transformation 


» FE) + F= | Wie) FE) PS) dé. (140.13) 


After substituting (140.9) into (140.13), we get 
F= ¥ ata,o\Fluy, (140.14) 
where J 
<v| Flu) = J orFE) 9, 45 
are matrix elements which can easily be evaluated, once we know the form of the 
operator F(E) and the functions ,(&). The Bose-operators a! and a, act upon functions 


of the occupation numbers. 
Let us also consider an operator, which in the coordinate representation has the 


fe , . a 
om SEs, 1 8x) = Y AE 6), 


where g(&;, €;) is an operator acting upon the coordinates of the i-th and j-th particles. 
In the second-quantisation representation this operator becomes: 


» 86,6) > 8 = : | Pie) Pte’) gle, &) WE’) WO dé dk’. (140.15) 


Substituting (140.19) into (140.15), we find the operator in the occupation number 
representation: 1 
g=-— ¥ dlafa,a<oulg|yo>, 

2 vayd 
where 


<vp|glyd> = J ps) ot) a &) py) pa(E) a dé’. 


An operator in the coordinate representation which is a sum of operators acting 
upon the coordinates of three particles transforms to the second-quantisation re- 
presentation as follows: 


» GEES.) > Z 


i<j<k 3! 


| Wie) We’) We”) GE, &, €") HE) BE) VO dé dk’ dé", 


and so on. 
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Let us now study a system of interacting particles. If the Hamiltonian of such a 
system in the coordinate representation is of the form (140.1), in the second-quanti- 
sation representation the operator (140.1) will becomet 


it = | PE) AE) PE) dé + : | Pte) PIE) WE, &) HE) HO ab dé’, (140.16) 


where ¥ and ¥* satisfy the commutation relations (140.10). The subsequent change 
to the occupation number representation can be made by using any complete set of 
orthonormal single-particle functions. The choice of such a set is determined by the 
properties of the interacting particles. It is desirable to choose such single-particle 
states that when using the appropriate wavefunctions the largest part of the Hamil- 
tonian (140.16) becomes diagonal. One often chooses as the complete set of single- 
particle functions the eigenfunctions ¢,(&) of the single-particle operator A(é), that 
is, the operators Y and Yt are determined by equations (140.9). The operator (140.16) 
becomes then, in the occupation number representation: 


H=Y alae, + 5 > alata, a<vu| W\yd>, (140.17) 
v vuyd 


where 
<ul Wlyd> = J pO v2) WEE) 9,E) yalE) dé ak. 

The Hamiltonian (140.17) is not diagonal in the particle number operators”, = ala, 
The number of particles in the state v is thus not conserved. If initially the state of 
the system is determined by the function |... 7, ...>, under the influence of the ope- 
rators occurring in the second sum in (140.17), transitions of particles from some 
states to others will take place. 

One sees easily that the total particle number operator N = > dla, commutes 


v 
with the Hamiltonian (140.17). The total number of particles in the system is thus 
conserved. The conservation of the total number of particles in the system is connected 
with the fact that the creation and annihilation operators occur paired in the operator 
(140.17), that is, for each time the number of particles in the state » is decreased by 
unity, the number of particles in another state is increased by unity. 
The study of the energy states of a system described by the Hamiltonian (140.17) 
reduces to using a canonical transformation to change to new creation and annihila- 
tion operators, bt and by. in terms of which the Hamiltonian is of the form 


A => E,bt6, + A, 
i 
where H’ is a small correction. Such a transformation is equivalent to the introduction 
of new single-particle states by means of a self-consistent field which is caused by 


the interaction between particles. The energy E, will thus correspond to a new single- 
particle state, which takes into account the interaction between the particles; this is 


t V. A. Fock, Zs. Phys. 75, 622 (1932). N. N. BoGoLyunov, Lectures on Quantum Statistics (in 
Ukrainian), Kiev, 1949; English translation to be published by Gordon and Breach. 
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the more true the smaller the value of that part of the Hamiltonian, A’, which is not 
reduced to diagonal form. The operator H’ is, therefore, called the operator of the 
“residual” interaction between the particles. If this residual interaction is small, 
states of the system corresponding to the eigenfunctions, |... 2, ...>, of the operators 
bib, will be close to the stationary states of the system. 

We assumed in this section that the Hamiltonian H(€) and the wavefunctions ¢,(¢) 
of the single-particle boson states were given in the coordinate representation. One 
sees easily that all equations retain their form, if H(é) and ¢,(6) are given in the mo- 
mentum representation. It is sufficient in that case to assume that & defines the mo- 
mentum components and the spin variable. 


141*, Basic IDEAS OF A MICROSCOPIC THEORY OF SUPERFLUIDITY 


Superfluidity, which was discovered in 1938 by Kapitzat, is connected with the 
absence of measurable viscosity in liquid helium near the absolute zero when it 
moves through thin capillaries or gaps. Landau developed a theory of superfluidity 
by considering helium below 2.19°K as a “quantum liquid”; and Bogolyubov{f 
gave a microscopic theory of the superfluidity of helium. The method of approximate 
second quantisation of a system of interacting bosons, proposed by Bogolyuboy, is 
of considerable interest, not only for the theory of superfluidity, but also for various 
other applications to cases, where we cannot use perturbation theory (compare also 
Section 144). In the present section, we shall meet with the basic ideas of Bogolyubov’s 
method. 

The atoms of +He are bosons since their spin is zero. They interact weakly with 
one another. The Hamiltonian of a system of N helium atoms is in the coordinate 
representation of the form 

N 
H= yi Ar, + YX Wir, — Fyl), 


i<f 


where Ar) is the kinetic energy operator and W is the operator of the energy of the 
interaction between two atoms. If we choose as our complete set of orthonormal 
functions the eigenfunctions of the operator H(r,), that is, the plane waves 1%, = 
y-*l2 e&&) normalised within a large volume ” which is a cube and satisfying 
periodic boundary conditions on the cube faces, which correspond to the free particle 
energies ¢, = h?k?/2m, the Hamiltonian will, according to Section 140, in the occu- 


f P.L. Karrrza, Nature, 141, 74 (1938); Collected Papers, Pergamon Press, Oxford, 1965, Vol. II, 
No. 34. 

+ L. D. Lanpau, J. Phys. USSR, 5, 71 (1941); J. Phys. USSR. 8, 1 (1944); Collected Papers, 
Gordon & Breach, New York, and Pergamon Press, Oxford, 1965, Nos. 46 and 53. E. M. Lirsurrz, 
Supplement to W. H. Keesom’s Helium, Consultants Bureau, New York, 1959. 

Tt N. N. Bocotyupov, J. Phys. USSR, 9, 23 (1947). 
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pation number representation be given by the equation 


~ ALA 1 a a a a z, , 
H => D &xahd + 5 oe heh tea <a | W| 2 1): (141.1) 


Here 


(|i 


- —k 
Cake | WRK) = "ED as + ky hy — hy), 041.2) 


where 


(Wk — kal) = | WE) tt“ dg 


-—* _ | Weo)esin (lk; — kileldo (141.3) 
\ki — kyl 

is a real function depending on the absolute magnitude of the difference ki, — ky 

and which is the Fourier transform of the interaction energy of a pair of bosons, 

while 

1, if A, th =k. + ky, 


(141.4) 
0, if ke tk, $k, + ky. 


AQ +H — hy — a) = | 
It follows from (141.1) that the two-boson interaction, which in the occupation num- 
ber representation is described by the second sum in the Hamiltonian, contains four 
operators. Each term of this sum shows that the interaction corresponds to the 
disappearance of a pair of particles in states with momenta k, and k; (all momenta 
are measured in units #) and the simultaneous appearance of a pair of particles in 
states with momenta k, and k,. This transition takes place, according to (141.2) 
and (141.4), only if the total momentum of the two particles is conserved. 
Substituting the value (141.2) into (141.1), we get the final form of the Hamiltonian 
in the occupation number representation for a system of identical bosons which are 
interacting with one another through pair forces depending only on the absolute 
magnitude of the distance between two bosons: 


A=Y lige, t+ Yo mnt dh dy dy, (141.5) 
k WV (hy! —ky= hake’) 

The summation in the second sum is over all possible values of k,, ki, k,, and k}, 

satisfying the conservation law for the total momentum, as indicated underneath the 

summation sign, and the function »,., = »{|k, — #,[) is given by (141.3). 

The ground state of a system of non-interacting bosons corresponds to the “con- 
densation” of all particles in the state with the lowest energy, for which A = 0. When 
there is a weak repulsion between the atoms, the majority of the atoms will still be 
in the “condensed” state, that is, in the lowest energy state. Even when there is a 
weak interaction, such as occurs between helium atoms, the ‘‘condensate” will thus 
contain m) atoms, where mo differs little from the total number, N, of atoms in the 
system. To eliminate the influence of the periodic boundary conditions, with a large 
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period L, which were introduced to simplify the discussion, we must, in the final 
results, take the limit “ — oo. Letting “ go to infinity must be accompanied by 
taking the limit N — oo in such a way that the density of particles remains constant: 
N/V = constant. It follows from (141.5) that the operators did) = no and ad at = 
= Mo + 1 occur in the second sum in the form of the ratios np/¥ and (7 + 1)/%. 
Since 7) ~ N, in the limit mentioned a moment ago, these ratios remain constant, 

but as Y — oo the difference 

doad _ addy 1 

v v 





We can thus neglect the fact that the creation operator aj and the annihilation 
operator dy for particles in the A = 0 state do not commute and we can replace them 
by numbers. If we now follow Bogolyubov and introduce new Bose-operators for 
k +0: 


6, = atng’6,, bt = alng’?ao, (141. 6) 
we can transform (141.5) to the form 


H= — V1) + > Oe bb, + 


ay o(k) [btbt , + byb_, + 2btb,] + A’, 


where the prime on the summation sign indicates that the summation does not include 
the value & = 0 and where the terms containing products of three or four Bose- 
operators b,, bf are denoted by H’. In the approximate theory, we can drop the 
operator H’, since the operators b, are of the order of magnitude 1/N. One can easily 
see this by remembering that it follows from (141.6) that 


y btb, = » aja, = N — no. 


Even for small values of »(k), which characterises the magnitude of the interaction 
forces, it is impossible to use perturbation theory to determine the eigenvalues of the 
operator 


2 
a= _ »(0) +5 — 5: k?Bitb, + ~ v(k) (6162, + bb, + 266]. (141.7) 


This is connected with the fact that the terms in the perturbation theory series corre- 
sponding to the interaction of particles with opposite momenta tend to infinity when 
the absolute values of the momenta tend to zero. Bogolyubov suggested finding the 
eigenvalues (141.7) by diagonalising the Hamiltonian using a canonical transformation 
of the Bose-operators. Such a canonical transformation is carried out by changing 
to new Bose-operators A, and Af, through the equation 


= u(k) A, + v(k) At, (141.8) 
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where 


u(k) = o(k) = 








_ tf — De 
J/1 — D2 V1 — D2 


In that case, 
~ 
D, = E(k) — 
nov(k) 


If we bear in mind that the functions u(k) and v(k) are real functions, satisfying the 
equation 











No hek* — noh*k? 
= — rox) E(k) = ° wk). (141.9 
7 (k) nt ™v" (k). ( ) 


u*(k) — v?(k) = 1, 
we see easily that the new operators A, satisfy the usual Bose-operator commutation 
relations 

[Ay Ah.) = On 


Substituting (141.8) into (141.7), we find, after a few simple transformations: 
A= H+ ¥ EW AtA,, (141.10) 
k 


where 
N? 1 h?k? 


is a constant term, which is independent of the operators A, and which corresponds 
to the energy of the ground state of the system. 

The operator of the total momentum of the system can also be expressed in terms 
of the new Bose-operators: 


p= [eee dr=h » kala, =h » RAIA, (141.11) 


It follows from equations (141.10) and (141.11) that the low-lying excited states of 
a system of helium atoms, which will be realised at low temperatures, can be consi- 
dered to be acollection of elementary excitations corresponding to quasi-particles with 
a momentum #k and an energy, the momentum dependence of which is given by 
(141.9). Since for small excitations, #9 ~ N, we can replace (141.9) by the approxi- 
mate expression 








hik* = Na’k? 
E(k -/ + (k). 141.12 
(A) amt + mv (k) ( ) 


For small momenta, we have 


E(k) = [Xo Alk| (1 +--+). (141.13) 
mv 
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The velocity with which the elementary excitations are transferred, the velocity of 
sound waves, is given by 
se (SEV xo 
hok),-0 mv” 


so that we can write (141.13) in the form 
E(k) = sh\k|. 


In order that the ground state in which there are no quasi-particles be stable, it is 
necessary that the following inequality must hold 


70) = § We) d°Q > 0. 


Otherwise, the energy would be complex for small & and this would indicate the 
instability of the excited states considered here. The above-mentioned inequality is 
satisfied if the energy of the interaction between the atoms is basically positive, that 
is, the interaction forces between the atoms must be repulsive. 
It follows from (141.12) that for large values of the momentum the momentum 
dependence of the energy of the elementary excitations is given by the equation 
h?k? — No(k) 


E(k) =~ +. (141.14) 





When k increases, »(k) tends, according to (141.3) to zero, so that for large momenta 
the energy of the elementary excitations, the quasi-particles, is the same as the kinetic 
energy of separate atoms. 

The momentum dependence (141.12) of the energy of the elementary excitations 
in a system of bosons between which weak, repulsive forces are acting, can be depicted 
by a curve such as the one shown in Fig. 28. The excitation spectrum of this kind 


E(k) 





Ko k 


Fic. 28. The momentum dependence of the energy of elementary excitations in a superfluid system 
(full-drawn curve). The free particle energy is shown by the dashed curve. 
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has the property that 


Min 2 =v, >0. (141.15) 
hk 


Landau has shown that a superfluid state of motion of the liquid can be observed 
only if it is moving with velocity smaller than v,,. In the case of a perfect gas and 
elementary excitations with an energy 

hk? 


B(h) = 2m 





{shown by the dashed curve in Fig. 28), we find 


There will thus be no superfluidity however small the velocity of the liquid. 


Let us consider a liquid moving in a capillary with constant velocity v. If the liquid has a viscosity, 
because of friction at the wall, elementary excitations will occur in the liquid, that is, a fraction of 
the kinetic energy will partially be transformed into internal energy. Let us determine the conditions 
under which elementary excitations, quasi-particles, with an energy E(p) and momentum p can 
occur in the liquid. In a system of coordinates fixed in the capillary the energy of this excitation 
will be equal to E(p) + (p. 2). 

If the initial kinetic energy was Ej: and it was Ey after the appearance of the excitation, we must 


have the equation Eo = E+ E(p)+ (p.0). 
The condition for the slowing down of the liquid thus reduces to the condition 


E(@) + (p.v) <0. (141.16) 


For a given value of the absolute magnitude of the momentum the sum, occuring on the left-hand 
side of inequality (141.16), has its smallest value when the momentum p is antiparallel to the vel- 
ocity v. To satisfy (141.16), it is thus necessary that the following inequality holds: 

E(p) 


E(p)— pv <0, or v>——. (141.17) 
P 


Thus, if the momentum dependence of the energy of the elementary excitations is such that 
Min E/p = ve, > 0, for velocities v < v,, the inequality (141.16) cannot be satisfied and the liquid 
is not slowed down, that is, superfluidity occurs. If, however, Min E/p <0, elementary excitations 
can appear in the liquid, however small its velocity. 


The superfluidity of liquid helium of low temperatures is thus determined by the 
collective properties of a system of interacting bosons—the helium atom—which 
lead to an elementary excitation spectrum E(k) for which Min E(A)/Ak > 0. 


PROBLEMS 
1. Consider the Hamiltonian 
A=#H, +H’, 
where 
A, =hwata and A’ = Ahwat + 4), 


where @t and @ are boson operators. 
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Cowmr~I nN 


Find the eigenvalues of # either by using perturbation theory, assuming / to be a small parameter 
and going as far as terms quadratic in 4, or by solving the problem exactly. 


. Diagonalise (131.17) by a Bogolyubov transformation. 
. Find the average values of n, and nz for the system described by the Hamiltonian (131.17), when 


it is in the |1 0> state in the N,N2-representation. 


. If the system described by the Hamiltonian (131.17) is at time ¢ = 0 in the state [1 0> in the nyn2- 


representation, evaluate the time elapsed when it is for the first time in the lo 15 state 


. Prove equation (134.34a). 

. Prove that in the vacuum state <@> = <#> = 0. 

. Evaluate the dispersion of € and # of the vacuum state. 

. Prove that the wavefunctions (138.22) are normalised. 

. Prove that any symmetrical wavefunction Y can be expanded in terms of the orthonormal set 


of functions (140.3). 


CHAPTER XV 


SECOND QUANTISATION OF SYSTEMS 
OF IDENTICAL FERMIONS 


142. OCCUPATION NUMBER REPRESENTATION FOR SYSTEMS 
OF NON-INTERACTING FERMIONS FOR SMALL ENERGIES 


In the previous chapter, we met with a description of the states of systems of iden- 
tical bosons in the occupation number representation. In this representation, we take 
the identical nature of the particles, as well as the necessary symmetry under a per- 
mutation of the particles, automatically into account. In the present chapter, we 
shall study systems of identical fermions. 

We showed in Section 87 that the state of a system of identical fermions is deter- 
mined by functions which are antisymmetric under a permutation of any two fer- 
mions. The Pauli principle is, therefore, valid for systems where we can speak approxi- 
mately about states of separate fermions in the form which states that there can be 
no more than one fermion in each single-particle state. We shall start the study of 
systems of identical fermions with the simplest case of a system containing N non- 
interacting fermions of low energy, so that no antiparticles can be formed. 

We shall assume that the state of a separate fermion in an external field created 
by other particles, such as atomic nuclei in atoms or molecules, is determined by a 
Hamiltonian A(é) where & stands for both the spatial and the spin coordinates. 
Let e, and ¢,(€) be, respectively, the eigenvalues and eigenfunctions of the operator 
H(E). The index s characterises all quantum numbers determining the single-particle 
state. In the coordinate representation, the total Hamiltonian is 


N 
Aés, E,, tess Ey) = >» AE). 


The wavefunction is in the same representation an antisymmetric function p(é,,...,&y) 
of 4N variables; &; stands for the spatial and spin variables of the i-th particle. 

The state of the system is in the occupation number representation determined by 
giving the number of particles in each single-particle state. Let the operator of the 
number of particles in the state s be of the form 


fn, = ota,. (142.1) 


In order that the operator (142.1) describes the states of a system of fermions it can, 
in accordance with the Pauli principle, have only two eigenvalues, 0 and 1. In the 
617 
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occupation number representation the Hermitean operator 7, is thus described by 


a diagonal matrix: 
a ap a 00 
nh, = ala, = oi) (142.2) 


We remind ourselves that the operator of the number of particles for a boson system 
was described by the infinite diagonal matrix (131.12). The two eigenfunctions of 
the operator (142.2) referring, respectively, to the eigenvalues 0 and | are 


|0) = (;) and |1> = ("). (142.3) 


Let us assume that the operator «, is the operator decreasing the number of particles 
in the state s by unity. By definition, we have then 


&|0>=0 and «,|1) = |O). (142.4) 


In the representation in which the operator 7, is diagonal, we find thus for the opera- 
tor «, the non-Hermitean matrix 


a 01 
= . 142.5 
(° 3) (142.5) 
The operator 
00 
ot = . 142.6 
(; ) (142.6) 


which is the Hermitean conjugate of the operator «,, satisfies the equations 
w0> = [1> and atll> =0. 


It follows from these equations that the operator «' increases by unity the number of 
particles in the state s, if there are no particles in that state and makes the function 
corresponding to the state s with one particle vanish. From the definitions (142.5) 
and (142.6) the following commutation relations follow for the operators which we 
have introduced and which we shall call Fermi operators: 


[4.,%]4 =[at, of], =0, [«,, of], =1, (142.7) 
where [...], indicates an anticommutator of two operators, that is, 
[a, Bs. = oB + Bo. 
It is immaterial in what order the operators occur in an anticommutator, [«, B]s. = 
= (8, «], so that we can reverse the meaning of the operators «, and a!. If we write 
jO> = ()) and |[1> = (0) «, Will be a creation and a! an annihilation operator. 


The operators «, and a! are not completely determined by the matrices (142.5) 
and (142.6). We must also indicate what their connexion is with the operators «,. 
and at, corresponding to other states. By analogy with the boson case, we shall 
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assume that relations such as [&,, «,], = 0 hold for all operators, except «, and «!, 
for each state s, for which [«,, at], = 1. In other words, we require that the operators 
Os, Xs, ».. Satisfy the relations 


[x5, Os] 4 = [at, ol] = 0, [as, of] = bs). (142.8) 


We shall see later that these commutation relations lead to the correct description 
of fermion systems; Jordan and Wignerf were the first to prove this. 

If we number the single-particle states in some order and denote by n, the number 
of particles in the state s, which can be 0 or 1, we can write the operators satisfying 
the commutation relations (142.8), in the representation in which the operators 7, 
are diagonal, in the form 


cep (21) gt ye ( 9 
ds = (-1) (0 ) t =(-1) (| ) (142.9) 


where », = ) n, is the number of states, preceding the state s, which are occupied. 
f=1 


The sign of the factor (— 1)”: is thus equal to + or —, according to whether there is 
an even or an odd number of states preceding the state s which are occupied. The 
action of the operators «, and a! upon the wavefunctions |... 7, ...>, which depend 
upon the number of particles in each single-particle state, is characterised by the 
equations 
aloes Ms +++) = (—1)"*”,|...1 —n...>, (142.10) 
ol|..ny...> = (—D"* (1 — a) |... 1 — ny...>. 
Using (142.10), we can show that the commutation relations (142.8) are satisfied; 
indeed, bearing in mind that n? = n, and (1 — n?) = 1 — n,, we have 
a,xt|...n,...> = (1 — a)... my-.>, 
Olo,|... My oo = glee My eds 
KX]... Ms...) = (1 — n,) |... 5...) = 0, 
otot}..ny...> = 0. 
Using these equations, we verify easily that (142.8) is valid for s = /. Let us now 
consider the case where s > /. We have then 
KXs|... My ee My o> = (— 1)" no, |... my... 1 — ng > 
= (—1)"*" naj... 1 — my... 1 —ny..d, 
KO]... Ny My > = (—1)" nyo)... Lb — my... ny > 
= (—1y"*"'" tag)... 1 — nm ...1 —n,...>, 


and thus «,&,|... mj... 5...) = —Gs&j|... My... Ny ...>. The remaining commutation 
relations (142.8) can be proved similarly. 


+ P. JoRDAN and E. Winer, Zs. Phys. 47, 631 (1928). 
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Jt follows from equation (142.10) that the result of the action of the Fermi operators 
«, and at upon the wavefunctions depending on the occupation numbers does not 
only depend on the number, n,, of particles in the state s, but also on the occupation 
numbers of all preceding states. The operators «, and «, can thus not be considered 
completely independent. 

If (A — «] gy; = 0 is the equation determining the single-particle states, the 
total Hamiltonian for a system of independent fermions can be written in the form 


H = (¥6) AO YO é. (142.11) 


Here and henceforth integration over & includes a summation over the spin variables. 
The field operators, Y, are in the occupation number representation expressed in 
terms of the operators «,, through the equation 
= a - g 
P(E, t) = Y ap,(E)e'", ow, = =. 
s 


142.12 
i ( ) 


Using (142.8) and the fact that the », form a complete orthonormal set of functions, 
we can prove that the field operators at a fixed time t—which is not indicated expli- 
citly—satisfy the commutation relations 


Ee), MOL. =v v6) oO [e,, al. = 0 - 4, | 
ae a - (142.12a) 
(PE), POL. = HE), PO). = 0. | 


Here and henceforth 6(¢’ — £) = 6,,.6(r’ — r), where o is the spin variable. Sub- 
stituting (142.12) into (142.11) we find the Hamiltonian of a system of fermions in 
the occupation number representation: 


H=Y eate, = ¥ ety. (142.11a) 


The energies e, and wavefunctions », can refer to single-electron states in atoms, 
molecules or solids, as long as the electron-electron interactions are either neglected 
or approximately taken into account through the introduction of a supplementary 
effective field. 

The operator of the total number of particles in the system is determined by the 
field operators Y() as follows: 


N= JP VO dé. 


Substituting here equation (142.12) we find the particle number operator in the occu- 
pation number representation 
N=Y ade,. (142.13) 


The operator N commutes with the Hamiltonian A so that the number of particles 
in the system is an integral of motion. In a system with N stable fermions—electrons, 
protons, ...—their total number has a well-defined value—as long as we do not con- 
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sider the interaction of the system with high-energy particles. The wavefunctions 
describing the states of such a system must, therefore, be eigenfunctions of the opera- 
tor of the total number of particles, corresponding to the eigenvalue N, that is, they 
must satisfy the equation 

N= f¥te WO dé (142.13a) 


for all states of the system considered. 

The operators of any other physical quantities of a system of fermions can be 
obtained from the operators in the coordinate representation by the following rules: 
If the operator F in the coordinate representation is a sum of operators F(é) acting 
upon the coordinates of a single electron, this operator will in the second quantisation 
representation be of the form 


F=f¥t® F© Od. (142.14) 


Substituting into this expression ¥(£) from (142.12), we find for the operator in the 
occupation number representation 


F=Y ale,<s| FID, (142.14a) 
s,l 


where = = 
<sl|FID = J pt FO pi a 
are the matrix elements of the operator in the coordinate representation, while the 
¢.(é) are the eigenfunctions of H(é). 
If the operator g in the coordinate representation is a sum, 
g= YX E(P 102 Vp), 

1SvySv2S°"SvpSN 
of operators acting upon the coordinates of p fermions, this operator will in the occu- 
pation number representation, be of the form 


g=—yatal, ... ol os vis Hs, €81S2 00. Sp|F [Sp -.- S45 (142.14b) 


where 
(S182. splgls, SD J o2 Es) oes ps, (Ep) ges «+ Ep) Ps,(Ep) woe Psy(E1) dé, ... dE. 


In a system of fermions we can thus express the operators corresponding to physical 
quantities in terms of the operators a! and «,, which increase and decrease the number 
of particles in the single-particle state s through the same formulae (see (140.14) and 
(140.15a)) which in boson systems express the operators of physical quantities in 
terms of the Bose operators a! and a,. If the systems consists of different kinds of 
fermions, there corresponds a different operator ¥ to each kind of fermion and also 
different creation and annihilation operators, which act upon the occupation number 
of the fermions of the given kind. The ¥ operators corresponding to different kinds 

‘of fermions anticommute with one another. If there are both bosons and fermions 
in the system, the fermion operators commute with the boson operators. 
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The ground state of a system of N non-interacting identical fermions corresponds 
to the state where the N states 5,, 52, ..., Sy of lowest energies are filled by fermions, 
while the other states are empty. The highest energy, s,, of the levels which are filled 
in the ground state is called the Fermi energy. The ground state of the system will 
correspond to a state where all levels s with energies e«, < e, are filled with fermions, 
while levels with energies e, > e, are empty. The wavefunction of the ground state 
is, apart from the sign, determined by the expression 

&, = [I a0), (142.15) 
s(<F) 
where all states s with energies e, < e, take part in the product, while |O> is the wave- 
function of the state with no particle in any level. It is clear that the function (142.15) 
satisfies the condition 

LGo| Y, do) = N, (142.16) 

\ s(<F) 
where N is the total number of fermions. Here and henceforth } will indicate 

S(<F) 

a summation over all states with energies e, < e;. The total energy of a system of 
fermions in its ground state—the zero-point energy—is determined by the equation 
E, = (Po y, ade,e, Po) = Ve. (142.17) 


s(<F) s(<F) 








A weakly excited state of a system consisting of a large number of fermions will 
differ little from the state ®,. A change in the original state reduces to the emptying 
of some levels with energies ¢, < e, and the filling of the same number of levels with 
energies ¢, > e,. The states of the other fermions remain unchanged in the process. 
We can, therefore, characterise the weakly excited states of a system of non-inter- 
acting fermions by indicating which states with energies e, > e, are occupied by 
particles and which states with energies ¢, < ef are unoccupied, that is, are ““holes”’. 
We call such a description of a system of identical fermions a “hole representation”. 

In the hole representation the state®y given by (142.15) is called the “‘ vacuum state”. 
The vacuum state has the zero-point energy Ey given by (142.17) and we reckon the 
energy of excitations from this energy. An excitation of the system corresponds to 
the creation of a pair of particles: a particle in a state s with 2, > e, and a “‘hole” 
in a state s’ with «,, < e,. Other excited states are characterised by the creation of 
several pairs of particles. The transition of the system from a state of higher to a 
state of lower energy corresponds to the “‘annihilation” of pairs. We shall introduce 
for the description of such processes apart from the Fermi operators a! and «,, for 
&, > €, hew operators Bt and Bss for e, = e,, which create and annihilate “holes” 
in the state s. Bearing in mind that the ‘“‘annihilation”’ of a particle in the state s is 
equivalent to the creation of a “hole” in the state —s and vice versa}, we can 
express the new operators in terms of the old ones, as follows, 


Bt = B55 B, = o_t, if és Ss ef. (142.18) 


+ The state —s is the time reversed of the state s (see Section 108); &, = &-,. 
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The operators f, and ft satisfy, of course, the commutation relations 


[B. bts = 831, 


while the anticommutators of 8, with other #,- and with all the &, and af (e, > ex) 
vanish. 
The vacuum state is in the hole representation determined by the conditions 


60,=0, if e>er; §®=0, if 2 S ep. 
The field operators (142.12) are in the hole representation of the form 
WE, t) = & Os et 4 DL Btoe', (142.19) 
s(>F s(SF) 
where we now reckon the energies of the single-particle states from e, as zero. The 


first summation in (142.19) is over all states with e, > e, and the second over all 
states with «, < e,, and 


é, — & if ©, > &3 
ho, = 9% Fo S Fo 


fe — €;, if eS ep. 


Substituting (142.19) into (142.13a) and using the commutation relations for the 
operators B,, we find 


S(SF) 


s(>F) 

Bearing in mind that 1 = N, we get 
SSF 
Y ate, = Y BtB.. 

S(>F) s(SF) 
Hence, in the hole representation the number of particles is always equal to the 
number of ‘“‘holes”’, In other words, particles and ‘‘holes”’ are created and destroyed 
in pairs. 

To determine the energy operator in the hole representation, we substitute (142.19) 

into (142.11) and use the relations 


(©) 9; = (Ge + 42) 9, if & > ep; 


HE) ov. = (er — 42.) 95, if & S ep. 
We get then 


H = YQ, + ex) ales + D(H, — 62) BIB, + Eo. 
S(>F 

If we take into account that a particle and a ‘chole” are always created as a pair 
and if we reckon the energy of the system from its ground-state energy Fp as zero, 
we can write the energy operator in the form 

H= Y AQ ota, + sore hOB. (142.20) 

5(>F) 

Hence, the creation of a pair—a particle in the state s and a “‘hole”’ in the state s’— 
increases the energy of the system by an amount 


A(Q, + Q,). 
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All equations in the present section retain their form, if we assume that the operators 
H(é) and the functions ,(&) are given in the momentum representation. In that case, 
& determines the components of the momentum of the particle and the spin variable. 
The momentum representation is convenient when the eigenfunctions of the single- 
particle Hamiltonian are given in the form of plane waves. 

The preceding formulae referred to the case where the single-particle states were 
determined by the motion of the fermions in an external field, such as the field of 
a nucleus. Let us now consider the particular case where the operator A(é) has eigen- 
values s, = h?k?/2m and eigenfunctions 9, = 9, = V7 'e'*” y,, where x, is a 
spin function and o determines the z-component of the spin. The state of the system 
is in this case characterised by the values of k and o. The Hamiltonian of the system 
in the occupation number representation is then of the form 





- h’k? . 
H=y Of pg (142.21) 
kc 2m 
The particle number operator is 
N= ¥ oh oy,- (142.22) 
koe 


A state of the system with a constant number of particles is described only by the 
eigenfunctions of the operator NV corresponding to the eigenvalue N, that is, by eigen-~ 
functions satisfying the equation 


NO = ¥. ah di, ®. (14 .23) 
ko 


If we do not wish to introduce the auxiliary condition (142.23), we can use a well- 
known method from statistical mechanics and introduce a parameter w with the 
dimensions of an energy which plays the role of the chemical potential. We must then 
consider instead of the operator (142.21) the operator 





- a ~ h?k? “ 
AW =f-aN=¥ ( _ “) hedine. (142.24) 


The change to the new operator H’ is equivalent to reckoning all single-particle 
energies from yw. The chemical potential is determined from the condition¢N)> = N. 
For non-interacting electrons, the chemical potential is equal to the Fermi energy. 


143*. SYSTEMS OF FERMIONS INTERACTING THROUGH PAIR FORCES; 
BOGOLYUBOV’S CANONICAL TRANSFORMATION 


The case of a system of non-interacting fermions, considered in Section 142, is. 
only of methodological interest, since the properties of real systems are determined 
by the interactions between the fermions and of the fermions with the external fields 
produced by other particles. It is thus of interest to study systems of interacting 
fermions. 
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We shall assume that the interaction between the fermions is determined by pair 
forces; in that case, we can write the Hamiltonian of a system of N fermions as follows: 


H(Ex, «5 Ex) = > H(é) + , WE, &). 


If we go over to the second-quantisation representation, we replace the operator 
(HE, sees Ey) by 


H= {HO A© VO dé + ; [ | Pe) We) WE &) HE) W® dé dé’, (143.1) 


where the field operators satisfy the commutation relations 


(PO, YE). = HO, MOL = * (143.2) 
[PO, MEI. = 6€ - &). 


Changing to the occupation number representation consists in expanding the field 
operators ¥(€) in terms of a complete orthonormal set of functions ¢,(¢). If 


We) = V a.9.(E), (143.3) 


the operators «, satisfy the commutation relation [«,, «!], = 6,,, while the anti- 
commutators of other combinations of the «, and «af vanish. It is convenient to use 
as the orthonormal set of functions y,(€) the eigenfunctions of the operator H(). 
If (AE) — ¢] y(€) = 0, we find by substituting (143.3) into (143.1) for the Hamil- 
tonian in the occupation number representation 


H = Yedli, += Y) dbilays,CsllW pa), (143.4) 
Ss S,1,p.@ 
with 
<sl|Wipq> = Jf ot) ot €) WE, £9 op (E) 9,(8 a€ dé’. (143.4 a) 


The operator of the total number of particles in the system is determined by the 
equation 


N= | te) W() dé = Y. aha, (143.5) 


In systems consisting of stable particles, such as electrons or protons, the total 
number of particles in the system must be constant. In order to avoid the introduction 
of an auxiliary condition that the total number of particles, N = }° ala, is constant, 

s 


we introduce the chemical potential ~. Adding to the operator (143.4) the term 
—wy ate, 
H=Y@- ws. +> Y stabi,s,csllWlpay. (143.6) 


S,1.D.a 
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The chemical potential u is determined from the condition 
N = {> ato. 
Cae, 


All single-particle states with energies ¢, < e, will be occupied and all states with 
£, > & empty, in the ground state of the system, if there are no interactions, W = 0; 
in that case w = ep, that is, the chemical potential is equal to the Fermi energy. 

To fix our ideas, we shall assume that the system consists of spin-} fermions and 
that the operator H(é), which determines the single-particle states, has the eigenvalues 
h?k? /2m. The single-particle states are then determined by the wavefunctions 


1 iter) 
Ps = Phra = =e Xo» 
J 


where the y, are spin functions. The index o can take on the two values +4. We 
shall, furthermore, assume that the interaction between two fermions depends solely 
upon the distance between them, is independent of the orientation of their spin, and 
is a short range interaction; we put then W(E, &’) = W(Ir, — rl). We then find for 
the matrix elements occurring in (143.6) 


rot W(\ki — k , , 
¢si851 15,51) = — AD 8 Beaks = ha + Hi — hy), (143-7) 
where the function A, defined by (141.4) takes care of the momentum conservation 
law. It is non-vanishing only if k, + ky = ky + ki. In (143.7) 


nae = 1K, — kil) = |" Wle)e sin ki ~ halelde (148.8 
Iki — kilJo 

is a real function depending on the absolute magnitude of the vector ki — k,. This 

function is the Fourier transform of the energy of the interaction between two fer- 

mions. The sign in (143.8) is chosen in such a way that an attraction corresponds to 

positive values of »,,-. Using (143.7), we find an explicit expression for the Hamil- 

tonian for the case when the interaction forces are spin-independent: 





- hk? a 1 fh 
ref = Y —#- Oh 6X ke ~ 7. »y Vick hy 'e1%ha'er™ krer™ki01* (143.9) 
ko| 2m 2W heat hi=he’ thy) 


In the second sum the summation is over o,, 62, and over all values of k,, ..., k2 satis- 
fying the momentum conservation law, indicated underneath the summation sign. 
If W has a finite range, less than the average wavelength of the relative motion of 
a pair of fermions, the interaction will only occur between fermions with antiparallel 
spins. Fermions with parallel spins will not approach one another closely enough for 
the interaction to occur. We must thus, in that case, put ¢. = —o, in (143.9). Let 
us also split off from the second sum in (143.9) the terms withk, + k, = ki +k, = 0. 


We can then write H=-8,+9, 
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where #’ contains all products of four Fermi operators for which 


ky tk, =k, +k, +0, 





and 
- ad a 1 aba a a 
Hy = >» e(k) Oh Khe ~- >. » Vuk Xp gt 4, —e%—k, ako 
koe 2h kk 
with 
hk? 
e(k) = _ B, 
2m 


while v,,- is the Fourier transform of the energy of the interaction between two fer- 
mions. 

Terms differing only in the value of o give the same contribution to the operator 
Hq, so that we can write 


- a 4 1 roa a a 
Hy =2 Y e(k) Ooh tp /5 -— y Ve Ooprt p06 yr, 1/40 he, —1/.%ht/2 . (143.10) 
k WV toh’ 
To study the eigenvalue spectrum of the operator (143.10), we perform the canoni- 
cal transformation of the Fermi-operators suggested by Bogolyubov: 


Kp1p, = UpAgo + v, Al, } 
Op, 17, = UpAgsr — v4 Abo, 


(143.11) 
where uw, and v, are real functions, which are symmetric under the transformation 
k > —k and which satisfy the relation 

ut um =i. (143.12) 


If condition (143.12) is satisfied, the new operators will satisfy the commutation 
relations for Fermi-operators. 
Using (143.11) to change to the new Fermi-operators, we change (143.10) to 


Hy = Ey + HO +H, + Ab, (143.13) 
E, = 2 Y e(k) UE -_ iI Y Vag Up Vg Upvy (143.14) 
k W he 


is a constant term not containing Fermi-operators and corresponding to the energy 
of the ground state; 





~ 2u,0 a4 4 a4 2 
Hy = ¥ [ew (uj, — v%) + yo rate (AboAgo + AfrAgs) (143.15) 
d 


is the diagonal part of the Hamiltonian; and 


. 1 ay . 
a, =F | 20) tat — uk — DY, rate (atoAt, + Agidyo) (143.16) 
2 


qu 21 
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is the non-diagonal part of the Hamiltonian containing products of only two Fermi- 
operators. The operator H, contains products of four of the new Fermi-operators. 
For low-lying excited states, the order of magnitude of H, is appreciably less than 
that of the other terms, so that we can drop Af. 

Up to now the real functions u, and v, occurring in the canonical transformation 
were arbitrary, apart from having to satisfy equation (143.12). We shall now choose 
the functions in such a way that the operator (143.16) vanishes. To obtain this, it is 
sufficient to require that 


1 
2e(k) uv, = — (uj _- v;) y Veg Up Vee. (143.17) 
v k’ 
One sees easily that (143.17) is, at the same time, the condition that the ground state 
energy (143.14) is a minimum when (143.12) is satisfied. Let us introduce the notation 


1 
Ay = —Y Uy Oy Meee 143.18 
k vay KOK Vek ( ) 


we can then from (143.17) and (143.12) express u, and v, in terms of e(k) and 4,: 


2_ 1 e(k) | 
=-|1+—24_], 
we Al VA? + e(k) | 


2 1 e(k) 
got 
2 JA? + e(k) 


Substituting these expressions into (143.17), we obtain an implicit equation for 4,: 


(143.19) 





A, = —- ke Ane (143.20) 
20 J Ay + HK) 


Equation (143.20) is a complicated one. The value of 4, depends on the energy 
spectrum «, of the single-particle states, when there is no interaction (reckoned from 
the chemical potential 4 as zero) and on the functions »,,- determining the interaction 


forces between two fermions. 
Substituting (143.18) and (143.19) into (143.15), we can write the diagonal part of 
the Hamiltonian in the form 


Ae = rveh) + Ap [Abo Ago + Ab Agi]: (143.21) 


The consequences of the interactions between the fermions for the elementary exci- 
tation spectrum are thus determined by the quantity 


E(k) = /e(k) + A?. (143,22) 


T This seems to be a pious hope, rather than a proven fact (Translator’s note). 


[XV, 143] Bogolyubov’s Canonical Transformation 629 


There are two kinds of elementary excitations for a system of fermions for each value 
of the momentum, #k; they are characterised by the eigenfunctions of the new occu- 
pation number operators: 


AoA noltpo> = Nyo|Myo> and Ab Ags lty1> = NyilMg1>- 


The states |”,>> and |n,;> have, respectively, the energies E(k) n> and E(k) n,;. 

The change in the single-particle spectrum, that is, the difference e(k) — E(k), is 
determined by the quantity 4, which is a root of equation (143.20). Let us now study 
that equation. We, first of all, see easily that equation (143.20) has the trivial solution 
A, = 0, or, u,v, = 0. We shall choose this solution to correspond to 











2y2 
u=il, »n=0, if ek)= —p>d; 

_ (143.23) 
ue=0, yn =1, if eck) = —-p<O0.~ 

m 





To determine the physical meaning of these solutions, we consider the canonical 
transformation which is the inverse of (143.11) 


Ayo = tidatp, — eis | (143.24) 
Aga = Uyo—y,-1), + vyofr),- 
When (143. 23) is satisfied, outside the Fermi sphere, where e(k) < 0, the operators 
Axo = O41 In Ay, = &4,-1 j, annihilate fermions in the states (Kk, 4) and (—k, —4), 
respectively. On the other hand, inside the Fermi sphere, where e(k) < 0, these 
operators are given by Ayo = —at,.-1),, Aya = f1;, and they correspond thus to 
the creation of fermions or annihilation of “‘holes”’ in the states (—k, —4) and (k, 4). 
The transformation (143.24) together with (143.23) is thus equivalent to going over 
to the hole-representation, considered in Section 142. The energies of the new single- 
particle states are then always positive, E(k) = J e7(k), in agreement with (142.20). 
For sufficiently strong attractive forces, when the inequality 





Dy 
2 % \e(k)'| 


is satisfied, there is, apart from the trivial solution, also a non-trivial solution of 
(143.20) for which A, + 0. We shall calculate the value of 4, for the case where we 
may assume that »,,- is constant, », when & and k’ lie within the interval ky — gq, 
ko + q, and vanishes when k and k’ lie outside that interval. We see then from (143.18) 
that the value of A, is constant, A, for k within the above-mentioned interval, and 
equation (143.20) becomes 


1 =— [A? + (A). 


21* 
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If A is larger than the distance between neigbouring levels e(k), we can replace the 
sum by an integral, as follows: 


Putting 4 = f?k>/2m, we have 





2 
e(k) ~ h K(k Ko) 
m 
and also we can put 
d?*k = 4nke dk. 
We have thus 
2 pt+a 2 24-1 /2 
y= Ro P| ge 4 (Phe) | ae, 
4x” J 4 m 
Evaluating the integral and solving for A we find 
2 —Div 2,2 
A= hog @ yp a eR (143.25) 
m l1—e? mko 


It follows directly from (143.25) that we cannot obtain that expression by using 
perturbation theory to evaluate the influence of the interaction between the fermions. 
Perturbation theory gives corrections to the energy in the form of powers of the small 
interaction energy , but A tends to zero as e~?’” and cannot be expanded in a power 
series when y ~ 0. 

Let us now elucidate the physical meaning of the quantity 4. To do this, we express 
the ground-state energy E, in terms of A. Substituting (143.18) and (143.19) into 
(143.14), we find 
WIV e+ 4h - e)] - 445 

k Ve (k) + 43 
IfA = 0, Ey = Oand the functions of the canonical transformation reduce to (143.23) 
for the trivial solution of equation (143.20). If A + 0, Ey < 0. The non-trivial solu- 
tion is thus energetically more favourable, if 4 + 0. 

The excited states of the system correspond to the “creation” of quasi-particles, 
and the way their energy depends on momentum is determined by equation (143.22). 
We can write this equation in the form 


A) = 2 G — ky? + Cat) ] (143.26) 
2m h 


Eo 





where we have put = h?k>/2m. For large differences k? — kj, the momentum- 
dependence of the energy of the quasi-particles is the same as for free particles with 
mass m. However, if |k| tends to ky, where ik, is the momentum on the Fermi sphere, 
the excitation energy tends not to zero, but to a finite limit 


lim E(k) =A,,, as |k| > ko. 
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The quantity 4,, determines thus the difference in energy of the ground state and of 
the first excited state of the system of fermions. If 4,, + 0, we say that there is an 
energy gap in the spectrum of the elementary excitations of the system of fermions. 
We then meet with a stability of excited states under external actions and this causes 
superconductivity (see Section 144). The system may receive or give off energy in 
amounts, at least equal to A,,. 

IfA, + 0, the functions (143.19) of the canonical transformation are simultaneously 
non-vanishing, and the new Fermi-operators 4t and A, corresponding to the creation 
and annihilation of quasi-particles—elementary excitation quanta—trefer to states 
which are superpositions of fermion and hole states of the system of non-interacting 
particles. In other words, the elementary excitations corresponding to non-vanishing 
values of A, are collective excitations. The trivial solution 4, = 0 equation (143.20) 
corresponds to another, “normal” ground state with a larger energy, from which a 
continuous spectrum of excited states starts directly (for an infinitely large system). 

The effect of the appearance of a gap in the spectrum of the excited states of the 
system, which we considered here, is according to (143.10) connected with the 
interaction of fermions in states with opposite momenta. Such an interaction is 
called a pairing effect. 

To conclude this section, let us consider the problem of evaluating the chemical 
potential of a system of interacting fermions in the ground state. The chemical 
potential of the ground state is determined from the condition 


N = (@,|N|G), (143.27) 


where N is the number of particles in the system, and ®) the ground state wave- 
function of the system, corresponding to the absence of quasi-particles in the system; 
that is, Bp satisfies the equation 


AyoPo = AysPo = 0. 


To use (143.27) to determine the chemical potential, we express the particle number 
operator, N = 2) of1/,0,1/, in terms of the new operators, using (143.11), and we 
get h 


N= y [20% + (uj — vf) (Ab Ans + AboAgo) + 2u,v,(AboAl + AyoAy1)). 


Substituting this expression into (143.27) and using (143.19), we find the following 
equation to determine p: 


N= w=Y : - reeerl (143228) 
k k Ve(k) + A? 
with 
nk? h? 
_ = ke? _ 2 . 
am LB om ( o) 





e(k) = 
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If A, = 0, (143.28) reduces to the equation 


N= | - mon (143.29) 





Bearing in mind that 





e(k) (0, if k>ko, 
leK)| (2, tf kk, 


we see that (143.29) is the same as the equation determining the maximum momentum 
Pr = hk, of the Fermi sphere. Hence, if 4, = 0, the chemical potential 
2 


_ PE 
M 2m 


= €f 


is the same as the Fermi energy. 
If A, + 0, we find by replacing in (143.28) the sum by an integral 


foe) _ 2 
Not {} a ho pe 
Vn Tere _ ey +(e ‘) 
h? 


which equation determines the quantity k, and thus yu = A?k%/2m in terms of the 
particle density N/¥ in the system and the value of A,. 





144", THE INTERACTION OF ELECTRONS WITH THE PHONONS IN A METAL AND 
THE MICROSCOPIC THEORY OF SUPERCONDUCTIVITY 


Only recently has a microscopic theory of superconductivity been given, in the 
papers by Cooper, Bardeen, and Schrieffer and by Bogolyubov?}. We shall consider 
here only the basic ideas of the theory which illustrate the importance of the inter- 
actions of the electrons in a metal with the ionic oscillations, that is, the interaction 
of a fermion system with a boson system. 

We showed in Section 128 that the resistivity of a metal is caused by the interaction 
between the electrons and the lattice phonons, which leads to a scattering of the 
electrons. In 1950, Fréhlich+ expressed the idea that superconductivity of a metal 
was also caused by the electron-phonon interaction. The above-mentioned authors 
showed that such an interaction leads under certain circumstances to an energy gap 
above the ground state energy in the excitation spectrum. The stability of the excited 
states, corresponding to the passage of a current through the metal, which leads to 
superconductivity, then also occurs. 


T L. N. Cooper, Phys. Rev. 104, 1189 (1956). J. BARDEEN, L. N. Cooper, and J. R. SCHRIEFFER, 
Phys. Rev. 106, 162 (1957); 108, 1175 (1957). N. N. BoGotyusov, Soviet Phys.-JETP 7, 41 (1958). 
+ H. FrRGHLICH, Phys. Rev. 79, 854 (1950). 
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In a perfect lattice—ions fixed at the lattice sites—the motion of an electron in the 
conduction band (see Section 128) is determined by the Bloch function 


1 , 
Pre = —= Pur) x, (144.1) 
J 


In the present section, the values of & will not be limited by the limits of the first 
Brillouin zone. The electron wavefunction of the whole of the metal, containing N 
conduction electrons in a volume ¥Y is an antisymmetrised product of N functions 
(144.1). The ground state corresponds to the occupying of the lowest Bloch functions 
by electrons, that is, to the occupying of the states lying in the region of k-space 
inside the Fermi surface. We shall assume that this surface lies far from the zone 
boundary and is isotropic, that is, that it is a sphere of radius ky. When excited, the 
electrons move from states with k < ko to states with k > ko. 

If e, is the energy of an electron state with quasi-momentum #k, the Hamiltonian 
of the system of electrons in the second-quantisation representation will then—apart 
from a constant term—be of the form 

Ay = » Enh eXhe» (144.2) 
where «t and « are the creation and annihilation Fermi-operators of quasi-particles. 

To determine the operator of the electron-phonon interaction, we bear in mind 
that when an ion occupying the n-th site in the lattice is displaced over a distance &, 
the electron—lattice interaction energy }\ W(r — n), changes by } (6, . V,W(r — n)). 

n n 


We can thus write for the electron-phonon interaction operator in the second quanti- 
sation representation 


Fat i} Ptr) YG. VW — n)) P(r) d?r 


— [FOX We — mV, 6) PO) dr, (144.3) 


where W is the operator expressed in terms of the Fermi-operators «,, and the 
Bloch functions (144.1) as follows 


og _ a ik. r) 
yp = Xpge 


Ty p UP) Xo. (144.4) 


The ionic displacement operator é is determined by (132.13), and we have thus 





(V,-&) => ‘| ae (a,e"@” — ale"), (144.5) 
q 


where a, and at are the Bose-operators and s is the velocity of longitudinal sound 
waves, corresponding to a wavevector q, since only the longitudinal waves contribute 
to (144.5) and for them w(g) = sq. 
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Substituting (144.4) and (144.5) into (144.3) and bearing in mind that 


yer = N, if Q = 0, 
- 0, if Q+0, 


we get finally the following expression for the electron-phonon interaction operator 
in the occupation number representation 


Aim = ¥H,, H, = iD@) 46} + He., (144.6) 
q.a 


where 
et = Yoh (144.7) 


is a shorthand notation for a sum of products of Fermi-operators and 


D(q) = ut_,Wu, d°v 
(a) J aan hog 


is a small quantity determining the electron-phonon interaction. The integration is 
over one elementary cell, and ‘‘H.c.” indicates in (144.6) and henceforth the terms 
which are the Hermitean conjugates of the ones written down. 

The interaction operator (144.6) is independent of the electron spin-states, and we 
shall, therefore, in the following omit explicit reference to the spin index o. 

We obtained the operator (144.6) assuming that the ions in the lattice move as 
one unit, so that D(q) depends only on q and not on & and that the oscillations of 
the ions in the lattice can be divided into longitudinal and transverse ones for all 
values of g so that we are dealing only with longitudinal phonons in (144.6). If we 
do not make these simplifications, the calculations become very complicated. Such 
complications are only justifiable if it is necessary to obtain quantitative results. 

The energy states of the electrons and the phonons change because of the electron— 
phonon interaction. We shall only be interested in the behaviour of the electrons. 
The change in the phonon spectrum will only be taken into account indirectly by 
using the experimental value of the sound velocity s. 

We describe thus the system of electrons interacting with the phonons by the 
Hamiltonian 





Al = Ay + Aim, Ho = > echo, + ¥ hw, ata, , (144.8) 
k q 


where HW, is given by equation (144.6). 

To estimate the role of the electron-phonon interaction, we use a transformation 
of the operator (144.8), suggested by Fréhlicht, to eliminate as large a part of the 
interaction as possible. The transformed Hamiltonian has the form 


A=e 8Ae® = A + iff’, S)_ -— 400, 5 9 + (144.9) 


T H. Frou_icu, Proc. Roy. Soc. A 215, 291 (1952). 
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The transformation operator, containing the small interaction, is expressed as 
follows ~ “ - 
S=St=>)S,, 8S, =y,4, + via}, 
DL Sr Sa = Valle + 7a (144.10) 
with 
a = @ k At < _ . 
Va py ( > q) HOE q (144.11) 


The function ®(k, g) is connected with the interaction; its explicit form will be 
determined presently. 

Substituting (144.8) and (144.10) into (144.9), using (144.6), and combining terms 
of the same order of magnitude, we find 


A= A, + Y¥ (il, S)_- + A} + Z(G iH, S,J_ + i.) s,| + + (144.12) 


We can easily evaluate the operator (144.12) by bearing in mind that the Fermi- 
operators «,, «} commute with the Bose-operators @, and that the Fermi-operators 
satisfy the equation 


[oxpoe,, obo] = SjnX poy — Opatt coy. (144.13) 
Using (144.11) and (144.13), we first of all evaluate the commutators 
[oefan, Ygl- = D(k, q) &fay-g — PUK + 4,9) hs gh; 
[oh am, %ql- = Pk, 9) {oh — 1 —g ~ oohor,} ; 
[ofo,—9, %gl- = Pk — 4,9) Lory 29 — (Kk + 4,9) Oh + hn—g3 
[aia,, a,]- = —4,. 
Using these relations, we can evaluate in (144.12) the terms linear in the interaction 


iA, SJ + H, = {EC — &-, +hw,) P(k, q) + D(a} G,}o,-, + Hac. (144.14) 


We now choose @(k, g) such that the whole expression (144.14) vanishes, that is, 
we put 


D(k, gq) = -__@ (144.15) 
We then find EK — Eng + ho, 
in 2 ~ 1, a ape 
5 Ho. SJ- +H, = 31 LP@ G,o}o,-¢ + H.c., 


and hence 


A, =iy, (3 iM, SJ + H,) s,| 


3% {D(q) [ag%hoy—¢s Pgh] — D*(q) [60h —9%qs Yedg]- + Hic}. 


q 


QM 2la 
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Averaging this expression over the vacuum state of the phonons and using (144.15) 
and (144.11), we find 
D Of Op — pKh — gh 
(Opa Hal0q,) = —F, POF Sahat (144.16) 
Ey — Egg + ha, 

This transformation has a meaning only, if the functions (144.15) are small, since 
otherwise the series (144.9) will not converge. Our transformation can thus only 
be applied to those parts of H,,, which do not contain values of g for which the 
denominator in (144.15) is close to zero. If we denote the part of Hj, corresponding 
to those values of q by H,”, we can—apart from terms quadratic in the interaction 
parameter—write for the Hamiltonian of the electrons in a metal in the phonon 
vacuum state, that is, at low temperatures, 

- I@ 2 ste, ot 
A= Yeoh, _ y |D(q)| Of Hy — gh — ghby 
k 


+ A®. (144.17) 
hq && — &-_g + ho, 


The second sum in (144.17) can be interpreted as the energy of interaction between 
the electrons, caused by a virtual exchange of phonons. Each term in the sum corre- 
sponds to an interaction between electrons with quasi-momenta Ak and hk’ = hi(k — 4). 
This interaction corresponds to an attraction, if e,_, — ¢, < hw,. Since, according 
to (126.16), ©, = 6_,, for electrons with momenta in opposite directions, that is, 
for k' =k —q= ~—k, the denominator in the corresponding terms in (144.17) 
becomes equal to ha,. 

If we split off in the operator (144.17) the terms with k — q = —k, we get the 
operator 

H= D euskhn — 2 v(q)octor_ xt xy, (144.18) 
with 


2 
x(q) = POM. o, q = 2k + 0. 
ho, 
If we change in the operator (144.18) to new Fermi-operators, using a Bogolyubov 
canonical transformation 
= Uedao + vl, } (144.19) 
= u,Ayr — 14, Aho, 


1 
= 
I 


with uj + vg = 1, we reduce the problem to the one considered in Section 143. We 
showed there that if »(q) is sufficiently large, there appears an energy gap in the 
spectrum of the excited states of the electrons. Excited current-carrying states become 
stable and correspond to a superconducting state. To annihilate them, one must 
spend the energy which was gained when the electrons went into strongly correlated 
states of motion, which led to their “‘pairing”’. If the electric field is weak, any 
single-particle scattering process of the electrons—breaking-up of a pair—is con- 
nected with an increase, and not a decrease, of the energy of the system of electrons, 
independent of whether the energy of the current-carrying state is larger than the 
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ground-state energy. The scattering process will be forbidden as long as the additional 
energy of the electrons, connected with the presence of a current, is less than the 
energy gap. If p is the average momentum of an electron in a current-carrying state, 
the absolute magnitude of the change in the electron energy e(k) = A?k?/2m will 
on the appearance of a current be equal to 


de(k)| _ phk 
h ok m- 








Since k < ko, superconductivity must occur when 


phky 
m 


<A. 





A superconducting state occurs only in those metals for which the electron-phonon 
interaction is sufficiently strong. On the other hand, the larger the electron-phonon 
interaction, the larger the resistivity of the metal in the normal state, as there is, in 
that case, a large probability that the electrons are scattered, accompanied by the 
emission or absorption of phonons. This explains qualitatively the well-known fact 
that good conductors, such as silver, copper, and gold, do not become superconduc- 
ting. A strong electron-phonon interaction leading to a large resistivity in the normal 
state makes the formation of a superconducting state without any resistivity possible. 

In the present section, we transformed the Hamiltonian (144.8) in two stages. 
This method made it possible to see the physical meaning of superconductivity. 
However, because of divergences, we could only consider part of the whole inter- 
action. If we apply the transformation (144.19) to obtain new Fermi-operators and 
a transformation 

B, = Agha + bgt gs 


with rsa _ ba = 1, to get new Bose-operators directly to the Hamiltonian (144.8), 
this difficulty does not arise. 

Bogolyubovt has developed a consistent theory of the superconductivity of metals 
including the Coulomb interaction. 


145. QUANTISATION OF THE ELECTRON-POSITRON FIELD 


We mentioned in Chapter VIII, that we can talk approximately about the motion 
of a single particle in a relativistic theory, only as long as we work with an accuracy 
of terms of order (v/c)?. When particles move in strong fields, processes involving 
the virtual or actual production of pairs of particles will begin to play an essential 
role. The number of particles is not conserved in a system with a high energy. To 


t N.N. Bocotyunov, J. Exptl. Theoret. Phys. (USSR) 34, 58 (1958); Soviet Phys.-JETP 7, 41 
(1958); for a general discussion see also: N. N. BoGoLyusov, V. V. TOLMACHEV, and D. V. SHirRKov, 
New Method in the Theory of Superconductivity, Consultants Bureau, New York, 1959. 
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describe processes where particles are created ur annihilated, we must use a represen- 
tation involving a field, whose quanta are particles. Creation and annihilation pro- 
cesses are then explained in a natural fashion and all difficulties connected with 
negative energies and their role in different physical phenomena are removed. 

In the present section, we shall consider the quantisation of the electron—positron 
field, described by the Dirac equation. The “single-particle” Hamiltonian of the 
Dirac equation can, according to Section 61, for a free particle, be expressed in 
terms of the Dirac matrices § and a, as follows 


Ay = cla. p) + me’. 


In accordance with the general rules for quantising a system of fermions, we can 
write the Hamiltonian of the electron—positron field in the form 


A! = [PtH d’*r, (145.1) 


where ¥ is a single-column matrix, with four components, which is an operator 
acting in the particle number space and satisfying the commutation relation 


(Pr), Pt], = 6 — Fr’). (145.2) 


If we want to change to the occupation number representation, we must expand the 
operators ¥ in terms of an orthonormal set of eigenfunctions of the operator Hp. 
We can take for such a system the functions 


Vroa = F Ukes EXP f \« arya = +) 


corresponding to states with a well-defined momentum and satisfying the equation 


Area = JEW roa» (145.3) 
with 
A=1,-1, R= eV RW + m?c?. 


We showed in Section 61, that for a given & there are four eigenfunctions differing 
in the values of the components of the spin along the direction of motion and in 
the values A = +1 which are the eigenvalues of the sign-operator (61.13). The 
solutions corresponding to A = 1, we called positive solutions, and we shall denote 
them by w,,,. The solutions for 4 = —1 are called negative solutions and denoted 
by y,,-. In order to deal with discrete values of &, we impose upon the functions 
Wxeq, petiodic boundary conditions with a period L = ¥’/? along three mutually 
perpendicular directions. The orthonormality condition then is of the form 


J vba Phar dr = Spey DqraData (145.4) 
If we expand the field operator ¥ in terms of the y,,,, 


5 = oy QryeraVP kar 
kya,a 
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and substitute the expansion into (145.2), we see that the operators d,,, will satisfy 
the usual fermion commutation relations. It is convenient to change from the d,,, 
to new Fermi-operators through the canonical transformation 


ake = hots bh, = d_4,-¢,-): 
We can then write the field operator in the form 
y = »» (io? ko + + bLeW—.-2.-)- (145.5) 


The operators @ and 6 satisfy now the commutation relations 
[ayro*s aha] = [Bios Bh els = Bi4Oea" (145.6) 


The anti-commutators of other combinations of the d and the 6 vanish. The operator 
G,, is the operator annihilating a particle in a state with momentum hk, spin-com- 
ponent along the direction of motion fo and 4 = 1; the operator 6,, is the operator 
annihilating a particle in the state —hk, —ho, and A = —1, or the operator creating 
an antiparticle in the state Ak, Ao, A = 1. If the operators a refer to electrons, the 
operators 5 must refer to positrons, or vice versa. 

Substituting (154.5) into (145.1) and using the commutation relations (145.6), 
equation (145.3), and the orthonormality condition (145.4), we get the Hamiltonian 
in the occupation number representation: 


H' = ¥ Eylab.dy, + bh Brel + &o (145.7) 
kao 


where &) = —)',,,£, is the constant vacuum energy, which we can use as the zero- 
point of the energy. If we denote by [0> the wavefunction of the vacuum state, it 
satisfies the equations a - 

i diz|0) = bygl0) = 0, 


indicating that there are neither particles nor antiparticles in the vacuum state. 
The total momentum and total electrical charge operators for the field are, in the 
occupation number representation, respectively equal to 


P= | Ptph d°r = Y hklaj a, + bl abral (145.8) 
ko 


6’ = e | ei d?r =e Y. labedee — HlBuel + Qos (145.9) 
ke 


where Q, is the total charge of the vacuum state. 

It follows from (145.7) to (145.9) that the total energy, momentum, and charge 
of the field are sums of the energies, momenta and charges of separate excitations: 
particles. The operator v¢, = at,d,, with eigenvalues 0 and | refers to particles with 
charge e, that is, electrons; the operator n,° = bf_b,, with eigenvalues 0 and.1 
corresponds to antiparticles with charge —e, that is, to positrons. The particles can 
thus be considered to be the quanta of the excited states. The ground state or vacuum 
state is defined as the state without particles. 
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Expressions (145.7) and (145.9) contain infinite constant terms, #) and Qo, corre- 
sponding to the vacuum values; these do not occur in physical phenomena. One can, 
however, easily redefine the energy and electrical charge operators in such a way 
that the vacuum values vanish. Indeed, 


A pt g 7 eB pp a A a a 
H= ; | (WAY — (AP) dr = VY E(Glodes + blobra); (145.7a) 
kia 
O= se | wry — wert) dr = 0 Y (dh idy, — bh Bye) (145.10) 
ke 
where 


The electrical charge density operator occurring in (145.10) can be written more 
succinctly using a commutator: 


6 = te(VP — Pt — je[Wt wy]. (145.11) 


In order that the equation of continuity of electrical charge is not violated we must 
consider not only the electrical charge density operator (145.11), but also the elec- 
trical current density operator (60.11 b) in its transformed form: 


j = tee", aP]_. 


In this short-hand notation the operator (145.7a) of the field energy has the form 


A= | (Wt, ApW)_ d*r = Y, E, [ah aye + bh Bial- (145.12) 
kia 


The electrical charge density operator (145.10) commutes with the operator H so 
that the electrical charge is a constant of motion. 


146. Basic IDEAS OF A THEORY OF INTERACTING QUANTUM FIELDS 


We studied in Sections 134, 139, and 145 free fields, the quanta of which were 
bosons and fermions. Let us now consider the interaction between two such fields. 
The Lagrangian of a system consisting of two fields is equal to the sum of the Lagran- 
gians of the free field and the Lagrangian of their interaction. If the Lagrangian 
density does not contain derivatives of the field with respect to the time, it is—apart 
from its sign—the same as the Hamiltonian density, that is, 


H int = V(x) = —Lint- 


The form of the operator of the interaction between two fields is appreciably 
restricted by the following requirements. 

(i) The interaction Hamiltonian must be invariant under rotations and translations 
in four-dimensional space-time. A particular case of this invariance is relativistic 
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invariance. In the case of strong or electromagnetic interactions the Hamiltonian 
must be invariant under spatial reflexion, that is, the Hamiltonian density must be 
a true scalar; 

(ii) The Hamiltonian must be Hermitean in order that the energy eigenvalues of 
the system are real; 

(iii) If the system satisfies conservation laws, such as the conservation of electrical, 
isotopic, or of baryonic charge, additional restrictions must be imposed upon the 
interaction Lagrangian. 

In the simplest case, the operator V(x) consists of products of the operators of 
the interacting fields, where fermion field operators Y and ¥ occur in pairs in the 
Hamiltonian. In the interaction representation, the time-dependence of the operator 
V(x) is determined by the Hamiltonian of the free fields. This enables us to express 
V(x) in terms of the free field operators. 

The interaction of a fermion field with a scalar field, g(x), a pseudo-scalar field, 
I7(x), or a vector field, A u(*), is usually described by the operators 


a (x) F(x) 9(x), 


Hx) = P(x) jsP(@) MQ), 


: ¥ 4,00) f,00), 


where x = (r, ict) is the space-time point at which the interaction Hamilton density 
is determined, g and g, are parameters characterising the strength of the interaction, 
and j,(x) is the w-th component of the electrical charge-current four-vector. We 
showed in Section 145 that we must use the definition 
jy = hice, 7 PF) 

to remove the vacuum values of the current and the charge, which do not occur in 
physical phenomena. The Hamiltonian density for the interaction of the electron- 
positron field and the electromagnetic field is thus given by 


V(x) = hie AP, PP. (146.1) 


The above-mentioned operators V(x) determine so called local interactions, since they contain 
products of field operators at the same space-time point. Many attempts have been made to study 
non-local interactions. An example of a non-local interaction is the interaction described by the 
integral 


1 alos 
“| ¥ 4,0),00) F(x, y) d4x dty, 
B 


where the form factor F(x, y) is a function depending on the space-time points x and y referring to 
the two fields. The development of a theory with a non-local interaction encounters appreciable 
difficulties, which, so far, have not been overcome. + 


t See, for instance, N. N. BocoLyusov and D. V. SxuirKov, Introduction in the Theory of Quantised 
Fields, Interscience, New York, 1959. 
+ See, for instance, A. M. MarKov, Nuovo Cim. Suppl. 4, 760 (1956). 
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In the present section, we shall only consider the interaction (146.1). The operators 
#, Wand A,, occurring in the local interaction (146.1), are linear combinations of 
the creation and annihilation operators of the corresponding particles. They can be 
written as follows 


. Po~.4P_, Wa9,49_, 4,=4,,4+4,., (146.2) 
where 
WP (x) = ar » | A a a*k (146.2a) 
contains all electron annihilation operators, 
Y _(x) = aa x | bt we d*k (146.2b) 
contains all positron creation operators, 
P _(x) = a »? { Gj,,,-e7 ** d°k (146.2c) 
contains all electron creation operators, 
P (x) = aa x | Brotlng +e d2k (146.24) 


contains all positron annihilation operators, 


Ay+(x) = yy | Pom e(Q) A,e'** d*°Q (146.2¢) 


contains the photon absorption operators, and 


A,-(x) = yl Pom e(Q) Ale '** a°Q (146.2f) 


contains the photon emission operators. 
We used the following notation 





» Ox =(Q.r)— at, 


kx = Tk,x, =(k.n — 2 
B h 


dk = dk, dk, dks, @°Q =dQ,d0,d0,, o =!2. 
c 


The interaction between free fields leads to changes in them. One usually assumes 
that the interaction is an operator which can be “switched on” and “switched off”. 
Such a switching on or off is not a real process, since we can never eliminate the 
interaction of the particles with the vacuum, that is, with all possible fields of other 
particles in their zero energy state. In present-day theory real particles are obtained 
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from fictitious, “bare” particles through their interaction with the vacuum. The 
result of this interaction is that the ‘‘bare” particles get a “coat” with a complete 
collection of virtual particles and pairs. The necessity to work with free fields, corre- 
sponding to “bare” particles, is one of the most important deficiencies of the present- 
day theory of interacting fields. So far, it has not been possible to construct a theory 
which from the start dealt only with real particles. 

We shall thus assume that the interaction between free fields has been slowly 
switched on in the infinite past and is slowly switched off in the infinite future; this 
is the adiabatic hypothesis. While the interaction is switched on adiabatically, the 
“bare” particles “become dressed’ and become real particles with the same momenta 
and spin, and during the adiabatic switching off the reverse process takes place. 
Physical phenomena are caused when real particles approach one another. 

If initially, at t = —oo, the state of the free particles was described by the state 
vector |m)> and the final state at f = oo is described by the state vector |n>, we found 
in Section 85 that the transition probability is determined by the absolute square of 
the S-matrix element 


° +o . 
<n|S|m>, where S= Pexp| | treo | 
-0 
Here P is Dyson’s chronological operator and the operator Wt) is given in the 


interaction representation. This operator is expressed in terms of the integral of the 
interaction Hamiltonian density over the whole of space: 


W(t) = § Px) dr. 


‘Substituting this value into S and bearing in mind that, according to Section 85, we 
can expand S in a series, we find 


1 
(ch)? 





=l- -. { V(x) d*x + ; | d*x d+y {PV(x) Wy} + (146.3) 
c 

Integration over the space-time coordinates x = (« = r, ixo = ict), y = (y, iyo) is 

over the whole of the space-time volume. 

The matrix elements become, according to (146.3), a sum of matrix elements of 
different order in perturbation theory. Terms containing a product of n interaction 
operators will be called m-th order matrix elements. To each n-th order matrix ele- 
ment, we can assign a diagrammatic scheme: the Feynman diagrams. 

Let us consider the first-order matrix element of the S-matrix. Using (146.1), we 
have 


<n|S@|m> = (= { A, ¥,P\_ d*x m. (146.4) 
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We encounter in the products of the operators and W occurring in (146.4) different 
combinations of electron and positron creation and annihilation operators. Let the 
initial and final states, |71> and |n>, be given in the occupation number representation, 
that is, let them be defined by the numbers of particles with well-defined values of 
momentum and spin direction. We can, for instance, assume that there is a single 
particle in the state k, o in the initial state and a single particle in the state k’, o’ in 
the final state. In that case, only the term which contains a product of an operator 
annihilating a particle in the state k,o and to the left of it an operator creating a 
particle in the state k’, o’ will lead to a non-vanishing matrix element. 

The product of creation and annihilation operators of free particles, where all 
creation operators stand to the left of the annihilation operators is called a normal 
product. Therefore, only normal products of the operators occurring in (146.4) will 
correspond to non-vanishing matrix elements for transitions between states with a 
well-defined number of particles. 

Let us introduce an operator N which, acting upon a product of creation and anni- 
hilation operators, re-writes the product in its normal form. This operator includes 
a change in sign arising when we interchange anti-commuting field operators. One 
sees easily that the operator [$F] can be written in the form of a normal 
product 

HP, iP] = NP) FP). 


The first-order matrix element can thus be written in the following form 


<n|S|m> = <n my. (146.4a) 


_ ~ | Ax) N (P(x) ¥. Wo} d*x 
c 








The operator 4 , commutes with the operators and © and its position in (146.4a) 
is thus arbitrary. 

The operators occurring in (146.4a) are usually depicted in Feynman diagrams 
by lines entering or leaving the space-time point x to which they refer. We assign 
a dotted, non-directional line to the operator A,(x), while we assign to the operators 


YY, p_ ,¥,, and ip , full-drawn lines beginning or ending in the point x. 


TABLE 20. DIAGRAMMATIC REPRESENTATION OF ELECTRON AND POSITRON CREATION 
AND ANNIHILATION OPERATORS 


| Creation Annihilation 
A A 
Electron —<— W(x) -——<—_ WO) 
A A 
Positron __— W(x) —_—_—_ ACS) 


We also use dotted lines to denote the vector potential A,(x) of an external field. 
In that case, 4 u(x) is not an operator, but a function of the space-time coordinates. 
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Using these notations, we can represent the first-order matrix elements of the 
S-matrix by four Feynman diagrams: 


Underneath the diagrams, we have schematically indicated the operators characte- 
rising the corresponding process. Diagram (a) refers to the scattering of an electron 
either by an external field, in which case A is not an operator, or accompanied by 
the absorption (A = 44) or the emission (4 = A_) of a photon. Diagram (b) corre- 
sponds to the analogous process for a positron. Diagram (c) corresponds to the anni- 
hilation of a pair either in an external field, or accompanied by the emission of a 
photon, while diagram (d) corresponds to the creation of a pair either in an external 
field or accompanied by the absorption of a photon. 
Often one depicts all four diagrams by a single, schematic diagram: 
| 


aN 


The second-order matrix elements of the S-matrix contain products of operators 
referring to two space-time points and can be written in the form 


/ 
Ce 





| P{V(x) Viy)} d*x d*y 





| \ 
aha)? mM». (146.5) 
We noted earlier that only operators in the form of normal products correspond to 
non-vanishing matrix elements of the S-matrix. To transform the integrand of 
(146.5) to an N-product, we can use the concept of the chronological or time-ordering 
operator introduced by Wick +. Wick’s 7-product differs from Dyson’s P-product in 
the sign in the case where, in the time-ordering of operators, we have an odd number 
of interchanges of fermion operators. For instance, 


P (x) ¥(y), if Xo > Yo, 


AP VO = | FO), 
—~YOY) (x), if Yo > Xo. 


Since fermion operators referring to one time occur in (146.5) in pairs, we can 
replace the P-product by the J7-product. The second-order matrix can thus be written 


t G.C. Wick, Phys. Rev. 96, 1124 (1954). 
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in the form 


<n| S| m)> = = cn (-2) [74 NLP) ¥P(x)] 





x AQ) NEPO) PO} d*xd*ylm). (146.6) 


For the sake of simplicity, we shall, in the following, use a system of units in 
which #4 = c= 1. In that system the energy, momentum, and mass all have the 
dimensions of a reciprocal length and the time x, has the dimensions of a length. 

To transform the T-product in (146.6) to an N-product, we must use the com- 
mutation relations when interchanging the operators. There will then occur additional 
terms containing commutators, when we interchange Bose-operators, or anticom- 
mutators, when we interchange Fermi-operators. We can, for instance, show, from 
(146.2), that 


TTP (x) P()] = NIP (x) ¥O)] + Fx) FO), (146.7) 
where 
7 (x)¥_(), if xo> yo, 


paced (146.8) 
—? (x) 7.0), if Yo > Xos 


P(x) By) = | 
—————— 
is a number called the contraction of the operators. 

Since the contraction of operators is a number, its value is equal to its average 
value in all states, in particular in the vacuum state. Bearing in mind that the average 
value of any N-product in the vacuum state, where there are no particles, is zero, 
we can use equation (146.7) to determine the contraction of operators through the 
relation 

P (x) P(y) = CO|T(P (x) ¥O)}|0). (146.9) 
We can similarly write - 


7[A,(x) 4,0)] = NA,(x) 4,0)] + 4.) 4,0), 


where . . 
A, (x) Ay) = <0|T{A,(x) 4,()} 10>. (146.10) 


Equations (146.9) and (146.10) can be used to calculate the explicit form of contrac- 
tions of different operators. One can prove that the contraction of operators of 
different fields are equal to zero, for instance, ¥(x) A(y) = 0. We also have the 
equation — 


P(x) P(y) = P(x) P(y) = 0. 


The contraction of the operators of the electromagnetic field is, according to 
(146.10) and (146.2), determined by the equation 


{0[A,+(x) 4,-()10>, if x0 > Yo; 


A, (x) A,(y) = lola, A,-(y)|0>, if xo < Yo. 
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Substituting into the right-hand side of this equation the value (134.39) and changing 
from a sum to an integral over Q-space, we have 


A (x) A (y) = Ouy_ 1 eil(2-x—y)— @|x0~ Vol] dQ. 
eae An?” wo 


Using the integral representation 


. izt 
wt : ée 
—e folt| — lim =, 
(7) 170 wo —-zZ — 1H 


we find finally for the contraction of the photon operators in the momentum repre- 
sentation: 


4,0) 4.0) = 5 | D(Q) e!?*"” d4*Q = —4nid,,D(x — y), 


(146.11) 


roy 


where 
Q?=Q’-—w", D(Q)=(Q?-im’. (146.12) 


To get rid of the factor 4% one sometimes uses the potentials 4, = (4ox)-"/2 A 


that is, one applies Heaviside units in which the electron charge is e’ = J 4re. 
One sees easily that the function D(x — y) is the Green function of the equation 
for the free motion of the photons, that is, 


y S3Pe-3) = (x — 9). 
B Ox 
The small positive quantity 7 occurring in (146.12) determines the way to go round 
the poles of the integrand. This is done in such a way as to guarantee the causality 
principle, since the Green function determined in this way corresponds to the pro- 
pagation of waves with increasing phase in all time-like intervals. Giving the way 
to go round the poles determines the contraction of the operators in the small region 
around the point x = y. 
The contraction of the operators of the fermion field is 


{0% 40) ¥_(y)10>, if x0 > yo; 


paasen (146.13) 
<0[¥ 4.0) #_(x)|0>, if xo < yo. 


(Px) PQ) = OTH) ¥()} |0y= } 


We can say, from (146.13), that the contraction described two processes: the first 
line corresponds to a process where at time yo an electron is created, which later 
on at time x is annihilated at point x: the second process corresponds to the creation 
of a positron at time x9 at point x, which later at time yp is annihilated at point y. 
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The contraction thus describes the motion of virtual particles from y to x and of 
virtual antiparticles from x to y. We shall show presently that the connexion 
E=c J. p’ + M?c? between energy and momentum, which holds for all real par- 
ticles, is violated for these particles. That is the reason why these particles are called 
virtual particles. Virtual particles are mathematical artifacts used for intermediate 
calculations. The propagation of virtual particles proceeds in accordance with the 
principle of causality: creation precedes annihilation. 

We can express the contraction (146.13) in terms of the Green function, G& — y), 
of the Dirac equation, that is, the function satisfying the equation 


P PuPy — im) G(x — y) = 6x — y), (146.14) 
and we have 
P(x) P (9) = —F (7) P(x) = 18,p(x — 9), (146.15) 
or, from (146.13), —— 
G(x — y) = —K0|TH,(0) ¥,(y)|0). (146.15a) 


The explicit form of the Green function of a fermion field can be obtained directly 
from equation (146.14): 


Gx — y) = on | ap) ap (146.16) 
with 
YL ¥.P_ + im 
p =p’ —E’, g(p)= a a Saree (146.16a) 
ptm —in 


The small positive quantity 7 occurring in (146.16a) tells us how to go around the 
poles. After evaluating the integral, we must take the limit 7 — 0. 

Using contractions of operators enables us to reduce considerably the calculations 
of matrix elements, since, in that case, matrix elements contain only real particle 
operators. All virtual particles and antiparticles, however, are described by con- 
tractions, that is, by simple functions of the space-time coordinates. 

Wick t has shown that we can write the matrix element (146.6) as a sum of matrix 
elements, corresponding to different N-products containing several contractions. 
Each contraction corresponds to a Feynman diagram containing two vertices x 
and y. 

The contraction (146.11) of the operators of the electromagnetic field is symmetric 
in the arguments x and y. The contraction (146.15) of the operators of the fermion 
field is antisymmetric in the vertices x and y. It is depicted by a full-drawn line 
connecting x with y. The direction of the line is indicated by an arrow giving the 
direction of the motion of the virtual particles. Virtual antiparticles move in the 
opposite direction. 


Tt G.C. Wick, Phys. Rev. 96, 1124 (1954), 
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We give now all possible Feynman diagrams for second order processes. We give 
with the diagrams schematically the operators and contractions connected with the 
matrix elements: 


A A 


AA A AA A ALAA A AA ) 
WAY) (VAY) (VAY) (WAY) 
(a) (b) 
‘N 7 “ va 
SA Pa sy oo 
aa a 
AA A AA A 
(WaAW) (VAY) 
ed 
(c) 
/ N / 
Nu” NS. 
AAA ALAA AAA AAA AAA AAN 
(WAYV)FAY) (Waw) (Way) . (VARIOVAY) 
- too uo wo 
a | | a 
a 


(d} {e) (f) 


Diagrams of type (a) correspond to processes, where simultaneously and inde- 
pendently two of the four first-order processes, considered earlier, take place. Dia- 
grams of type (b) correspond to the case when in the second-order matrix element, 
there is one contraction of the photon operators referring to the vertices x and y. 
This contraction is indicated by a dashed line. It corresponds to the emission and 
absorption of virtual photons when electrons interact with electrons, or positrons 
with positrons, or electrons with positrons. Diagrams of type (c) contain one fermion 
operator contraction corresponding to a virtual electron or positron which is emitted 
and absorbed in the process of the scattering of photons by electrons or positrons 
(Compton effect) and in the process of the emission or absorption of two photons. 
Diagrams of type (d) contain a photon operator contraction and a fermion operator 
contraction. These diagrams characterise processes of the interaction of electrons 
with the vacuum and are called electron self-energy diagrams. Diagrams of type (e) 
contain two fermion operator contractions. Such diagrams describe the interaction 
of photons with pairs of virtual particles and are called photon self-energy diagrams. 
Diagrams of type (f) contain three contractions. Such diagrams correspond to the 
case where there are no particles in the initial or the final state. These diagrams thus 
correspond to vacuum fluctuations. The matrix elements corresponding to the dia- 
grams (d), (e) and (f) lead to divergent integrals.t 

+ A. I. Akmezer and N. B. BERESTETSKM, Quantum Electrodynamics, Interscience, New York, in 


course of publication. N. N. BoGoLyusov and D. V. Sumxov, Introduction into the Theory of Quan- 
tised Fields, Interscience New York, 1959. 
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If the initial and final states are characterised by free particles, it is convenient 
for the evaluation of matrix elements to use the momentum representation, since 
the field operators and the contractions have a simple form in that representation, 

The matrix element of the operator (x) corresponding to the absorption of an 
electron of momentum & and polarisation o (we use units in which A = c = 1) is, 
according to (146.2) and (146.24), equal to 


(Ofee W(x) | Lie Ure 


_ 1 
(2x)°!? 
Using (146.2b) to (146.2d) we get, respectively, for the matrix elements for the 


emission of one positron, the emission of one electron, or the absorption of one 
positron: 


129° | (x) | pos, = 1 u,,-e "*, 


on 
ohn P(x) [OZ = (2. re Uyo-e 
CORON = aa tie +e 


The matrix elements of the operator A w(x) corresponding to the absorption or 
emission of a photon with momentum Q and polarisation A are, respectively, equal to 





<09114,(x)|194> = en (Q)e', 


=i" 


(1931 4,(0)10f,> = — &(Q) e7'2, 
2 ar 


The matrix elements of the operators ¥, P, and A reduce thus to the amplitude of 
the free particles, which are created or absorbed in the corresponding processes, 

Bearing in mind the expressions given in the foregoing, we see that the matrix 
elements (146.6), corresponding to different Feynman diagrams for second-order 
processes are described by integrals over the four-dimensional points x and y and 
integrals over the four-dimensional] variables Q and p ocurring in the Fourier trans- 
forms of the appropriate contractions (see (146.11) and (146.16a)). The external lines 
of the Feynman diagrams describe in the momentum representation four-momenta 
of the real particles taking part in the process, and 


P =p —-p=-m, @=O’>-Q=0. 
Since the Fourier transforms of the contractions (146.11) and (146.15) depend on 
the differences of the four-vectors x and y, one can show that the corresponding 


integration variables Q and p occur at the points x and y with different signs. This 
makes it possible to interpret these four-dimensional integration variables as the 
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four-momenta of the virtual “particles”, which are emitted at one end and absorbed 

at the other end of the internal lines representing the contractions of the corre- 

sponding operators. Since the integrations d*Q and d+p are performed independently 

over all values of the components of the four-vectors Q and p, there is no relation 

between the space and time components of the four-momenta of virtual particles. 
Gathering together all factors containing the variables x and y, we get 


exp {[ix )) p:) + [iy ¥ ad} 


where the p, are the four-momenta of the free and the virtual particles corresponding 
to lines leaving or entering the pointx, while the g; are the corresponding four-momenta 
for the point y. Integrating then over the coordinates x and y, we get a product of the 
two four-dimensional delta-functions 6()° p;) and 6().q;). These delta-functions express 
the energy and momentum conservation laws for each act of interaction. Because of this, 
there is thus an energy and momentum conservation law for the real particles taking 
part in the process considered. 


In the old perturbation theory (see Section 82) energy was not conserved in the intermediate 
states, but momentum and mass were conserved. In the Feynman perturbation theory, which uses 
contractions of operators, energy and momentum are conserved in all intermediate states, but since 
there is no relation between the time and space components of the four-momenta of the virtual 
particles occurring in the intermediate states, p? = —m*, and we might say that the particle mass is 
not conserved. 


Quantum electrodynamicst deals with the explicit evaluation of the matrix ele- 
ments and the probabilities of the various processes, both in second-order and in 
higher-order perturbation theory approximations. 


PROBLEMS 

. Prove the commutation relations (142.8). 

. Prove the relations (142.12a). 

. Prove equations (142.11a) and (142.13). 

. Prove equation (142.14b). 

. Discuss the introduction of the chemical potential « in equation (142.24) and show that it is, 

indeed, equal to the Fermi energy in the case of a system of non-interacting fermions. 

6. Prove that the transformation (143.11) is a canonical one, that is, that the new Fermi-operators Axo. 
and A,, satisfy the fermion commutation relations. 

7. Prove that, indeed, (143.17) follows from the condition that the ground state energy is a minimum. 

. Derive the values of the various contractions occurring in Section 146. 

9. Bogolyubov and Tyablikov+ introduced in the theory of ferromagnetism the so-called double- 
time temperature-dependent Green functions. These are defined by the equation 


(<A); B')>> = —100¢ — t') <LAM, BOYD, (A) 


AP WN 


oo 


t See, for instance, J. HAMILTON, The Theory of Elementary Particles, Oxford University Press, 
1959; A. I. AKHIEZER and V. B. BERESTETSKI, Quantum Electrodynamics, Interscience, New York, 
in course of publication; N. N. BocoLyusov and D. V. Suirkov, Introduction into the Theory of 
Quantised Fields, Interscience, New York, 1959. 

+ N. N. Bocotyusov and S. V. TyAsBLikov, Soviet Phys.-Doklady 4, 604 (1959). V. L. BoncH- 
BruEvicH and 8. V. TyABLikov, The Green Function Method in Statistical Mechanics, North-Hol- 
land, Amsterdam, 1962. 
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10. 


11. 


12. 


13. 


where 
é..) = Tr (cP ...)/TreP*, B= t/keT, 
where kg is Boltzmann’s constant and T is the absolute temperature. In (A) 
# = H- uN, 
where FY is the Hamiltonian of the system considered, N the particle number operator and BL 
the chemical potential. The operators A’ (t) and Be’ ) in (A) are Heisenberg operators satisfying 
the equations of motion (we put in this problem and in the remaining ones 4 = 1) 
iA =1A, #1, 
while 6(r) is the step function 
QH)=1, t>0, 6=0, r<0O. 
(i) Find the equation of motion of the Green function iA ®); Ber'yy>. 
Gi) If <A 3 BY); is the Fourier transform of <A (0); BI’), which is a function of the difference 
t — f' only, find the equation of motion for <A ; Byrn. 
Let Fea(t — t’) and Fp(t — t’) denote the correlation functions 
Foat ~t') = BG’) AO), Faalt — 1) = <AO BED. @) 
Use a representation in which # is diagonal to prove that the Fourier transform—or spectral 
representation—J(@) of Fz, is related to the Fourier transform J'(w) of F4p and to <A : Bs 


by the relations J(w) = J'(w) e-8, 
(cP + 1) J(w) = Lim i[K<A; BD wate — <A; Basel (CS) 


Hint: Use equation (A 19a). 
Taking A = G, and B = Gf, and the lower sign in (A), derive the boson equilibrium distribution 
function, assuming at and a, to satisfy equations (139.11). 
Taking A = &, and B = &f and the upper sign in (A), derive the fermion equilibrium distribution, 
assuming &} and @, to satisfy the fermion (anti)commutation relations. 
Consider a system described by the Heisenberg Hamiltonian for a ferromagnet: 

A= —ppBYSi-4 DY IA —f) 57S, (D) 

f Si $2 c=xnz 
where yg is the Bohr magneton, B the magnetic induction, J(0) = 0, f indicates the lattice site 
on which the spin-} is situated, and the Ky are the spin matrices given by equation (60.15). It must 
be noted that as far as lattice sites different from f are concerned, the Kya are unit operators. 
Introduce now a set of operators by and bt by the equations 


2by = Sf + iS7, 2b} = Sf — is?. ©) 
These operators satisfy the commutation relations 
[6;, Bt1_ = (1 — 26%b,) 6, (by, 6,1- = (bt 541. = 0. (F) 
(i) Express the Hamiltonian (D) in terms of the operators iH and by : 
(ii) Introduce the Green function <<be; bbe and write down the equation of motion for it, 
taking the lower sign in (A). 
Gii) Use for the higher-order Green functions <Bfby bg; By occurring in the equations of 
motion the decoupling approximation 
<<b}6,b,; Bh>> ~ <bfB,> <<b,; BD, 
and then solve the equations of motion, using a Fourier transform with respect to the lattice 
sites, and using the translational symmetry of the lattice. 


[XV, 146] Problems 653 


14. 


15. 


(iv) Use the result obtained under (iii) to find an implicit equation for the magnetisation 
o = <8) =1- 2b. 
(v) Use the expression obtained for o to find: 
(a) The Curie temperature T, = 1/k8, in the present approximation putting B = 0; 
(b) A power series expansion in B-! at low temperatures putting B = 0; compare the result 
obtained with the result obtained from equation (129.17) in Section 129; 
(c) A power series expansion for temperatures just below the Curie temperature, again for 
the case B = 0; 
and (d) A power series expansion in 8 for the case when B+ 0. 
Use expression (144.6) for the electron-phonon interaction Hamiltonian 
(@) to estimate in first-order perturbation theory the number of phonons accompanying an 
electron which in zeroth approximation is “bare” and near the edge of the conduction band; 
(ii) to estimate in first-order perturbation theory the probability that an electron near the 
edge of the conduction band with a velocity large compared to the sound velocity will emit a 
phonon (compare the discussion in Section 133). 
Prove that any antisymmetric function Y can be expanded in terms of Slater determinants 
(see (87.4)). 


MATHEMATICAL APPENDICES 


A. SOME PROPERTIES OF THE DiRAC DELTA-FUNCTION 


The one-dimensional Dirac delta-function, d(x), is a function of one variable, x. 
This function is a singular function and vanishes everywhere except at x = 0. At 
x = O it is so large that the integral of the function over an interval containing the 
point x = 0 is equal to 1, that is, 

J 6(x) dx = 1. (A 1) 


The most important property of the é-function is expressed by the equation 


b 
| F(x) 6(x) dx = F(0) (A 2) 
for any function F(x), provided the interval a,b contains the point x = 0. The 
integration of the product of d(x) with any continuous function of x reduces thus 
simply to replacing the argument of the function by zero. By shifting the coordinate 
origin, we can transform (A 2) to 


J F(x) 6 — a) dx = F(a). (A 3) 


Equation (A 3) is valid for any continuous function, independent of whether it is 
a scalar, vector, tensor, ... 

The delta-function is not a function in the usual mathematical sense. As is the 
case with other singular or improper functions used in modern theoretical physics, 
the 6-function is defined not by giving its value for all values of its arguments, but 
by giving a rule for integrating its product with continuous functionsf. It is some- 
times useful to employ an explicit expression for the 6-function as the limit of a 
sequence of analytical functions. One such representation is 

5(x) = lim SX, 


L+0 FX 


(A 4) 





At x = 0, sin xL/zx is equal to L/m and with increasing x it oscillates with a period 
2n/L. Its integral, taken from —0oo to +00 is unity independent of the value of L. 
sin xL 





Therefore, lim has all the properties of a 6-function as L > 00. 


aX 


Tt The mathematical justification for the use of generalised functions such as the 6-function is 
given, for instance, by Halperin and Schwarz (Introduction to the Theory of Distributions, 1952) or 
by Marchand (Distributions, North-Holland, 1962). 
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Using (A 4), we can prove the equation 





1 ta 
— e'* dk = &(x), (A 5) 
2% J 2 
often used in this book. Indeed, 
+o +L . 
Le et ate = tim Le ake = tim SB & ac), 
2% } a0 L+o 2% } 7 Loa 2X 


Separating the real and imaginary parts in (A 5), we find 
+a Feo 
al cos kx dk = 6(x), | sin kx dk = 0. 
Tt —-o —2 


It is sometimes convenient to use another representation of the 6-function, for 
instance, 





6(x) = lim) ; (A 6) 


a0 Xo + x? 
When substituting any representation of the d-function such as (A 4) or (A 6) into 
an operator equation, we must take the limiting sign outside the integral sign. One 
often uses the representation of the d-function in terms of a complete orthonorma, 
system of functions. If these functions, y,(x), correspond to a discrete spectrum, 
we have 


6x — x) = Yh) wale, (A7) 
while if the functions y,(x), belong to a continuous spectrum, we have 

d(x — x’) = J pEO) pro’) dF. (A 8) 

We shall now give a number of equations satisfied by the 6-function. The meaning 


of these equations is that the left- and right-hand sides when used as a multiplying 
factor under an integral sign lead to the same result: 


6(—x) = d(x), (A 9) 
xd(x) = 0, (A 10) 
S(ax) = — a(x), (A 11) 
lal 
F(x) (x — a) = f(a) (x — a), (A 12) 
J d(a — x) d(x — b) dx = da — Bb), (A 13) 
B(x? — a?) = ORB) + OC + 8) (A 14) 
2|a| 
dlp] = y 2 (A 15) 


i \(dp 
dx x=X, 


where in (A 15) the x; are the simple roots of the equation (x) = 0. 
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We can also define the derivative of the 6-function with respect to x, which we 
shall denote by 6’(x). One of the representations of 6’(x) is 
é'(x) = 1 lim |" cosLx _ sin =| 


La x x 





The evaluation of integrals containing 6’(x) is performed by integrating by parts 
and using the fact that 6(x) = 0, when x 4 0. We have thus 


J 0x) F(x) dx = —F'(0). 
The derivative of the 6-function satisfies the equation 
xd'(x) = —d(x). (A 16) 


The function d(x) is an even function of x and its derivative 6’(x) is thus an odd 
function. Since the 6-function is an even function, it satisfies the equation 


| 4, if a>O; 


[oe = -4, if a<0. 


0 
The three-dimensional 6-function 6(r) is defined by the equation 
d(r) = d(x) d(y) 6(z) = (2x)~* J eh? d*k, 


where the integration is over all values of k,., k,, and k,. The function 6(r) has the 


property that 
J o(r) F@) d*r = F(0), (A 17) 


if the integration is over a domain including the point r = 0. We also give the useful 
relations 





7] , 2 , ' 
5(r) = 2 ae — ) = Lon’ — nar’ — n), 
2zr r 
where vn’ and n are unit vectors along r’ and rf; the integration over r starts from 
r=0. 
Sometimes one encounters under the integral sign the singular function 


1 —ixt 


f(x) = lim ——*—. (A 18) 
toa 1x 


Such integrals can be evaluated easily by bearing in mind that 
t(x) = xd(x) — it, (A 19) 
x 


where the #-sign indicates that one needs to take the principal value of the integral. 
The singular function 
lim - 
e-0 X — 1€ 
has also the same property. 





= ind(x) + 9! (A 19a) 
x 


[B] The Angular Momentum Operators in Spherical Coordinates 657 


Apart from the 6-functions, one often uses other improper functions, such as, for 
instance, 








64(x) = d*(x) = _ lim (A 20) 
2Hi a0 x — ix 
Using (A 20) and (A 6) we find 
64(x) + (x) = lim + —* — = 6(x), | 
ar0w xX +a 
(A 21) 





64(x) — 6_() = hm + 2. | 
a70 ti X +o 

The delta-function 6(z) as a function of a complex variable has two simple poles 

at the points ix and —ix with residues equal to 1/2xi and —1/27i, respectively. 

When integrating expressions containing 6(z), the integration path must go between 

these poles. Equation (A 20) and (A 21) remain valid also for complex values of x. 
In that case, we have 

6_(z) = 6,(—z) = 6%(z) = [6,(2*)]*. 


The functions 6,(z) and 6_(z) can be written in the form 


if we remember to take the path of integration above and below the point z = 0, 
respectively. 


B. THE ANGULAR MOMENTUM OPERATORS IN SPHERICAL COORDINATES 


We gave in Section 7 expressions for the components of the angular momentum 
operator in Cartesian coordinates: 


i, = in| eo 2... (B 1) 


We shall now find the form of these operators in spherical polars. The transformation 


x=rsin6cosg, p=rsinésing, z=rcosé, 


has its inverse : 
rP=xr-ty +27, cosO= 7, tang=2. 
r x 


Hence we have 


or | cos, or — sin 6 sin ¢, or = sinOcosq, 
oz oy Ox 
66 sind $06 _cos@sing 06 _cos@cosp 
0z r oy r ax r , 


oP _ 9 Op _ cos dps sing 
Z , oy rsind’ ax rsin@ 
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Using these equations we find 


: . Gr 8 06 0 | ap a 
= —ihérsin6 cos pp] — — + — —+ — — 
Gy dr dy 00 ay dp 


; . Or 0. 06 4 | am a 
—rsin@sing|— —+— —+ — — 
ox dr ax 06 ax dy 


= -in~. (B2) 
op 
Similarly, we find a 3 
L, = ih| sin y — + cot cos » — |, (B 3) 
06 op 
2 . a . 0 
L, = in| 20s 9-5 — cot sin 9 = (B 4) 
and thus ? > 
P=a240242 = -# te sin 9 o + oT. (B 5) 
sin 6 a6 66) sin? 6 dg” 


‘One often uses, instead of the operators L. and L,, the linear combinations 


C. LINEAR OPERATORS IN A VECTOR SPACE; MATRICES 


To make it easier to use this book, we remind the reader of some definitions con- 
nected with vector space of a finite or an infinite dimensionality. The concept of a 
vector space is a generalisation of the concept of the normal three-dimensional space. 

I. The infinite set of complex quantities A, B, C, ... for which the linear operations 
of addition and multiplication by complex numbers are defined is called a complex 
vector space R. The quantities A, B, C, ... themselves are called the vectors of the 
space R. 

The vector space R is a linear space, that is, it has the property that any linear 
combination of two vectors—such as aA + bB where a and } are complex numbers— 
forms a vector belonging to the same vector space. To each pair of vectors A and B 
in the vector space, we can assign a number <A|B> or (A-B), the so-called 
scalar product of vectors. The definition of the scalar product will be given in sub- 
‘section IV of this section. 


[C] Linear Operators in a Vector Space; Matrices 659 


If there is a set of x independent orthonormalised vectors 
€1,€2, +--+ ns (€;° ex) = On, 


in the vector space, such that any vector of the vector space R can be written as a 
linear combination of the vectors e;: 


A= Y A.é;, (C 1) 
i=1 


one says that the vector space has m dimensions. 


A vector space with an infinite number of dimensions is called a Hilbert space. We can consider 
the linear manifold of functions defined in a finite or infinite region 2 as the vectors (elements) of a 
Hilbert space. Each pair of functions y(&) and ¢(£) of the linear manifold has a scalar product, denoted 
by <p|g> satisfying the four conditions 


<v|P> = P| y>*; (1) 

<apy + bp2| p> = aCH,| > + b¢P2| >; (2) 
<v|y> 20; (3) 

if <y|y>=0, then y(é)=0. (4) 


A linear manifold of functions with a scalar product satisfying the above conditions is sometimes 
called a functional Hilbert space. The state vectors of quantum systems form a functional Hilbert 
space. 


The complete set of independent vectors e; is called a basis set of vectors or base 
of the vector space. The complex numbers A; in an expansion such as a 1) are called 
the coordinates of the vector A. 


In the functional Hilbert space, the basis set of vectors is a complete set of eigenfunctions of some 
linear operator determined on the manifold of the functions in Hilbert space. 


The coordinates of a vector are uniquely determined by the vector and the system 
of basis vectors e,;. One can choose the basis vectors in many ways. In different 
systems of basis vectors, the coordinates of the same vector will be different. The 
values of the coordinates depend thus in an essential way on the choice of the basis. 
However, there are some quantities formed from the coordinates which are inde- 
pendent of the choice of basis and they define properties of the vectors themselves, 
such as their length, their orientation with respect to one another, and so on. 

The transition from one vector A of a vector space R to another vector B in the 
same space with a given basis e, is realised by a linear transformation of coordinates: 


B= Yi euAs. (C2) 


The coefficients of this transformation form a square table of numbers. There will 
be n? such numbers in the case of an n-dimensional space: . 


O11 %12 «+ Sip 

O14 Or2 eee Hon 
a = («;,) = 

Ont nz +. Onn 


QM 22 
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For a space with an infinite number of dimensions the number of rows and columns 
in the table would also be infinite. The table of the «,, is called an n-dimensional 
(or infinite) square matrix. The numbers «, are called matrix elements. The first 
index, i, indicates the row, and the second index, k, the column in which the matrix 
element can be found. 

The linear coordinate transformation (C 2) corresponds to a linear transformation 
of vectors. Such a linear transformation of vectors corresponds to a transformation 
matrix. We call the consecutive application of, first, the transformation 8 and then 
the transformation & the product y of two linear transformations @ and £, and write 
this in symbolic form as follows: 

y=a.g 
The matrix, y,,, of the product of two transformations is obtained from the trans- 
formation matrices «,, and £;, by the equation 


Yu = 2 Bu: (C 3) 


which defines the rule for matrix multiplication. 

Let us note the basic properties of matrix products: (1) The product of two matrices 
depends, in general, on the order of the factors. Two matrices, the product of which 
is independent of the order of the factors, are called commuting matrices; (2) The 
associative law holds for the matrix of the product of several matrices: (Ba) = (yB)a; 
(3) The determinant of the product of two matrices is equal to the product of the 
determinants of these matrices. 

A particular case of a transformation of vectors is the identical transformation, 
corresponding to the unit matrix 


The matrix elements 6,, of the unit matrix are called Kronecker symbols, which are 
equal to unity, when i = k and vanish, if i + k. The unit matrix commutes with all 
other matrices. 

If the determinant of a matrix & is non-vanishing, there exists a matrix a7", 
which is the inverse of the matrix &, that is, a matrix satisfying the equation 


ata sae t= J, 
If a-1 is the inverse of the matrix #, the matrix & is the inverse of #—1. The inverse 
matrix of a product of several matrices is equal to the product of the inverse matrices, 
but in reverse order: 
(aBy)~* = y "Bota. (C4) 
When multiplying a matrix by a complex number, we must multiply all elements of 


the matrix by that number. The sum of two matrices a + 8 is the matrix y the 
matrix elements of which are the sum of the matrix elements & and 8. 
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II. We noted earlier that in a given basis, the coordinates A, of a vector A com- 


pletely determine the vector 
A = Y Ae ie 
i 


It is convenient to write a vector as a column: 


Ay 
A = (A;) = Ay . 


The linear vector transformation (C 2) corresponding to the matrix # can then be 


written in matrix form 
B=aA or B; = Yo Aye (C 5) 
Kk 


Let us consider both a basis e, and a basis e}. In the new basis system, the coordinates 
of the vectors A and B will be described by the matrices 


Ay B; 
(41) =| 42] and (Bj) = | Bo 


The linear transformation (C 5) will, in the new basis, correspond to a new matrix 


(x;,.) determined by the relation 
Bi = ¥, ay Ay. (C 6) 
k 


Changing from the coordinates A; and B, to the coordinates 4; and B; corresponding 
to changing from the basis e, to the basis e; can be carried out using the transformation 


matrix S = (S,,), where , 
(Su) Su = (e:. &), (C 7) 
and using the relations 
A,= > Sid, B, = Y Si By. (C 8) 
k Kk 


One sees this easily, for instance, by considering the equation 
A = Aves = y Aves 
and using the orthonormality of the basis vectors. 
Substituting (C 8) into (C 5) and multiplying from he left by S~', we find 
B’ = S-1aS/’. 
Comparing this equation with (C 6), we obtain a relation between the different 
matrix elements of the representations of the operator & in the two basis systems: 
a’ = S148. (C 9) 


Matrices which are related through (C 9) by an arbitrary matrix S, which has an 
inverse, we shall call related matrices. To each operator in a vector space we can thus 


22* 
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assign a whole set of similar related matrices which are linear operators in the various 
bases. Related matrices satisfy the same matrix equations. In other words, relations 
between matrices remain invariant under the matrix transformation (C 9). 


III. Let us consider a few matrices with special properties. 
Diagonal matrices. A matrix is called diagonal if non-vanishing matrix elements 
occur only on the main diagonal, that is, 


Xin = Aix. 


All diagonal matrices commute with one another. The product of two diagonal 
matrices is again a diagonal matrix. A diagonal matrix of which all diagonal elements 
have unit absolute magnitude, exp (ip,) 6,:, is called a phase matrix. 

Transposed matrices. The matrix & is the transposed of the matrix a, if it is obtained 
from & by interchanging the rows and columns: 


(c 44) = (oi). 


The matrix which is the transpose of a product is equal to the product of the trans- 
posed matrices, but in reverse order. For instance: 
— a ow 
apy = yBa. 
Complex conjugate matrix. The matrix o* is the complex conjugate of the matrix «&, 
if its elements are the complex conjugate of those of &, that is, 


(on)*. = (oF, 


Hermitean conjugate matrices. The matrix at obtained from a by successively 
applying the operations of transposing and taking the complex conjugate is called 
the Hermitean conjugate of the matrix a = (a,,), that is, 


(cy,)* = (xf). 


The matrix which is the Hermitean conjugate of a product is the product of the 
Hermitean conjugate matrices, but in reverse order. For instance, 


(aBy)t = ytptat. 


A matrix is called real, if «* = a. A matrix @ is called imaginary, if #* = —a. 
A matrix is called symmetric, if « = a, and antisymmetric if a = —a. A matrix a 
is called Hermitean or self-adjoint, if at = a. A matrix & is called anti-Hermitean, 
if at = —a. A matrix is called unitary, if at = a-1. 
A real, unitary matrix is called an orthogonal matrix. An orthogonal matrix 
satisfies thus the equations 
a=a', a=a*, 


IV. The scalar product <A|B> of two vectors A and B is defined by the equation 
(A|B)> = (A.B) = ¥ ATB;. (C 10) 
i 


[C] Linear Operators in a Vector Space; Matrices 663 


The scalar product of vectors is invariant under a change of basis, that is, 


<A|B) = Y, ASB, = Y A*Bi. 


A scalar product of any two vectors satisfies the equation 
¢A|B> = ¢B| A)*. (C11) 
For any two vectors A and B and any matrix @, we have the relations 
<A|aB> = (atA|B>, <aA|B> = AletB). (C 12) 


The scalar product in the functional Hilbert space is a direct generalisation of (C 10), 
that is, it is defined by the integral 


<ylo> = Jy*® © &, (C 10a) 


where the integration is over all possible values of the variables € on which these 
functions depend. 

V. Among the various linear vector transformations, the unitary transformation 
is of particular importance in quantum mechanics. A unitary transformation is 
realised by using unitary matrices, that is, matrices u satisfying the equation 


uu=1, or ut =u"!, 


Using the property (C 12) of the scalar product of two vectors, we can easily show 
that under a unitary transformation the scalar product of two vectors remains in- 


variant. Indeed, 
<uA|uB> = <AlutuB> = <A|BY. (C 13) 


One can use as a definition of the unitarity of a matrix u the condition that (C 13) 
is satisfied for any two vectors. 
The product of two unitary matrices is also unitary: 


(u,u,)t = ubul = uz ‘uy * = (uu,)-!. 
The reciprocal of a unitary matrix is also unitary, since 
Qt) = tt =u = (ur%)-?. 


One sees easily that the matrices S of (C 7), which we considered earlier, which 
transformed vectors from one basis system of coordinates to another, are unitary 
matrices. They satisfy the condition St = S-1. Since the matrix S is real, it follows 
from the fact that it is unitary, that S is orthogonal. 

VI. The direct product of two matrices « = («;,) and B = (8,,,) is defined as the 
matrix, the elements of which are the products of the elements of the matrices « 
and 8. One sometimes indicates the direct product of two matrices by the “x ” sign 
between the symbols for the two matrices. The direct product of two matrices can 
QM 22a 
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be defined by the equation 


0118 0128 ... 011811 11Bi2 .-. O12B11 Oy2Bi2 -. 
a x 6 = 218 X22p oe LS O11B 24 %11B 22 oo 12821 %12B22 tee 


If the dimensionality of the square matrix & is equal to n, and that of the square 
matrix 8 to m, the dimensionality of the direct product a x 8 will be mn. 


D. CONFLUENT HYPERGEOMETRIC FUNCTIONS; BESSEL FUNCTIONS 


Many differential equations considered in the present book reduce to the equations 
for the confluent hypergeometric function. We shall give here for reference purposes 
a few properties of these functions. For proofs and more detailed discussions, we 
refer to the literature.t 

The confluent hypergeometric function is defined by the series 


a(a + 1) z 
c(e + 1) 2! 


for all finite values of the variable z, arbitrary values of the parameter a and for all 
values of the parameter c, except zero and the negative integers. When a = c, the 
function F(a, ¢; z) reduces to the ordinary exponential function: 


F(a, a; z) = e. 


(D 1) 


F(a,c;z) =1 42 
c 


Zz 
—+ 
1! 


The confluent hypergeometric function is a particular solution of the second-order 


differential equation 


7p d 


d Pp 
Zz +(e —z)— —aG=0, D2 
dz? ( a (D2) 





that is, ®, = F(a, c; z). If ¢ is not an integer, the second independent solution of 
equation (D 2) has the form 


@,=2' Fa—c+1,2—¢;2). (D 3) 
The general solution of equation (D 2) can then be written as a linear superposition 
of the solutions ®, and @,, that is, 
@ = AG, + Be,, 


where A and B are arbitrary constants. The function F(a, ¢; z) is regular at z=0 
and equal to 1; it satisfies the equation 


F(a, c; z) = eF(e — a,c; —2z), (D 4) 


T For instance, E. T. WarrraKer and G.N. Watson, Modern Analysis, Cambridge University 
Press, 1927. 
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the so-called Kummer transformation. We give a few other relations satisfied by the 
function F(a, ¢; z): 


(c — a) F(a — 1, ¢3 z) + Qa ~ ¢ + z) F(a, ¢; z) = aF(a + 1, ¢; 2), 
(a—c+1)Fa,¢3z) + (c~ DF@e — 1; 2) = aF(@ + 1, ¢3 2), 


4 F(a, ¢; 2) = 2 Flat Ie + 1:2. (D5) 
dz c 


By successive applications of (D 5), we obtain 


4 F@c2) = POFGt DEG +n,c +H; 2), 

dz Fa@ri(ct+n) 
where I(x) is the gamma-function. 

If @ vanishes, or has negative integral values, a = —n, the confluent hyper- 
geometric function reduces to a polynomial of degree n: 
— 2 — 1)! 
F(-n, c; z) = pa", 4 Manz aoe 4 (- pr Do, 
c e(c + 1) 2! (c +n — 1)! 


We can express these polynomials in terms of the simple formula 
ze T'(c) a” eta-1 iz 


F(—4, ¢; = 
(Om) =) 


). (D 6) 


The confluent hypergeometric function (D 6) is connected directly with the generali- 
sed Laguerre polynomials through the equation 


_P(+nt+) 
P(e +1) 


The generalised Laguerre polynomials are defined by the equation 


Ly F(—n,¢ + 132). (D7) 


in 


Li(z) = ze (2°*"e~7). (D 8) 


When c = 0, the generalised Laguerre polynomials are denoted by L,(z) and are 
called simply Laguerre polynomials. From (D 7) and (D 8), we have 


L,(z) = e’ fee) =F + 1)F(—2,1;2). (D 9) 
be 


Let us now note the asymptotic behaviour of the confluent hypergeometric function. 
For small values of z the asymptotic value of the function F is directly given by the 
first term of the series (D 1). For large values of [z|], we have 


F(a, c; Zz) = ro z*~°e"[1 + O(\z|~)], if Rezo, (D 10) 
r@ 
F(a,c;z) = eg + O(|z|~')], if Rez— —oo. (D 11) 


22 a* 


666 Mathematical Appendices [D] 


Let us also give the asymptotic values of F(a, c; z) for finite values of z, but infinite 
values of one of the parameters: 


F(a, ¢; z) = 1+ O((e|-+), ifzand a@are finite, but c— 0; 
F(a, ¢; z) = e[1 + O(le|-')], ife — a and zare finite, but co. 


The importance of the confluent hypergeometric function in theoretical physics 
is connected with the fact that the solution of many linear homogeneous differential 
equations can be expressed in terms of it. Let us, for instance, consider the equation 


d? de 
(aox + bo) © + (ax + 6) + (@x + bp = 0. (D 12) 
dx dx 
If aj = a, = az = 0, the solution of this equation can be expressed in terms of 


elementary functions. We shall, therefore, not consider that case. Using the sub- 
stitution 


p=e"@®, x= Azt+ pm, (D 13) 
we change equation (D 12) to 
d*@ d® 
(az + Bo) —> + (012 + B1) — + (022 + B2)P = O, (D 14) 
dz dz 
with 
ao 
Sy =—, 0,7 Ay, O2= AA2, 
A 
ae + 6b A, +B 
o = ot -, p, = 7 B2 = wA, + Bp, 


A, = 2agv + @,, Ag = Aov? + ayy + Qo, 
B, = 2bov + b,, B, = bov? + by + bp. 


If we determine A, uw, and » such that 
Aol + bo = 0, ao + Ady =0, A, =0, (D 15) 


equation (D 14) is the same as equation (D2). Any equation of the kind (D 12) 
can thus be reduced to the equation for the confluent hypergeometric function (D 2) 
provided we take the values A, », and v, which satisfy equations (D 15) and we use 
the transformation (D 13). 

By using the substitution 


Gaz7P7?wW, a=h—-k+m, c=1t2, (D 16) 
equation (D 2) becomes Whittaker’s equation 


d*w 1 —w 
—+ a eee W=0. (D 17) 
dz 4 Zz Zz 





[D] Confluent Hypergeometric Functions; Bessel Functions 667 


The Whittaker function W,,,(z) satisfying equation (D 17) is defined by the integral 


ge? cs) yet t k—-lfotp - 
Wey = ————_ | o'?*" (: + ‘) e ‘dt (D 18) 
re-—k+p)Jo Zz 


for all values of k and wu, and all values of z except real, negative ones. If W,,,(z) is a 
solution of equation (D 17), W_,,,(—z) will also be a solution of the same equation, 
since a simultaneous change in sign of k and z leaves the equation unaltered. The 
functions W,,,(z) and W_,,(—z) form a basis set of solutions of equation (D 17). 

The connexion between the confluent hypergeometric function F(a, c; z) and the 
Whittaker function W,,(z) is given by equation (D-16). Many functions in applied 
mathematics can be expressed in terms of the W,,,(z). 

The generalised Laguerre polynomials (D 8), for instance, are a particular case 
of the Whittaker function if we put k = n + 4(c + 1), w = 4e, that is, 


L,(2) = (—1)"z TED? ey, n+(c+1)/2, ¢/2(Z)- 


If ce = +4, the Laguerre polynomials go over into the Hermite polynomials, 


nz d" e” 
H(z) = (Ie? — ee", 
dz" 


which are the solutions of the differential equation 
d? d 
— — 2z— + 2n|4H,(z) = 0. 
E dz | fe) = 
We have 
H(z) = (—1)"2"'L, 72"), 
Foy i(2) = (~1)" 27" 22L, (27). 


The asymptotic value of the Whittaker function for |arg z| < and large values 
of z is given by the equation 


W,,(z) = e77?z*[1 + O(z7")]. 


The Bessel functions are a particular case of the confluent hypergeometric function. 
We have often used Bessel functions in this book and for reference purposes, we 
shall give here some of their properties. 

The Bessel functions are solutions of the Bessel equation 


aj, 1d 
Po +] 





1—-—|J,=0. D 19 
dz zz adz 5] ( ) 


One particular solution of this equation is defined by the series 


_ fuel (-1)* z pt+2k 
Jol@) = ~~ kW (k +p +1) (3) , (D 20) 
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and is called a Bessel function of the first kind of order p. If p is not an integer, the 
two solutions J,(z) and J_,(z) are linearly independent. In this case, the general 
solution of (D 19) can be written as 


AJ,(z) + BJ_,(z), 


where A and B are arbitrary constants. 
The Bessel functions can be expressed in terms of the confluent hypergeometric 
function through the equation 


1 z\ _iz [1 
J,(z) = ——_——{-) e "F[(- + p, 1 + 2p; 2iz). D21 
) reals) (; meee on 
If p is equal to an integer, n, the two solutions differing in the sign of n are connected 
through the relation 
J_,(z) = (—1)" J,(z). 


For large values of z the asymptotic value of the Bessel functions of the first kind 
is given by the formula 


2 1 1 7 
10) = [2 [ooe(« ~ fap ~ 42) + 06 | 


If p is not an integer, one often uses as one of the solutions of (D 19), the Neumann 
function of order p: 
__ J,(z) cos px — J_,(z) 


Ni@) sin px 


(D 22) 
. The Neumann function N,(z) and the Bessel function J,(z) also form a set of two 
independent solutions of equation (D 19). 
Sometimes the first and second Hankel functions—or Bessel functions of the second 
kind—are used as linearly independent solutions of equation (D 19), 


H(z) _ ; 22) e7 iP" _ J_,(z) 
’ sin px , 
Jz) e?® — J_(z 
HQ) = 1 QL = Io), 
sin px 


The choice of the independent solutions of equation (D 19) is determined by the 
behaviour of these functions for large values of the independent variable. The asymp- 
totic behaviour of the Hankel functions for large z is characterised by the expressions 


2 ite—tfppm—t/qn 
Hg) = |e px + O(lz| 1, 
MZ 


2 ie—t/gpe—t/an 
HP = [Ze pre + Ole|~*)). 
UZ 
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The Bessel functions with index equal to half an odd integer can be expressed in 
terms of elementary functions. For any integral J, we have 


soto fee) (2) 
2z ,f d \' (cosz 
Fost) = fe (4) (=): 


One often uses instead of the functions (D 23) the spherical Bessel functions, which 
differ from them by a factor: 


(D 23) 





j@ = j= Jusy,2) = (— Dz! (5) (=). (D 24) 
2z zaz Zz 
nf2) =(- yet aa 2) = (-1'*8z (5 =) (=). (D 25) 
dz Zz 


We gave the asymptotic values of these functions in Section 35. 
If J,(z) is a solution of the Bessel equation (D 19), the function J,(iz) of a purely 
imaginary argument is a solution of the equation 


2 2 
ar ia 142 |r=0. (D 26) 
dz z dz Zz 


One usually writes the solution of equation (D 26) in the form 


L,(z) = J,{iz) eo 2* = x (z/2)?*?* 


< _, (D 27) 
oki (p +k +1) 


The function J,(z) is called the modified Bessel function of the first kind. If p is not 
an integer, I,(z) and I_,(z) are two independent solutions, in terms of which we can 
express any solution of equation (D 26). If p is an integer, 


I, = L_,(z). 


The modified Bessel function of the first kind is related to the confluent hyper- 
geometric function by the simple relation 


e” z\? 1 ; 


In applications, one uses as a second independent solution of (D 27) (for p non- 
integral), together with /,(z), the function 


K(2) == 5s ee (D 29) 
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which is called a Basset function or modified Bessel function of the second kind. 
As z > oo, the Basset function has the asymptotic form 


K,(z) = fz e*[1 + O(z7*)], z>0. 
2z 


As p tends to an integral value, n, both numerator and denominator of (D 28) 
tend to zero. In that case, K, is defined as the limit of the ratio of the two infinitesimal 
quantities. The Neumann function for integral values of p is defined in the same 
way. 

E. Group THEORY 


I. Definition of a group. A collection of elements a, b, c, ..., g, ... is called a group 
in mathematics, if it has the following properties: (1) multiplication of the elements 
is defined in such a way that the product of any two elements is again an element of 
the same group; for instance, ab = c; (2) among the elements of the group, there is 
a unit element e such that ae = ea = a for any element a of the group; (3) the asso- 
ciative law holds for multiplication: (ab) ¢ = a(bc); (4) each element a of the group 
has a reciprocal element a1! such that aa~1 = a~ta = e. 

The number N of elements of the group is called its order. This number may be 
infinite. In general, the commutative law will not hold for the product of elements 
of the group, that is, in general ab + ba. If the commutative law holds for all ele- 
ments of the group, the group is called an Abelian group. 

Examples of groups are: (a) all the operations which transform a symmetric 
figure into itself; (b) all rotations around all possible axes through a fixed point; 
(c) all possible permutations of x elements; and so on. 

II. Group representation. If we can assign to each element of the group an operator 
iZ(g) in some linear space Z in such a way that the product of any two elements 
of the group corresponds to the product of the operators, that is, 


II(g;) (g2) = H(g182), (E 1) 


the operators J/(g) are called a representation of the group. The dimensionality of 
the space ZL is called the dimensionality of the representation. The operators /1(g) 
are often expressed in terms of square matrices. In these cases, the dimensionality 
of the representation is the same as that of the matrix. 

All group representations can be divided into classes of mutually equivalent 
representations. Two representations J7, and JT, are called equivalent, if, for each 
element of the group, the following equation holds: 


IT,(g) = TH,T-*, (E 2) 


where T (a linear operator) is the same for all elements of the matrix. For any re- 
presentation of a finite group, there is an equivalent unitary representation, that is, 
a representation consisting of unitary matrices only; we shall, therefore, in the fol- 
lowing consider only unitary representations. 
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Transformations such as (E 2) are called similarity transformations. If, for a given 
representation, J7(g), we can find such a similarity transformation that all matrices 
J7(g,) are transformed to the form 


IT,(g) 0 0 
0 Ig) 0 
0 0. Is(g). (E 3) 


where the J7,(g) are matrices of a lower dimensionality than the representation //(g), 
we call the representation IJ(g) reducible. If it is not possible to find a similarity 
transformation, which would reduce all matrices of the representation to the form 
(E 3), I1(g) is called an irreducible representation. 

Let us note two properties of irreducible representations: (a) the sum of the 
squares of the dimensionalities of all irreducible, non-equivalent representations is 
equal to the order of the group: 

YR=N (E 4) 


(b) the elements /7,,,(g) of the matrices of the irreducible representations satisfy the 
following orthonormality conditions: 


j N 
» TT n(8) Ty(g) = L Bb jOmm’Onn’ « (E 5) 
g ke 
The N quantities \ 


j# T®(g ) 


with components corresponding to the different elements, g,, of the group, form thus 
a Hermitean, orthonormalised set of vectors in N-dimensional space. 

Irreducible representation with a dimensionality larger than unity occurs only for 
groups with non-commuting elements. Abelian groups have only one-dimensional 
(irreducible) representations. 

III. The characters of a representation. The sum of the diagonal elements of the 
matrices of a representation for each element of the group forms the characters of 
the representation, that is, 

ag) = > p(s). (E 6) 
m™ 


Since the representation corresponding to the unit element of the group is given 
by the diagonal, unit matrix, the character of that representation is always equal 
to the dimensionality of the representation. The characters of equivalent represen- 
tations, that is, representations differing only by the application of a similarity trans- 
formation (E 2), are the same. The characters of irreducible, non-equivalent re- 
presentations are mutually orthogonal: 


Yi wl) x4(8) = NO, (E7) 


where N is the number of elements in the group. 
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The elements of each group can be divided into classes. In each class, we have the 
‘elements which are conjugated to one another, that is, such elements of the group 
that if a and 5 belong to the same class, a = xbx~', where x is an element of the 
same group. The classes of Abelian groups consist of one element only, that is, 
the number of classes is equal to the number of elements, N, in those groups. 

The division of the elements of a group into classes is very important, since the 
elements belonging to the same class have the same characters. Moreover, the number 
of irreducible representations is equal to the number of classes of a group. 

Since the characters of the elements of one class are the same, we can sum in 
(E 7) over all classes rather than over all elements: 


Y Nate(Sa) H1(Ga) = NOx, (E 7a) 


where n, is the number of elements in the class «, and where g, is one of the elements 
in that class. 

Since there is a one-to-one connexion between the characters and the irreducible 
representations, it is convenient in many applications of group theory to consider 
the classes, rather than the irreducible representations. Using the orthogonality 
properties (E 7) of the characters of the irreducible representations of a group, we 
can expand the characters of any reducible representations of the group in terms 
of the irreducible representations. For instance, 


x(g) = » Ayyi(8), (E 8) 


where the summation is over all irreducible representations. The expansion coef- 
ficients A, are, according to (E 7), determined by the formula 


1 a, 
A, = y ye) xk(g), (E 9) 


where the summation is over all elements of the group. 

IV. Continuous Lie groups. An infinite group of which each element may be deter- 
mined by a finite number of parameters, is called a continuous Lie group. The 
minimum number of parameters defining each element of the group is called the 
dimensionality of the Lie group. Rotations over an arbitrary angle around a fixed 
axis form, for instance, a Lie group. The product of two rotations over the angles 9, 
and @, is a rotation over the angle », + 2. This group has the dimensionality 
unity, since each element is defined by one parameter:—the angle of rotation. The 
complete group of rotations is a Lie group of dimensionality 3, since each rotation 
is characterised by three parameters, for instance, the Euler angles. 

The zero values of all the parameters of a given Lie group correspond to the unit 
element of the group. The representations of a Lie group are functions of the para- 
meters of the group. If the representations J7(«,, «2, ...) are differentiable functions 
of the parameters, we can introduce the concept of an infinitesimal operator. We call 
the operator J, corresponding to the parameter «,, which is the derivative of the 
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representation [1(~,, #2, ...) with respect to «, with all parameters equal to zero, 


that is 
? T 
(EL 


=a2=...50 


an infinitesimal operator. The number of infinitesimal operators is equal to the 
dimensionality of the Lie group. 

V. The direct product of the representations of a group. We showed in Section 20 
that the set of eigenfunctions of the Hamiltqnian H forms the basis for the represen- 
tation of the group g of the symmetry operations under which H is invariant. The 
representations formed by the eigenfunctions of H, corresponding to a single energy 
level of the system, are the irreducible representations of that group. In other words, 
we can assign to each eigenfunction of the operator H a well-defined irreducible 
representation of the group. 

Let us assume that the functions y and » are eigenfunctions of the operator H 
corresponding to the irreducible representations J), and I°,. The products of the func- 
tions, yg, will then correspond to the representation I’, of the same group g, which 
is called the direct product of I), and I’,, that is, we can write 


r,, =0, x Ty, (E 10) 


where x indicates the direct product. 

Since the representations of a group are given in the form of matrices—for in- 
stance, I, = (I'x(p))—the direct product (E10) of the representations can be 
expressed in terms of the direct product of the corresponding matrices (see Appen- 
dix C, sub IV). From the definition of the direct product of matrices, it follows 
immediately that the character of the representation of a direct product is simply 
the product of the characters of the corresponding representations. For instance, 


o= >» Ful) DalQ) = Xue (E 11) 


The representation of the direct product of two irreducible representations is, in 
general, a reducible representation. When expanding this representation, in terms 
of the irreducible representations, it is sufficient to expand the character of this 
representation in terms of the characters of the irreducible representations, using 
(E 8). 

VI. Determination of the conditions under which the integral of the product of two 
functions vanishes. Group theory enables us to determine, without calculations, under 


what conditions the integral 
J pp de (E 12) 


vanishes. This possibility is a consequence of the fact that the integral is non-vani- 
shing only if the integrand is invariant under all symmetry operations of the group 
or can be expressed as a sum of terms, of which at least one is invariant. The inte- 
grand will possess these properties, if the direct product of the representations I, 
and I’,, corresponding to y and 9, contains the completely symmetric representation. 
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For most cases of physical interest, the characters of the representations are real. In 
these cases, the necessary and sufficient condition that the direct product IY, x I, 
contains the totally symmetric representation A is that the corresponding represen- 
tations are the same and thus that their characters are the same. We have thus 


Jypar +0, if N=T,. (E 13) 
It follows from (E 13) that 
Suede +0, if LIL HT;. (E 14) 


Bearing in mind that the Hamiltonian H belongs to the completely symmetric re- 
presentation, we can say that the matrix elements (y|H| > are non-vanishing, if the 
functions w and ¢ belong to the same representation, that is, iff, = I. 
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